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Coherent Smith-Purcell radiation in the millimeter-wave region
from a short-bunch beam of relativistic electrons

Yukio Shibata, Shigeru Hasebe, Kimihiro Ishi, Shuichi Ono, and Mikihiko Ikezawa
Research Institute for Scientific Measurements, Tohoku University, Katahira, Sendai 980-77, Japan

Toshiharu Nakazato, Masayuki Oyamada, and Shigekazu Urasawa
Laboratory of Nuclear Science, Tohoku University, Mikamine, Sendai 982, Japan

Toshiharu Takahashi, Tomochika Matsuyama, Katsuhei Kobayashi, and Yoshiaki Fujita
Research Reactor Institute, Kyoto University, Kumatori, Osaka 690-04, Japan

~Received 5 September 1997!

Coherent Smith-Purcell radiation, generated by the passage of short-bunched electrons of 150 and 40 MeV
above a lamellar-type grating, has been observed in the millimeter-wave region. The intensity of the coherent
radiation is proportional to the square of the beam current, and is enhanced by a factor of;108 in comparison
with theoretical intensity of ordinary Smith-Purcell radiation. The enhancement factor is of the same order of
magnitude as the number of electrons in a bunch. The intensity decreases with the increase of the beam height,
or the distance of the beam from the grating, and the dependence on the beam height is expressed approxi-
mately by the modified Bessel function of the zeroth order. Owing to a relativistic effect the radiation is
emitted in a narrow direction along the plane normal to the grating. The intensity of the radiation varies in a
periodic way when the groove depth of the grating was changed. The observed properties of radiation are
explained well by a three-dimensional theory of Smith-Purcell radiation, in which the coherence effect due to
bunched electrons is taken into account.@S1063-651X~98!02801-3#

PACS number~s!: 41.60.2m, 42.72.Ai
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I. INTRODUCTION

Smith-Purcell radiation~SPR! is emitted by an electron
moving near a metallic grating. Since the first experiment
Smith and Purcell@1#, many investigations@2–10# have been
carried out using low-energy electron beams of a few h
dred keV or less. Well verified is the dispersion relation
SPR,

nl5g~1/b2cosu!, ~1!

where l and n are the wavelength and the order of SP
respectively,g is the grating period,b the ratio of the veloc-
ity of electrons to the light velocity in vacuum, andu the
emission angle measured from the trajectory of the elect

Experimentally, however, properties of SPR have
been studied well except for the dispersion relation. Using
electron beam of a special configuration of grazing incide
where the beam hit the grating, Bachheimer@6# and Burdette
and Hughes@7# studied properties of SPR such as spec
distribution, monochromaticity and dependence of the int
sity on the beam current. However, in the case of the o
nary configuration of the experiment where the trajectory
the electron is parallel to the surface of grating, properties
the SPR have scarcely been clarified. For example, the
pendence of intensity of SPR on beam height, which is
fined as the distance between the trajectory of beam a
surface of the grating, has not been observed. This is ma
due to the difficulty in controlling the trajectory and th
cross-sectional size of the electron beam with the precis
of the wavelength of the radiation.
571063-651X/98/57~1!/1061~14!/$15.00
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According to the theory of Toraldo di Francia@11#, the
intensity P of SPR depends exponentially on the bea
heighth,

P5P0 expS 2
4ph

bgl D , ~2!

where P0 is a constant andg5(12b)21/2 is the Lorentz
factor. Equation~2! shows that, in the case of a low-energ
electron beam~b!1 andg;1!, we have to bring the trajec
tory of the beam close to surface of the grating to gene
intense radiation, since the intensityP decreases sharpl
with increasing the beam heighth by an amount of the wave
length l. If we use a high-energy beam~b;1 andg@1!,
however, the intensityP decreases slowly with the beam
heighth, and an experimental advantage is that the requ
precision in controlling the beam position is relaxed by t
factor g. This is related to the fact that the electric fie
perpendicular to the direction of motion is increased by
factor g compared with static field@12#. A practical advan-
tage of the use of high-energy electron beams with the la
Lorentz factor will be that we can utilize a high current bea
of large cross section to generate intense SPR. In spite o
advantages, however, only a few studies were carried ou
the use of relativistic electrons.

