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Spin-orbit splitting in semiconductor quantum dots with a parabolic confinement potential
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We present a theoretical study of the effect of spin-orbit interaction on the electron energy spectrum of
cylindrical semiconductor quantum dots. The study is based on a simple effective one-band approximation.
The dependence of energy levels on parameters of the dots and the applied external magnetic field is studied.
Contributions of the bulk inversion asymmetfthe Dresselhaus tefjmand the system inversion asymmetry
(the Rashba terjrto the spin splitting of the electron energy states are discussed. The spin splitting of electron
states with nonzero angular momentum is demonstrated theoretically for InSb and InAs small quantum dots at
zero magnetic field. We find a “crossing” of the electron energy states with the same angular momentum and
different spin polarizations in a nonzero magnetic field.
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Experimental and theoretical investigations of spin-tem geometry as well as the effective external and internal
dependent confinement and transport in semiconductor quafields. With advanced semiconductor technology, QD’s are
tum heterostructures have attracted considerable attention @asily realizable within a wide range of dot geometrical
recent yeargsee Refs. 1-7, and references therele in-  shapes and built-in fieldS. Therefore, the spin-dependent
creasing interest in this topic stems from two facts. Firstphenomenon in those structures is of worthwhile interest.
advances in semiconductor technology have made it possible The goal of this paper is to start a theoretical discussion of
to create structures which possess electrical properties thabw SO interaction can affect the electron energy states and
are highly sensitive to electron spin. So-called “spintronics” magnetic properties of QD’s. Spin-orbit interaction is de-
devices can be controlled by the electron-spin polarizatibn. scribed by two contributions to the effective one-band spin
Second, one can use a quite general physical approach tependent Hamiltonian. One of them arises from the bulk
clarify unusual spin-dependent phenomena in low-Hamiltonian, and was first considered by Dresselhaus
dimensional semiconductor quantum structdrés?-13 (BIA).X*Y" The second contribution, known as the Rashba

Electron spin can significantly impact the electronic prop-term, represents the spin-orbit interaction of an electron
erties of quantum structures through different mechanismsnoving in a QD confinement potentié|$|A).“'15 The Cou-
Among possible spin-dependent interactions there is an inemb interaction between electrons is neglected for simplic-
teraction between orbital angular and spin momenta of aity. However, a recent investigatinindicated that the ef-
electron known as spin-orbi80) interaction***°Despite its  fect of electron-electron interaction in systems with strong
relativistic nature, SO interaction can play an observable roleonfinement can enhance the SO interaction. The following
in the energy-band structure of many semiconductors. Whediscussion clearly reveals that principal consequences of the
the potential through which the carriers move is inversionSO interaction can be described with the used simplifica-
asymmetric, spin-orbit interaction removes the spin degentions.
eracy even without an external magnetic field. While the SO This study next considers SO interaction in semiconduc-
interaction impact on the electron quantum confinement irfor cylindrical quantum dots with a quasi-two-dimensional
semiconductor quantum wells and quantum wires has beegpnfinement for electron'$:?>3Widely used to describe QD
extensively studied theoretically and experimentédige for  energy states, this model can successfully describe the elec-
instance Refs. 1, 2, 10, and)1BO0 interaction in semicon- tronic properties of circular disk-shaped quantum datsi-
ductor quantum dots (QD's) has largely been ficial atom3**?°as well as QDs formed in two-dimensional
uninvestigated® electron-gas systems by external elec®f€ and strain

