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ParametricX radiation (PXR) produced by electrons with an energy B§=4 MeV interacting with the
atoms in thg220) plane of a 20um silicon and a 55:2m diamond crystal and observed at an angle of 44° by
a SiLi) detector has been investigated with respect to the interference with coherent bremssti@Bjuhgt
originates in the same interaction process between the incoming relativistic electron and the crystal. Since the
energy of PXR and CB is identical, contributions of both types of radiation are indistinguishable. The newly
derived analytical expressions describe the radiation which consists of a coherent superposition of PXR and
CB. For the comparison of the experimental results with the theoretical predictions a Monte Carlo simulation
taking into account all effects accompanying the radiation process has been performed. The comparison shows
very good agreement between experiment and theory.

[. INTRODUCTION present paper, the angular extension of the PXR reflex
amounts to approximately %/ Under specific experimental

The interaction between a relativistic charged particle anconditions both types of radiation can be observed simulta-
a crystal causes besides other processes the generationr@fously, and since they originate from the same interaction
cohereniX radiation. Due to the interaction between the rela-process they might interfere. The purpose of the present ar-
tivistic particle and the charged particles composing a crystaficle is to investigate this interference effect theoretically and
both the particle itself and the crystal electrons becomeyperimentally.
sources of coherent radiation. The radiation produced by the 'ajthough this subject was investigated befbfethe the-
particle itself is called coherent bremsstrahlu@), while — gretical descriptions of the phenomena are contradictory to
the radiation produced by the crystal electrons is known ag,.p, other, they are based on different formulas, do have

parametric X radiation (PXR) or coherent polarization different signs for the interference effect and are partially not

gr?mss_trazllén%hThe en;rgty Off ?r?th typ;asl olf raditiﬁp,nis ficl reproducible and since the experimental data of Ref. 4 are
etermined by the periodicity of the crystal along the partic ecompared only with the predictions of Ref. 4 it is not pos-
trajectory and is identical in both casks,

sible to decide whether one or the other of theoretical expla-
SN nations is valid. Furthermore, since the theoretical expression
- fi(g-v) (1) of Ref. 4 cannot be reproduced and since the predictions for
PR 1—(\7~R)/c*’ PXR only are not in agreement with our calculations the
. experimental findings quoted in Ref. 4 may be completely
whereg is the reciprocal-lattice vector, corresponding to thefortuitous. We therefore present in this work an independent
crystal plane producing the radiation s the particle veloc-  derivation yielding different theoretical expressions describ-
ity, andk a unit vector pointing into the direction of obser- ing the interference phenomena as well as an interesting ex-
vation; c* represents the velocity of light in the crystal me- Perimental investigation of the process.
dium. Although having the same photon energy PXR and CB
exhibit different angular distributions. Since CB is radiated
by the relativistic particle itself its main intensity is concen- Il. THEORETICAL CONSIDERATION
trated within a cone of 3/ in the forward direction, wherg
represents the relativistic Lorentz factor. In contrast, the PXR The theoretical description is based on the following as-
reflex is emitted near the so-called “Bragg direction.” It can sumptions which are in accordance with the experimental
be emitted at an arbitrary direction depending on the crystatonditions of the present work as well as of all other experi-
orientation. At low particle energies, as considered in themental results mentioned in this paper: The motion of the
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relativistic particle is described within the frame of the clas-
sical relativistic theory. Applying the classical theory is valid
because the de Broglie wavelength of the relativistic particle
is much smaller than the crystal constantfd p<a). Fur-
thermore, it is assumed that the incoming charged particle
does not occupy bound states within the potential of crystal
planes and axes. The influence of the generated radiation on
the motion of the particle will be neglected because the mo-
mentum of the relativistic particle is much larger than the
momentum of the radiated photopsk). This approxima-

tion allows us to apply classical electrodynamics for the de-
scription of the radiation process. Finally, the interaction of FIG. 1. Definjtion of variables. A relativistic particle is moving
the produced radiation with the crystal will not be taken intowith a velocity v along thex axis. The electromagnetic waves,
account, which has been termed kinematical princ"ir)?dt reaching the observation point at tinteare emitted at time’,
will also be assumed that the trajectory of the particle withinwheret=t’+|R|/c in the case of PXR ant=t’+|R,|/c in the
the crystal represents a chain of straight segments, the lengthase of CB.