Recently, Doucaset al. @13# studied SPR in the far-
infrared region using electrons of energy of 3.6 MeV (g
57.1) from a Van de Graaff accelerator. Woodset al. @14#
have observed intense forward SPR of higher orders usin
short-bunched electron beam of 2.8 MeV (g55.5). Haeberle
et al. @15# theoretically calculated the intensity of SPR for
wide range of the energy of the electron from 1 to 100 Me
1061 © 1998 The American Physical Society
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Using a short-bunched beam of 42 MeV (g582) from a
linear accelerator, we observed coherent SPR in
millimeter-wave region and reported in a qualitative way th
the SPR intensity was enhanced by several orders of ma
tude compared with the ordinary SPR@16#. We also ob-
served that the intensity decreases almost proportionall
the square of the modified Bessel function of the order z
with the beam heighth. A theoretical explanation of this
result, however, has not been given.

Coherent SPR is emitted when the electrons are bunc
Radiation from every electron in a bunch adds coherently
the spectral region where the wavelength is comparable t
longer than the longitudinal length of the bunch@16#. Anal-
ogy of the coherent synchrotron radiation@17–19# and co-
herent transition radiation@20–22# suggests that the intensit
of coherent SPR will be proportional to the square of be
current and is enhanced by a factorNe compared with ordi-
nary ~incoherent! SPR, whereNe is the number of electron
in a bunch. The coherence effect in SPR from the bunc
electrons, however, has not been fully formulated in the
erature.

The purpose of the present experiment is twofold: o
purpose is to study the coherence effect in SPR in a qua
tative way. For this purpose, we formulate in this paper
theory of SPR including the coherence effect and analyze
experimental data using it. The other purpose is to inve
gate properties of SPR by the observation of coherently
hanced radiation in the millimeter-wave region. In the lon
wave region, the parameters of the experiment such as
dimensions of the grating can be precisely determined
the analysis with the formulated theory is possible. Conce
ing the radiation intensity, we have observed and analy
the dependence on the beam height, the radiation angle
the depth of the grating grooves. Besides the two purpo
our special interest is in the relativistic effects in the rad
tion process due to the high energy of the electron.

We have generated SPR from a short-bunched beam
electrons, which passed by a metallic grating of the lame
type. We have used two kinds of electron beams whose
ergies were different; a beam with an energy of 150 M
from a linear accelerator at the Laboratory of Nuclear S
ence, Tohoku University~LNSTU! and a beam of 40 MeV
from a linear accelerator at the Research Reactor Instit
Kyoto University ~RRIKU!.

In Sec. II of this paper, we develop a three-dimensio
theory of SPR for the lamellar-type grating and formulate
coherence effect. The experimental system is describe
Sec. III. In Sec. IV, experimental results and discussions
presented on the general properties of SPR, coherence e
due to the bunched electrons, the relativistic effects of
pendence of the intensity on the beam height and on
emission angle, and the radiation intensity in relation to
shape of the grating. A part of the present results was bri
reported previously@23#.

II. THEORY OF SMITH-PURCELL RADIATION

A. Smith-Purcell radiation from lamellar-type grating

Theoretical studies of SPR have been made by sev
investigators for various types of grating, using various
proaches@24#. The general theory of SPR has been form
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lated by van den Berg@25#. For a particular shape of th
lamellar-type grating, the generation of SPR has been tre
by van der Berg and Tan as a two-dimensional problem
ing the modal expansion method@26#. They studied a case
where electrons move perpendicularly to the groove o
grating and the moving electrons are uniformly distribut
along the direction parallel to the grooves; the radiation
observed in a plane perpendicular to the ruling direction.
such a case, the intensity of the radiation is uniform alo
the ruling direction and is calculated as a two-dimensio
problem in the plane of the observation. The tw
dimensional treatment, however, is unsuitable to analyze
experiment, where the electrons move along a single line
a linear trajectory perpendicular to the groove.

Haebelreet al. @15# reviewed the theoretical studies an
concluded that for a lamellar grating the modal expans
method is a simpler and more time saving way to calcul
SPR than other approaches. Here we adopt the metho
solve a three-dimensional problem to analyze our experim
tal results.

The lamellar grating is assumed to have ideal conduc
ity. We take a Cartesian coordinate system: an elect
moves to thez direction with a constant velocityv5bc
along the trajectoryx5h, y50 as shown in Fig. 1. The
grating are ruled parallel to they axis and its ruled area is
assumed to be large enough to ignore any boundary ef
We denote the grating period, width, and depth of the gro
asg, w, andd, respectively. All quantities are expressed
SI units.