In a zinc-blende crystal with bulk inversion asymmetry fields?’ In cylindrical coordinates, we consider a quasi-two-
(BIA), energy bands are split for a given direction of thedimensional effective parabolic lateral confinement
electron wave vecto#*’~*° Additional spin spliting in  potentiaf®2°
semiconductor quantum structures may also occur owning to 1 2.
the structure confinement potential invention asymmetry Ve(p)=2Magp, @
(SIA).**1?Since SO interaction has been used successfully invhere o, is the characteristic confinement energyis the
experimental result interpretations for various quantum welkadius vector, and the electron effective mass is giveh by
and quantum wire structures, it also appears to provide a
well-defined contribution to the spin properties of QD’s. 1 1 E4EtA)) 2 N 1 _
Clearly, SO interaction depends heavily on the quantum sys- m(E) m(0) (3Eg+2A) |[E+Ey E+Eg+A]
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here E denotes the electron energy in the conduction band, 1 A

m(0) is the conduction-band-edge effective mass, Bgd 9B)=21- = s E T EV T 2A (6)
andA are the main band gap and the spin-orbit band splitting _ mM(E) 3(Eg+E)

respectively. is the effective Landefactor of the semiconductdf, ug

Consider a situation in which theaxis is normal to the =efi/2my is the Bohr magneton, and, is the free-electron
disk and parallel to th¢100] direction (the most frequently mass.
used orientatio and assume that thedirection potential is An analysis of the problem begins by considering a situ-
symmetric. The SO interaction is comprised of the two partsation in which the dot height is adequately lafgeat condi-
mentioned above. In an axial magnetic field of the symmetridion is evaluated beloyy so that the Dresselhaus term is ne-
gauge for the vector potentidl=(B,/2)e,, (Where¢ is the  glected. Under this circumstance, the energy eigenfunction
azimuthal anglethe DresselhauéBIA) term can be written of Hamiltonian(5) takes the well-known form
explicitly in cylindrical coordinates when the dot lateral size

(po) is sufficiently larger than the dot heightyf, 12131 1 _
’ Wi 0= ==Xl )Rn1,0(p),
N2

e
VsDo(P,QS):ﬁ[ 2¢( Kot 57 Bp +2pkp]! (3 with a radial partR, | ,(p) that satisfies
when [ d? 1 d 12 . m2(E)Q%(E,B)p?
o dp?> " pdp p? h?
s ( 0 |e'¢)
“l-ie 0 ) +H|,,<E,B>}Rn,|,,,<p>=o, )
(o e’ where
= e’ 0 2 2
QZ EB)= 2 CUC(E,B) m(E)wO EB
ky=—i(1p)dldc, k,=—idldp, ande is the electron el- o(E.B) =gt —7—Foa——F—w((E.B),
ementary charge. The paramefecan be represented as (8)
2m(E) Al
m)? I,(E.B)=—72—1E~ 5 w(EB)
B= 7c(z_>
0
— | 2B §(E)B+1 am(E)w?
wherey, is the material-specific constatt. ol 5 9(E)B+lam(E)wp| 1,
The RashbgSIA) term in the cylindrical coordinates is _ o
given by*1012.13 ando= *1 refers to the electron-spin polarization along the
z axis. The solution to Eq(7) has been known for a long
. dV.(p) e time (see, for example, Ref. 23The electron energy levels
Vso(P,¢)=0zaT(k¢+ ﬁﬁp>, (4)  are given by
. . . . . . ﬁwc(En | o ,B)
wherea, is the Paulz matrix, ande is the Rashba spin-orbit Ent.o=fQ(En i o.B)2n+|I]+1)+] ———F—
coupling parametet. 2
By including the Zeeman term, an approximate effective “
Hamiltonian can be obtained in the form +o ?Bg(EnJ’(,)B-Ham(EnJ’”)wg : 9
He h: [ 9 9, 1 4] i—ﬁw (E B)i and the corresponding normalized radial wave functions are
2m(E) pz?pp ap  p?ad?] 27T 0 given by
1 ) 5 b R o) n! 1/2 p2
+ =m(E)w?(E,B)p?+V(p)+V2(p,¢)+V(p, Sl _r
£ ME)WA(E.B)p?+ Vo(p) + VY p,6) + V(. ) O P exp( 2p?,>
1 pz 1172 pz
+50z1e9(E)B, (5 X o LH(?), (10)
where wherep, = (4/mQ,)*2 andL!!l is the generalized Laguerre
polynomial®!
_eB Equation(9) shows the dependence of the electron energy
wo(E,B)= m(E) on the quantum numbef®,l,o} and the external magnetic
field B by taking into account the nonparabolicity of the
is the electronic cyclotron frequency, semiconductor dispersion relatipgq. (2)].
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TABLE |. QD parameters.