of which is smaller than the absorption length for the radi-

ated photons in the crystal. This condition allows us to conAccording to Eq.(2), the second derivative of the dipole
sider the photoabsorption for the radiated photons separatelshoment ofpe(F)dv is equal to

To simplify the formulas, the average dielectric susceptibil-

ity of the crystal will be neglected XZO). In this

approach? the average dielectric constant1 and the ve-

locity of light in the crystal is equal to the velocity of light in h is the el For the diool diati
vacuum €* =c). For further simplification, crystals consist- "V erem, Is the electron mass. For the dipole radiation

ing of one sort of atom only, i.e., monoatomic crystals, will caused by this acceleration in the approximatigger,
be considered. wherer =|r|, Ry=|Rq|, r andR, are defined in Fig. 1, with

k=R, /Ry it can be written that

Observation Point
E(t)

R(FIV
pIPIAV

0 Xp=v Pariicle {z. m, V)

Crystal

N €y - - >
5d(r,t’)=—HOE(r,t’)pe(r)dV, (4
e

A. Parametric X radiation

Assuming that the trajectory of the relativistic particle in- SE(t)= L{[ﬁé(ﬁt’) x k] xK}. (5)
side the crystal is approximated by straight segments all the- c?Ry

oretical considerations can be performed for such segment . )
only. Later on it will be shown that the intensity of the co- Integrating Eq.(5) over the total crystal volume and taking

herent radiation is proportional to the length of a segmenlmo account the thermal vibrations of the_crys_tal atoms one

[see Eq(13)]. Thus the total production rate does not dependPPtains for the coherent part of the radiation fiéld,

on the division of the trajectory into such segments and is

proportional to the crystal thickness. The charged particles  _ —877268

composing a crystal experience a Coulomb force due to the Epxr(t) = VR

interaction with the incoming relativistic particle. They are C*VeeMeRoFp

accelerated and thus radiate electromagnetic waves. Since \/T - -
f(9)[S(9)|F(9)

the nuclei are much heavier than the electrons their contri-

bution to the radiation produced can be neglected in all o) (gHK)2Z—K2

cases. So, PXR is produced solely by the electrons of a crys- 9(gv=0)

tal. Denoting the electron charge density in the crystal by v

pe(r) = —eong(r), (see Fig. 1 wheree, is the magnitude of XV || o5 =g xk|xk{sin(¢—ot), (6)

the elementary charge an@(F) the electron density, the ¢

fo'rce'applleq to a small volume of the electron charge dISK/vherevCC represents the volume of a crystal cé(lﬁ) is the

tribution dV is equal to -
Debye-Waller factorS(g) the structure factor of a crystal

SF(t')=—egE(r,t")ng(r)dV, (2 cell, F(g) the atomic form factoh*® w=&,/h, k=kawlc

is a wave vector of the radiated photdf,=1—(v-Kk)/c,
and the summation includes only the reciprocal-lattice vec-

where E(F,t’) is the Coulomb field of the relativistic

icle? L o - .
particle tors satisfying the conditiog-v>0. Each term in the sum
zef’ corresponds to a single reciprocal-lattice vector of the crystal
. &l . . . T
E(r,t')= ) (3) and describes a single spectral line, the energy of which is
s v?2 312 defined by Eq(1). The phase of the radiated electromagnetic
Yl 1- —Zsin2 b wave is given by
c
The charge number of the relativistic particle is denoted by b= wRy —arctar( i S*(9)—S(9) )
(for electronsz=—1),r’=|r'| and ¥ are defined in Fig. 1. c S*(g)+9S(g)
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An expression similar to Eq6) was derived by Ter- C. Interference between PXR and CB
M”‘S‘e”a” for PXR only, not including the inFerference with From the above it is obvious that both, the crystal and the
CB. gA quantum-mechanical approach yields the samegqyistic particle itself contribute to the radiation field at
result the observation pointsee Fig. 1 The contribution of the
crystal is called PXR, its electric-field component is de-
scribed by Eq.6). The contribution of the relativistic par-

