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Nonlinear dynamics in laser polarization conversion by stimulated scattering
in nematic liquid crystal films

I. C. Khoo and A. Diaz
Department of Electrical Engineering, Pennsylvania State University, University Park, Pennsylvania 16802, USA

~Received 29 May 2003; published 10 October 2003!

We present a study of the nonlinear dynamics of a coherent polarization conversion process in nematic liquid
crystal films. This effect is mediated by two-beam coupling between the incident polarized laser and its
orthogonally polarized~lower-frequency! noise component scattered by the director axis fluctuations. A com-
plete model for the director dynamics derived from the basic equations is presented. The existence of complex,
time-, and intensity-dependent dynamics of the director motion such as oscillations and various bifurcations
including period doubling is revealed.
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The study and modeling of nonlinear dynamics has
come an important tool to gain understanding of optical s
tons @1#, self-organization@2#, neural networks@3#, pattern
formation@4,5#, and other complex physical systems. Liqu
crystals @6,7#, photorefractive materials@8#, laser systems
@9,10#, and atomic ensembles@11# are just a few of the sys
tems that exhibit and allow the study of nonlinear dynam
responses from a theoretical and experimental perspec
Liquid crystalline systems have become a preferred st
ground for nonlinear effects because the collective dynam
of its director axis can bring forth an extremely nonline
response, capable of photorefractive effects and grating
mation @12,13#, self-starting optical phase conjugation@14–
16#, polarization rotation and beam control, stimulated sc
terings @17,18#, and optically induced complex dynamic
@19–23#. In turn, these effects allow the optical implemen
tion of associative memories, image and signal proces
@24#, optically addressed spatial light modulators@25#, and
similar devices. Furthermore, liquid crystals also exhibi
large dielectric anisotropy and almost zero absorption fr
the visible to the near-infrared regime and beyond@6#.

In this paper, we report theoretical studies of polarizat
conversion dynamics by two-wave mixing in a pure nona

FIG. 1. ~a! Depiction of a linearly polarized laser incident on
planar-aligned nematic liquid crystal.~b! Optical wave vectorskx

andky and grating wave-vector condition for maximum conversio
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sorptive nematic liquid crystal film@14,26#, cf. Fig. 1 in
which an extraordinary waveEx is normally incident on a
planar-aligned nematic liquid crystal cell. Scattering by t
director axis fluctuations induces a lower-frequency ortho
nally polarized componentEy inside the cell which will ex-
perience gain. The mixing of these two orthogonal wav
creates a moving intensity grating responsible for the dir
tor axis reorientation~and refractive index grating!. The driv-
ing field is strongly perturbed by the system because of
ergy coupling, and as the intensity of the light is increas
the director axis exhibits strong oscillations, as reported
recent experimental observations. A complete quantita
theory has been developed to account for severe pump de
tion, and includes higher-order terms that have been
glected in previous steady-state treatments@26#. As shown in
Fig. 2, the measurement of the temporal behavior of the o
put beams is straightforward and significantly easier than
four-detector polarimeter previously reported by Cipparro
et al. @27#, or the study of optical nonlinearities through pa
tern formation such as reported in@4#. Potentially, the system
will also provide a richer set of phenomena to study beca
it consists of two beams of slightly different frequency i
stead of one~compared to the homeotropic setup in@27#!.
The results are also reminiscent of instabilities presen
optically injected semiconductor lasers, where nonlinear
namics is bounded as a function of the injection level@9,10#.

The equation that describes the evolution of the direc
n̂5cosu(z,t)î1sinu(z,t) ĵ can be deduced from the free e
ergy of the system@12# consisting of a contribution from the
elastic energy of the nematic and a term corresponding to
energy of the total electric field inside the cellE
5Exe

i (kxz2vxt) î 1Eye
i (kyz2vyt) ĵ . The small signal gain con

stant G will depend on the frequency differenceV5vx
2vy , the elastic constantK2 , and the viscosityh, and is
given by G5 f (V)p«a

2/2cnelK2q2, where f (V)

. FIG. 2. Experimental setup. PBS, polarizing beam splitter.
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FIG. 3. Calculated outpute ando waves as a
function of the input field. Input laser is ane
wave. Also shown is the experimental measur
transmitted waves as a function of input las
power for a focused diameter of 40mm.

FIG. 4. ~a!–~g! Output field dynamics, Fourier transform, and phase diagram of angle coefficients for different values of inpute-wave
field. Coefficients are given in mrads.
042701-2
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FIG. 4. ~Continued!.
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5(2V/G)/(11V2/G2), G5K2q2/h, andq is the grating wave
vectorq5kx2ky . Maximal gain occurs forV2/G251.

Inserting the free energy into the Euler-Lagrange equa
and using the dissipation functionR5 1

2 hṅ2 of the system
with u(z,t) as the independent variable, the equation of m
tion for the director angle can be shown to be

h~du/dt!2K2@]2u~z,t !/]z2#

5~«a/2! @sin~2u!~ uEyu22uExu2!