Semiconductor m(0)/my Eq (eV) A (eV) a (A? fiwg (V) ro(0) (A)
InSh 0.014 0.24 0.87 500 0.028 148
InAs 0.04 0.42 0.3¢ 110 0.019 100
INg 5Al o 4AS 0.076 1.45 0.34 4.4 0.048 48

%Reference 32.
bReference 33.
‘Reference 34.
dreference 35.
®Reference 36.

Consider how the Rashba spin-orbit interaction impactghe highest energy. This level hierarchy obviously depends
the energy spectrum of narrow-gap semiconductor QD’son the sign of the Rashba constant.
The main value of interest is the spin splitting in the electron Our calculations for InSb, InAs, andAs; _,Gs QDs are
energy: presented as practical examples. The band parameters and
the estimated geometrical parameters of the dots are taken
AE,(B)=E, +1(B)—En,; —1(B). (11) from the available literature, and are listed in Table I. Figure
1 presents the amount of spin splitting for QD’s as a function
First we analyze a situation without an external magnetiof the orbital quantum numbérat n=0 and zero magnetic
field. The dispersion relatiofEq. (9)] in this case can be field. According to this figure, the Rashba spin-orbit splitting
written as can have a well-pronounced magnitude for QD’s with rela-
tively small effective sizes.
a The Rashba spin splitting at zero magnetic field leads to
1+ US(l)r_ZH’ an unusual behavior of the QD energy spectrum when a
0 magnetic field is present. Figure 2 displays the calculated
wherero(E) = VA/m(E)w, is an effective QD lateral size spectrum of InSb QD’s as a function of the magnetic figld

andS(1) is the sign ofl. The spin splitting for a set of{n,l,o} with n=0 and| =0,£1,£2,+3 using
the parameters of Table I. For comparison, iresshows the

Enio=hwol2n+1+]l]

2l spectrum of InSb QD’s with the same parabolic confinement
AE, (0)=hwo—5 (12 potential but without spin-orbit interaction. The spin-orbit
Mo interaction provides a “crossing” of the energy levels with

- - . the same orbital momentum but different spins when
is a weak function om [due to effects of nonparabolicity - : L . i

that come to Eq(9) with ro(E, | ,)]. The dependence of AE”J(BCK)_O (see 'nse'b n Fig. 2).' Using the linear ap-
AE, (0) onl is of primary concern in this study, and we proximation for the dispersion relatigiqg. (9)] allows us to

examine the lowest-energy levels whes 0. The spin-orbit deriye the conditions for the Crossin_g of_energy levels. A
interaction separates states with the same orbital momentuﬁ]ira'ghgogw?r:d C(l)nstequgncet of TOI_L"[F'?[O) IS thalt the area
and different spin directions. However, states with paralleC°Ve"€d by the e_ec ron '2 s ajne_ >_2 nlo 1N alOW Mmag-
spin and! (antiparallel spin and) remain twofold degener- Netic field isS, =m(l,n[p*In,1)=mpg(2n+|l|+1).*" Us-

ate. This is the well-known Kramers degeneracy. Doubly deing dispersion relatio@) and this expression reveals that, at
generate electron states with parallel directed spinldrve  the point of the crossing,

— 00—
InSb T
4. I=t3 — ; 1
R =
> 75’<”&\.
%3 g —
(7] - l=i2 -
E InAs & =
2 Tt
£2 \ g
= =
& InAlAs \ e
-
T T T
T T 1 2 3 4
1 2 3
B(T)