We consider the following Fourier componentsEv and
Hv of electric and magnetic fields:

E~x,y,z,t !5E E Ev~x,z,h,v!exp@ i ~hy2vt !#dhdv,

~3!

H~x,y,z,t !5E E Hv~x,z,h,v!exp@ i ~hy2vt !#dhdv.

~4!

The electric current has only thez component,

Jv~x,z,h,v!5S q

2p D 2

exp~ ia0z!d~x2h!, ~5!

whereq is the charge of the electron, anda05v/v.

FIG. 1. Schematic layout of the geometry of the experime
The electron moves with a speedv at a distanceh parallel to a
grating and perpendicular to the rulings.
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Maxwell’s equation reduces to the two-dimension
Helmholtz equations ofEvy andHvy ,

]2Evy

]2x
1

]2Evy

]2z
1~k22h2!Evy5 i

q

4p2 S m0

«0
D 1/2 h

b

3d~x2h!exp~ ıa0z!,
~6!

]2Hvy

]2x
1

]2Hvy

]2z
1~k22h2!Hvy5

q

4p2

d

dx
d~x2h!

3exp~ ia0z!, ~7!

wherek is the absolute value of the wave vector,v/c. Thex
and z components ofEv and Hv in Eqs. ~3! and ~4! are
expressed in terms ofEvy and Hvy . The solution of the
Helmholtz equation in half space above the grating (x>0) is
written as

Evy
1 5Evy

c 1Evy
r , ~8!

Hvy
1 5Hvy

c 1Hvy
r , ~9!

whereEvy
r andHvy

r are the homogeneous solutions andEvy
c

and Hvy
c are the inhomogeneous ones. The solutionEvy

r

stands for theE-polarized component whose electric vect
is parallel to the ruling of the grating, and theH-polarized
componentHvy

r has the electric vector parallel to the pla
defined by the grating normal and the trajectory of the be
The inhomogeneous solution corresponds to the charge
of the electron,

Evy
c 5

q

8p2 S m0

«0
D 1/2 ha0

bg0
exp@ i ~a0z1g0ux2hu!#, ~10!

Hvy
c 5

q

8p2 sgn~x2h!exp@ i ~a0z1g0ux2hu!#, ~11!

in which

g05 i ~a0
21h22k2!1/2. ~12!

Sincea0 is always larger thank, g0 is pure imaginary and
Eqs.~10! and~11! express evanescent waves that move al
z axis with the velocity of the electron and decrease ex
nentially away from the trajectory.

The homogeneous solutions are expanded in infinite
ries,

Evy
r 5 (

n52`

`

En exp@ i ~anz1gnx!#, ~13!

Hvy
r 5 (

n52`

`

Hn exp@ i ~anz1gnx!#, ~14!

in which

an5a01
2np

g
, ~15!

gn5~k22an
22h2!1/2. ~16!
l

.
ld

g
-

e-

When gn is real, the solution corresponds to SPR with t
ordern. The emission angles~u,f! of the SPR is related to
an , h, andgn as

gn5k sin u cosf,

h5k sin u sin f,

an5k cosu. ~17!

The solution of the Helmholtz equation in the groovesx
<0) is expressed as series of the cavity modes in the gro

Evy
2 5exp~ ia0Jg! (

m51

`

Gm sinS mpz8

w D @exp~2 ikmx!

2Gm exp~ ikmx!#, ~18!

Hvy
2 5exp~ ia0Jg! (

m50

`

Fm cosS mpz8

w D @exp~2 ikmx!

1Gm exp~ ikmx!#, ~19!

where z8 is an local coordinate parallel to thez direction
within a groove; z5Jg1z8 (J50,61,62,...), km5@k2

2h22(mp/w)2#1/2, andGm5exp(i2kmd).
Using boundary conditions on the grating and continu

conditions between the solutions of the upper half space
those in the grooves, we get a set of algebraic equations
the unknownsEn8 andHn8 ,

(
n52`

` S gdnl1wgn (
m50

`

BmFmn* FmlDEn8

52gd l01wg0 (
m50

`

BmFm0* Fml , ~20!