As already mentioned, due to the interaction between gcle is called CB and is expressed by E@0). Since both
relativistic charged particle and a crystal, the particle itself isexpressions are calculated in the same coordinate system the
moving with periodical acceleration and thus radiates electotal radiation amplitude is given by the sum of E(®.and
tromagnetic waves. In general, such radiation is described bg10):
the following expressioA:

Rx[

In the case of CB the acceleratida/dt’ is caused by the
Coulomb potential of the crystal. A partial acceleration
caused by the charge of a small volume of the crydil

B. Coherent bremsstrahlung

V| dv
X_
dt’

2&
c’RoFp

E(t)ry =

Epxr+ca(t)=Epxr(t) +Eca(t)
} ® —87798

t’

c?VeRo(1—v-k/c)

x 2 VNiQ)So)

(see Fig. 1is equal t3 9.(gv)>0
dv o zep(DAV ZF(9) Voo
I GRI B T . (l | 0
dt' |, ymc2r mel(g+K)“—k]\ ¢
wheremiis the rest mass of the relativistic partictgr) is a 2[Z-F(9)]
+

local charge density of the crystal. Inserting E9). into Eq.

(8) and integrating over the total volume of the crystal and ym(1-v-k/c)g?

taking into account the thermal vibrations of it, for the co- ka1
herent part of the radiation field one obtdins % w!( 9'%_ “l+g ] % R) <k
—8meyz? “lgv ©
Eca(t) = m X sin( ¢ — wt). (12

The number of photons emitted from a segmeit of the
particle trajectory into a solid angld{) can then be ex-

g.(gv)> pressed as follows:
vikg 1\ .| | - e -
x([ wE( 9z +g xk] xk) d°N  8weg 1S(9)|*f(9)
-V = - = =
. ’ dbd  cvaVig@w=o gV
Xsin(¢— wt), (10 - -
whereZ is the atomic number of the crystal. This equation X &( wl_§>
can also be expressed in the following form: me((g+k)?—k?) | c?
N —8medz? 24(Z-F(9))
Ees(V)= o mRE2 TRy
CVecymMRoFp ym(1l—v-k/c)g
1 vikg 1 2
X 2 [S@INHEEZ-F©@) X w;( ==~ ¢| T ]k Xkl .13
9,(9-v)>0 g g-v

v R.é/ . N The first term inside the brackets corresponds to PXR, the
X1 wg = =19 xk|xk second one to CB.
9-v Using Eq.(13) for 3-MeV electrons and a 5@im-thick

X sin(¢p— wt), (12) diamond crystal one obtains the angular distribution dis-
I R R played in form of a polar diagram in Fig. 2. The calculations

whereg’=g, +g;/y?, g, andg represent the normal and were performed for a singleLl11) plane of the crystal, i.e.,
parallel components af with respect to the velocity of the  only one term in the sum has been included, and thus de-
particle. Applying this expression for the forward direction, scribe a single spectral line. The energy of this line is defined
i.e., for the casé|v, one 0btains[g]><k]=0. In this case by E_q.(l). The crystal surface is perpendicular to the plane
Eg. (11) matches with the expressions which are commonIyOf I:_Jg. 2 and parallel to the reciprocal-lattice vector denoted
used for the extremely small observation angles. by g(111).
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FIG. 4. Angular dependence of the coherent radiation produced
270° by the (220) plane of the 2Qxm-thick silicon crystal in comparison
with the theory. The data were obtained for electrons with an en-
FIG. 2. Angular distribution of the coherent radiation. The ergy of E,=4.0 MeV. The dashed line corresponds to PXR, the
dashed line corresponds to CB, the solid one to PXR. The shadedbtted line shows the theoretical prediction for CB. The solid line
area shows the result of the interference between these differengpresents the result of the interference between the two types of
types of radiation. radiation according to Eq13).