FIG. 1. The Rashba spin splitting vs the orbital angular momen- FIG. 2. Energy states for an InSb QD with Rashba spin-orbit
tum for n=0 at zero magnetic field for Insb, InAs, and interaction 6=0; inseta shows a spectrum without spin-orbit in-
INg 55Al 9.4sASQD’S. teraction; the arrows in insét show electron-spin polarizations
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2

€Mwg
(Eni1a~ B)AT+a——B2 GI"AT
e
- +i[3% [(I—l)l,“m—P{‘erEBJ,“m] m,=0,
§ , (15

Mw
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h ™
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e
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where

FIG. 3. Dependence of the spin splitting for InSb QD’s on ex- Y 0 0
ternal magnetic field and orbital momentuonly the Rashba spin- G/'"= f p3dp Ry [(p)RY (p),
orbit interaction is included 0

q)n,l

P

iy -1 I|mn:K|m—nl:f dp Ry (p)RM1—1(p),
=—l@n+ I+ 1) g——+(2n+[l]+1)| 0
0o

13

=L = Jo pzdp R2’|(P)R%,|—1(P)v

where @, ,=BS, , is the magnetic flux corresponding to

Fhe effective{n_,l ,o} state area at the prossing point ahg S fxp dpR%,(p) iR% 1(p),
is the magnetic flux quantum. Equati¢h3) becomes very 0 ’ dp ™
simple wheng—0.2® For such a casep,,/®y,=—1. For

narrow-gap semiconductors, the magnitudeyaf quantum nm_ ff” 0 i 0
structures has not yet been totally clariffdNevertheless, if Di 0 pdp Ry, (p) dp Rmi+1(p),

g is a negative number withg|>2(2n+|l|+ 1)mywqalf
=go(2n+|l|+1), it follows from Eq.(13) that the crossing
exists for positivel. For the case of InSb QD’s considered
here,go~3.2.
Figure 3 shows how the Rashba spin splitting depends orE?,','g(E,B) =h
the external magnetic field aridor InSb QD’s. The calcu-
lated spin splitting follows the general tendency described hwe(E,B)
above. The calculated magnitudes of the spin splitting and T+U
the magnetic fields at level crossinB4) allow us to discuss
more realistic theoretical models of the phenomena, and to
verify the effect experimentally. System of equation€l5) can be written in the vector form:
Next consider a situation when the effective sizes of theA,=MB,_; andB,=NA,. .’ The energy spectrum of the
guantum dot are such that the Dresselhaus term must be co@D has to be numerically calculated from the following
sidered as well. In this situation, E¢) can be solved by equation:
following the scheme proposed in Refs. 10 and 40. The so- A I
lution can be represented in the spinor form de{1-MN)=de(1-NM)=0. (16)

and

2 1/2
w¢(E,B)
w2+ CT) (2n+1]+1)

%g(E)BHam(E)wg .

The chosen basic s¢R, (p)} provides a very quick con-
vergence for the roots of E¢L6), with an increasing number
1 0 n. For nmaval?, the net error for the lowest four energy
_ il pp0 n n levels is<10 “ for InSb QD’s in a magnetic field near the
¥ip.9) ; © R”"(p){A' (0)+B' (1” a4 crossing points. )

First we assume thatt=0 describes the spin splitting
produced by the Dresselhaus term only. Calculation results
indicate that, at zero magnetic field, the spin splitting re-

where{Rﬂ,l(p)} is the solution[Eq. (10)] of Eq. (5) when  mains for all states withl|=1. However, in contrast to the
a=pB=g=0. CoefficientsA' and B} are given by the sys- Rashba splitting, the Dresselhaus splitting between pairs of
tem of equations twofold degenerate levels is proportional ﬁ/hwopé and
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FIG. 5. {0,10} energy states for InSb QD’s with Rashba (
=—500A?) and Dresselhaus spin-orbit interactiofa: z,=46 A
and(b) zo=70A. The other parameters are the same as in Fig. 2.
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described the first situation when>0. To our knowledge,

the absolute signs of those constants remain a controversial

issue(see Ref. 2 and references thejeis an example, Fig.