1cos~2u!~ExEy* ei (qz2Vt)1Ex* Eye
2 i (qz2Vt)!#. ~1!

The electric fields must furthermore satisfy Maxwel
equations. Writingu(z,t)5 1

2 @us(z,t)ei (qz2Vt)1c.c.# and us-
ing the slowly varying envelope approximation@i.e.,
]2us(z,t)/]z2 and q]us(z,t)/]z are negligible compared to
q2us(z,t)], vy

2@Vvy@V2, and applying phase-matchin
conditions, the equations for the electric fields become

]Ex /dz52 i ~«akx/4«x!uusu2Ex1 i ~m«avy
2 /4kx!usEy , ~2!

]Ey /dz5 i ~«aky/4«y!uusu2Ey1 i ~m«avx
2 /4ky!us* Ex . ~3!

In order to simplify the numerical analysis of the syste
and under the assumption of strong anchoring, the dire
04270
n

-

,
or

angle may be expanded asus(z,t)[(nAn(t)sin(npz/L). The
director equation is then projected in each mode and inte
tion is performed over the whole length of the cell, to obta

dAn

dt
5H iV2

K2

h Fq21S np

L D 2G J An1
«a

hL E
0

L

us sinS npz

L D
3~ uEyu22uExu2!dz1

«a

hL E
0

L

sinS npz

L D
3S ExEy* 2

1

2
us

2Ex* Ey2uusu2ExEy* Ddz. ~4!

Only the three first terms of the expansion are conside
since only the magnitudes of the first few modes are n
negligible, as the higher-order modes are strongly dampe
elasticity @23#.

The parameters used for the simulation correspond to
experimental results reported previously@26#. The liquid
crystal used is E7 from EM Chemicals, with valuesne
51.75, no51.54, elastic constantK253.0310212 N, and
viscosity coefficienth50.07 P. For a wavelength of 1.5
mm ~at which the absorption of E7 is negligibly small!, the
optimum gain coefficient corresponds to a frequencyV
1-3
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531 Hz and defines a grating spacing of 1.55/(ne2no)
57.38mm. A 400-mm cell was considered.

The numerical computation of the dynamics of the wa
mixing and director axis reorientation processes show a s
trum of effects. Only some exemplary ones are considere
this Brief Report. Figure 3 shows in thick lines the avera
value of the exite and o fields as a function of the inpu
field. The inpute wave grows linearly at low input powe
while theo wave or ‘‘noise’’ component is nearly zero. Afte
a threshold, theo wave will increase exponentially to
maximum value, and thee wave begins to show signs o
depletion, eventually dropping to zero. After reaching t
point of polarization conversion~at which the scatteredo
wave is greater than the exit pump beam!, the system starts
to oscillate, with the thin lines showing the minimum an
maximum values the two fields can reach. This regime
self-oscillations ends when the input intensity is high enou
so most of the energy in the input beam ‘‘switches’’ to
orthogonally polarized counterpart.

The oscillations observed just above the stimulated s
tering threshold are reminiscent of director motion above
optically induced Fre´edericksz threshold in previous studie
Accordingly, one would expect complex dynamical behav
in this regime. Indeed our calculations show a wealth
phenomena. Figure 4 highlights the exemplary results
different values of the field in the ‘‘oscillatory regime’’—
time evolution of the transmittede and scatteredo wave (Ex
andEy , respectively!, the spectral components of the tran
mitted wave, and the dynamics in theAn angle coefficient
phase space. Three different cases may be considered:
for intensities at the very start or end of the oscillatory
gime @Figs. 4~a! and 4~g!# the oscillation is very small with a
r

d
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definite frequency~note that the phase and Fast Four
transform diagrams for these two figures have a differ
scale from the rest!. Second, Figs. 4~b! and 4~d! show a
periodic regime with clearly defined oscillations for the ou
put fields. Finally, and most interesting, Figs. 4~c!, 4~e!, and
4~f! show bifurcations and period-doubling occurring on t
system. Also notice that the main frequency of oscillation
intensity-dependent. These results are in agreement with
oscillatory outputs~transmitted pump and signal beams! ob-
served experimentally, cf. Fig. 3 inset. More recent expe
mental measurements also confirm the general behavio
described in Figs. 4~a!–4~g!.

In conclusion, we have presented a complete theoret
treatment of the dynamics of multiwave mixing and direc
axis reorientation, and illustrated the possibilities of obse
ing complex dynamical behavior in nematic liquid crysta
driven by a coherent laser beam and its scattered noise
shown in previous observations, the process of the ortho
nally polarized noise building up to a coherent beam can
generated with ano-wave incident beam as well. It is als
clear from the interaction dynamical equations that if t
driving field or the nematic director axis is modulated, som
‘‘resonant’’ effects, multibifurcations, and chaotic respons
could also arise. Effects such as various routes to ch
control of the nonlinear dynamics, and the effect of differe
physical parameters in these processes are currently b
studied both experimentally and theoretically.
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