The solid line in Fig. 2 represents the contribution of PXR B. Resuits
[first term inside the brackets of E(@L3)], the dashed line '
corresponds to CBsecond term inside the brackets of Eq.  The number of photons as a function of the rotation angle
(13)]. The shaded area indicates the coherent superpositiop obtained from the Si crystal is shown in Fig. 4. The values
of both types of radiatiofboth terms in brackets of Eq. of ¢ (abscissa in Fig. correspond to the direction of the
(13)]. According to these theoretical predictions destructivereciprocal-lattice vectog in Fig. 2. The curves represent the
interference is expected in the region of the large PXR maxitheoretical results calculated in absolute units using a Monte
mum at about 47°. In the angular region betweep~18°  Carlo simulatiof taking into account effects accomplishing
and 4/~33° constructive interference is predicted. the radiation process as multiple scattering of the relativistic
electrons and the absorption of the radiated photons inside
the crystal, the finite detector acceptance as well as influence
A. Experimental setup of the initial electron-beam parameters.
The absolute scale in Fig. 4 corresponds to the calculated

_ _ Values, the experimental values were normalized to this scale
formed at the superconducting Darmstadt electron linear G5y multiplying them with a factor of 0.62, which might have

celerator S-DALINACl.O.The radiation was produced by a peen caused by an improper charge collection by the Faraday
4-MeV electron beam interacting with atoms in tt#20 5 due to a considerable angular spread of the electron
plane of a 20um (111) silicon crystal and was observed at heam passing the crystal at this low electron energy. The
an angle of 44° with respect to the electron-beam axis. Th@ashed line represents the predicted contribution of PXR
experimental setup is shown in Fig. 3. only [first term inside the brackets of E¢L3)], the dotted

The reciprocal-lattice vectay of the (220 plane produc- line the intensity of CB onlysecond term of Eq(13)] and
ing the radiation lies in the plane composed by the electrothe solid line the interference between both of thEFu.
beam axis and the axis of the photon channel and is parall¢fL3)]. It becomes evident that the experimental points follow
to the surface of the crystal. The crystal was turned step byhe solid line confirming the theoretical predictions of the

step around thep axis and in each position an x-ray spec- present paper. Thus the radiation observed results from a
trum was recorded. For the relative normalization of spectra

a secondary-emission monit¢8EM) was used. The SEM i , ,
has a relative accuracy of 0.2% and is described in Ref. 2. . Diamond (111)
For absolute normalization of the angular distribution a Far- ok \ PXR ]
aday cup was employed. k

IIl. EXPERIMENT

The experiments described in detail in Ref. 2 were per

Silicon o 4r \
20 pm <l> ¢

2 —kL e .
Injector ===
of 16 S.DAINAC PXR+CB
E,= 4.0 MeV 0

2 4 _ 6 8 10
Electron Energy (MeV)

FIG. 5. The ratioR between the first and the second maximum
of the angular dependence as a function of the electron energy. The
radiation is produced by the atoms in tli#1l) plane of the

FIG. 3. The experimental setup showing the electron beam, th&5-um-thick diamond crystal. The solid line represents the calcu-
radiation producing crystal, the x-ray detector, as well as thdation according to Eq(13). The dashed line corresponds to the
secondary-emission monitéS8EM). contribution of PXR onlyffirst term in the brackets of Eq13)].
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FIG. 6. The ratioR between the first and the second maximum FIG. 7. The ratioR between the first and the second maximum
of the angular dependence as a function of the electron energy. T'bq* the angular dependence as a function of the electron energy. The

radiation _is p_roduced by the_ a?oms In 11220 plane of Fhe circles show the experimental result of Ref. 4. The solid line was
55-um-thick diamond. The solid line represents the calculation ac-

di Eq(13). The dashed li d h buti calculated using Eq(13), the dashed one represents only the first
g?rp;?g Lonlyq.( ). The dashed line corresponds to the contri UtoNerm in brackets of Eq(13) corresponding to PXR. The diamonds

show the theoretical result of Ref. 4 for PXR only, which is in clear
coherent superposition of both types of radiation. It becomegisagreement with the predictions of the present paper.