5 {0,=1,0} presents energy-state positions fer<0. For a

negative @« we found a cancelation of the Rashba-
FIG. 4. {0,1,0'} energy states for InSb QD’S with Rashba and Dresselhaus terms Wh@a: 46A and B—0 [F|g aa)] In

Dresselhaus spin-orbit interaction@) z,=35A, (b) z,=46A,  addition, increasing the dot height leads to the appearance of

and(c) z,=70A. The other parameters are the same as in Fig. 2.5 crossing. However, in contrast to the positivease, the

crossing between electron energy states has-1 [Fig.

does not depend on the sign ¢f constant. The Kramers S(D)]. Therefore, a possible measurement of dhgependent

degeneracy also remains fm=0,1|>1,0} levels. characteristics of quantum dots can determine the sigs of
When the Rashba term is included in E€ES), the total and provide additional information about the effective spin-

Dresselhaus and Ras in splitting sign heavily depends orbit interacti_on. .
E)n the dot height. Fo?tﬁl)Sb zuantgumgdots wit¥1 th% same In conclusion, we presented a study of the effect of spin-

SR a B 3 orbit interaction on the electronic spectrum of narrow-band
parameters as in F'.g' 3 amg=35A, y,=160 e\_/A (R?‘f- semiconductor quantum dots. Calculations were made on the
17) at zero magnetic field, the BIA term dominates in the

) o . . basis of an effective one-dimensional spin-dependent Hamil-
total spin splitting for{0,=1,0} states that is about-5.5  (5nian within the envelope-function approximation. For the
meV. Sincef depends heavily on the dot height, the SIA harapolic confinement potential model a well-pronounced

term becomes dominant fa,=50A. In addition, atz,  gpin splitting was found for QD’s with parameters of InSb
~80A, the Dresselhaus term can be neglected. and InAs.

Consider the eventual changes of spin splitting at zero Qur results further demonstrate that the magnitude and
magnetic field for “thin” quantum dots, in which the sign of the effect depend on the effective size of the QD, and
energy-state crossing demonstrates a different behavior. Figan gain a measurable value for relatively small QD’s of
ure 4 presents the calculation results {or+1;0} states of narrow-gap semiconductors. For relatively thin cylindrical
InSb quantum dots at a magnetic field near the crossingquantum dots, the Dresselhaus mechanism of the spin split-
point. In contrast to Fig. @), for the dot sizez,=35A, the  ting is dominant. However, with increasing dot height, the
Dresselhaus splitting is strong enough to remove the crossingashba term becomes dominant.
between states with the sarhat low magnetic field$Fig. The main goal of the paper is to call attention to spin-
4(a)]. When the dot height increases, the Dresselhaus spliPlitting effects for QD’s. In our calculation, a simple model
ting weakengFig. 4b)], and then ¢,=45A) the crossing and conventional parameters of the semiconductor band
appears at relatively large magnetic fields. Epr 70 A, the structures are used. A real three-dimensional calculation

electron energy-level positions are extremely close to thosg0uld be performed. However, the major finding is as fol-
when only the Rashba term is includggig. 4c)] ows: the spin splitting at zero magnetic field and tkstate

: : crossing with external magnetic field are clear physical phe-
In planar semiconductor Sys.temg" n quantum wel}s nomena which are independent of the model. Therefore, the
the electron energy spectrum is insensitive to the siga.of

- .. rossing of electron energy levels with different spins may
In quantum d_ots, however, it is sensitive. Theref_ore, BIA an ead to unusual magnetic properties of QD's.
SIA contributions to the total spin splitting can either sum up

or subtract from each other, depending on the siga bt This work was supported by the National Science Council
independent on the sign af.. In our calculation above we of R.O.C. under Contract No. NSC89-2215-E009-013.
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