(
n52`

` S gngdnl2w (
m50

`

DmCmn* CmlDHn8

5gg0d l01w (
m50

`

DmCm0* Cml ,

l 50,61,62,..., ~21!

whereEn8 andHn8 are related to the coefficientsEn andHn of
the homogeneous solution of Eqs.~13! and ~14!,

En5
q

8p2 S m0

«0
D 1/2 h

bg0
exp~ ig0h!En8 , ~22!

Hn5
q

8p2 exp~ ig0h!Hn8 . ~23!

In Eqs.~20! and ~21!, Bm , Dm , Fmn , andCmn are defined
as follows:

Bm5
2~12Gm!

km~11Gm!
, ~24!



ra

e

mal
e

Tan

va-

th
. In
e of
ith

he

u-
ely
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Dm5
2km~Gm21!

~11dm0!~Gm11!
, ~25!

Fmn5
1

w E
0

w

sinS mpz

w Dexp~2ıanz!dz, ~26!

Cmn5
1

w E
0

w

cosS mpz

w Dexp~2ıanz!dz, ~27!

and Fmn* and Cmn* are the conjugate complex ofFmn and
Cmn , respectively@27#.

When the cross-sectional dimensions of the lamellar g
ing are known, we can solve Eqs.~20! and~21! to obtain the
radiation field of SPR for anyv andh, i.e., wavelengthl or
the emission angleu and the azimuth anglef.

In the case ofh50, i.e., when SPR is observed in th
t-

plane defined by the trajectory of the electron and the nor
to the grating, Eq.~21! reduces to the equation of SPR in th
xz plane, which has been studied by van den Bergh and
@26#. In this case, sinceEn50 from Eq. ~22!, SPR is com-
pletely polarized and the electric vector is in the obser
tional plane.

It is pointed out here that the coefficients of Eqs.~20! and
~21! show that there is a similarity relation in SPR wi
respect to the wavelength and the grating parameters
other words, the angular distribution and the dependenc
intensity on the groove depth, for example, generated w
one grating is similar to those with another grating if t
ratio of l:g:w:d is the same for the two gratings.

The intensity of SPR per unit period of grating is calc
lated from Poynting vector passing through a stripe infinit
long in they direction with the width of the grating period in
the z direction, placed far from the surface of the grating,
r

e

Ptot5E
0

gE
2`

` E
2`

`

Nxdt dy dz ~28!

52E dz ReH E E v

k22h2 S «0Hvy
r*

]Evy
r

]x
1m0Hvy

r*
]Hvy

r

]x DdhdvJ , ~29!

whereNx stands for thex component of the Poynting vector. Using Eqs.~13! and~14! and periodic condition of the field, we
obtain

Ptot5(
rad

Pn5(
rad

2gm0E E vgn

k22h2 S «0

m0
uEnu21uHnu2Ddhdv, ~30!

where the summation is taken over the radiation field having realgn andPn stands for the intensity of the ordern. Using the
relations~17!, ~22!, and~23!, we get the monochromatic intensity of SPR of the ordern per electron per unit wavelength pe
unit period of the grating,

dPn

dl
5

q2n2

8p2gl«0
E b2 sin2 un cos2 f

~12b cosun!2~12sin2 un sin2 f!
@Q~un!2uEn8u

21uHn8u
2#

3expS 2
4ph

bgl
A11~bg sin un sin f!2Ddf, ~31!

Q~un!25S h

bug0u D
2

5
~g sin un sin f!2

11~bg sin un sin f!2 . ~32!

In Eq. ~31!, the wavelength and the emission angleun are related by the dispersion relation of Eq.~1!.
A real grating has a finite number of the groovesNg , and the SPR intensity isNg times Eq.~31!, if Ng is large enough.

WhenNg is not so large, the intensity of the SPR of the ordern emitted from the grating ofNg period is expressed as, in th
unit of photon numbers per electron per relative bandwidthdl/l5d ln l,

dPn
ph

d ln l
5

an2

4p2 E Gn~T!
b2 sin2 u cos2 f

~12b cosu!2~12sin2 u sin2 f!
@Q~u!2uEn8u

21uHn8u
2#expS 2

4ph

bgl
A11~bg sin u sin f!2DdV,

~33!
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wherea is the fine-structure constant, anddV is solid angle,
dV5sinu du df.

Since the phase difference of radiation emitted from s
sequent grooves during the passage of the electro
kg(1/b2cosu), the factorGn(T) in Eq. ~33! stands for the
effect of superposition of radiation from each period of t
grating:

Gn~T!5H sin~NgT!

sin T J 2

, ~34!