obvious that for the present experimental conditions a tiny

amount of CB contribution causes a considerable interferpetween the theoretical prediction of Ref. 4 for PXdRa-
ence which is destructive at the first maximum of the angulapondg and the theoretical result of the present paper
dependence shown in Fig. 4 and constructive at the secondashed ling A graphical deduction of the theoretical

maximum. PXR+CB prediction taken from Fig. 2 of Ref. 4 yields val-
In order to compare the form of the angular dependence os that coincide with the circles.

with the theoretical predictions further, the ratio of the inten-
sity at the first maximum and the second one is considere%b
For the experimental results shown in Fig. 4 the ratio
amounts toRgxp=2.00*=0.08. This result agrees perfectly
with the theoretical prediction of E413) (solid line in Fig.

4) yielding Rpxr: cg=2.05. The ratio for PXR onlyRpyxr
=2.95, differs strongly from the measured value. The experi-

mental data, obtained at various low energies for different IV. CONCLUSION
crystals, are presented in the following figures. Figures 5 and
6 show the ratio between the two maxima in the angularb

dependence of the coherent rad.'at'on produced byhe) been verified experimentally. The results of E3) exhibit
and (.220) planes of the 55‘m'th'Ck d|ampnd crystal as a very good agreement with all existing experimental data.
function of the electron energy in comparison with the theo- . )
. o . Even small amounts of CB can cause considerable interfer-
retical predictions for PXRdashed curveand for the radia-
tion representing a coherent superposition of PXR and C nce. . N .
(solid line). The experimental points in Figs. 5 and 6 result I.:or. futgre |nvest|gat|ons,. the observation of th? coherent
from different experiments performed at the S-DALINAC in radiation in the angular region betweerylkind 4fy is pro-
the period of 1994—1998! The agreement with the theo- pose_d. From Fig. 2 it t_)ecomes appgrent that the interference
retical calculations including the interference is obvious. N this angular region is most prominent. In this angluar re-
Figure 7 shows the comparison between the experiment&lion, however, the background caused by incoherent brems-
data published befofeand the theory described in the strahlung will mask the PXR contribution making the experi-
present paper. The experimémtas performed under experi- mental determination of the effect difficult if not impossible.
mental conditions somewhat different from those at theFinally it follows from Eq. (13) that the interference term
S-DALINAC. The radiation was produced by the electronsdepends on the sign of the charge of the incoming particle.
interracting with the(220) plane of a 30xm-thick silicon  Thus one expects a completely different angular distribution
crystal and observed at an angle of a 17.5°. The anguldn the case of a positron beagnn this case, the large PXR
dependences were measured at electron energies of 14.Afaximum should have an increased intensity due to interfer-
and 24.49 MeV, respectively. Both experimental data pointgnce.
(full circles) represent the ratio between the first and the
second maximum in the angular dependence. The dashed This research was supported by the Gottlieb Daimler and
line describes PXR onlffirst term inside the brackets of Eq. Carl Benz Stiftung, the Deutsche Forschungsgemeinschaft
(13)], the solid one takes into account the influence of CB(DFG) under Contract No. 436UKR113, the Graduiertenkol-
[full expression Eq(13)]. The diamonds show the theoreti- leg “Physik und Technik von Beschleunigern” from the
cal result for PXR only as calculated by the authors of RefDFG, and the German Federal Minister for Education and
4. Inspecting Fig. 7 it becomes evident that the experimentaResearch(BMBF) under Contract No. 06DA820. The au-
results of Ref. 4 agree very well with the theoretical predic-thors wish to thank H.-D. Gfaand his crew for the expert
tion of the present work, but there is a strong discrepancyperation of the accelerator.

Figures 5, 6, and 7 clearly show that the experimental data
tained in the present work and by the authors of Ref. 4 are
well described by Eq(13). It can thus be stated that there
exists an interference between PXR and CB.

In conclusion it can be stated that interference phenomena
etween PXR and CB described in the present paper have
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