T5
gp

l S 1

b
2cosu D . ~35!

The factorGn(T) has peaks atT5mp, m51,2,...,M where
M is the maximum integer bounded by 2g/l. When the
numberNg of the period of the grating increases, the fac
Gn(T) approaches the delta function (gNg /l)@d(u
2un)/sinun#. We get the monochromatic intensity of SPR
photon number by the integration of Eq.~33! with respect to
the solid angle, which gives the factorNg\v to Eq. ~31!.

When the number of grooves is large, the factorGn(T)
varies as a function ofu more rapidly than other factors i
Eq. ~33!. The bandwidthDl of SPR at wavelengthl is de-
termined by the factorGn(T) and is expressed by

l

Dl
5unuNg . ~36!

In numerical computation, we have truncated the vario
series in Eqs.~20! and ~21! and have reduced the infinit
system of Eqs.~20! and ~21! to a finite system@26#. The
computation was carried out by increasing the number
terms taken into account in the summation in Eqs.~20! and
~21!, and consequently by increasing the size of the dim
sion of the matrix of the finite equation system. The pro
dure was stopped as soon as the relative change of the v
uH218 u2 and uE218 u2 turned out to be less than 1%. In som
cases, however, the solutionuE218 u2 of the finite system had
not converged and showed numerical oscillation with
increase of the size of the matrix. In such cases, we estim
the value around which the solution oscillated and adopte
as the solution; the numerical accuracy of the solution w
estimated to be better than 10%.

B. Coherent SPR from bunched electrons

When the electrons are bunched, superposition of ra
tion from each electron in a bunch is observed. We formu
the coherence effect due to the bunched electrons, assu
that the number of electrons in the bunch is large and that
observational point of SPR is far from the grating.

As shown in Sec. II A, the Coulomb field of the electro
is expanded by the evanescent waves, which moves a
the z axis with the velocity of the electron. The evanesce
waves are diffracted by the grating, and waves that have
gn are propagating into free space as SPR. Therefore,
phase differenceDc between SPR emitted from an electro
with the positionX(X,Y,Z) and that from the electron at th
bunch center~0,0,0!, which is taken as the origin of the po
sition vector of the electrons, is considered to be equal to
-
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phase difference of the evanescent waves of the electro

Dc5a0Z1hY1g0X. ~37!

The radiation field is calculated by superposition of SP
from the whole electrons in the bunch,

Ebv5(
j 51

Ne

E0v exp@ i ~a0Zj1hYj1g0Xj !#, ~38!

whereE0v is the radiation field of SPR from the electron
the bunch center. Since any order of SPR is expressed by
~38!, the intensity of SPR of the ordern from the bunch is

dPn,bunch

dl
5Ne@11Nef ~l!#

dPn

dl
, ~39!

wheredPn /dl is the SPR intensity from an electron of E
~31!. The bunch form factorf (l) is defined, using the den
sity distribution functionS(X,Y,Z) of electrons in the bunch
as

f ~l!5U E E E S~X,Y,Z!exp~2ug0uX!

3expF ikS Y sin un cosf1
Z

b D GdXdYdZU2

,

~40!

wherek is wave number, 2p/l.
The bunch form factor is expressed as the product o

longitudinal form factor and a transverse one,f (l)
5 f L(l) f T(l), on the assumption that the longitudinal di
tribution function SL(Z) of electrons in the bunch has n
correlation with the transverse oneST(X,Y):

f T~l!5U E ST~X,Y!exp~2ug0uX!

3expS i2p
Y sin un sin f

l DdXdYU2

, ~41!

f L~l!5U E SL~Z!expS i2p
Z

l DdzU2

, ~42!

where

ug0u5
2p

bgl
A11~bg sin un sin f!2. ~43!

In Eq. ~42! we have assumed that the energy of the beam
high andb;1.

The value of the form factorf (l) depends on the dimen
sion of the bunch,s, as well as on the wavelength of radia
tion. In the short-wavelength region, orl!s, the value of
the form factor is negligibly small and we observe only i
coherent radiationdPn, incoh/dl:

dPn,bunch

dl
5Ne

dPn

dl
5

dPn, incoh

dl
for l!s. ~44!
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In the long-wavelength region, orl.s, the f (l) becomes
much larger than 1/Ne and we observe coherent radiation:

dPn,bunch

dl
5Ne

2f ~l!
dPn

dl
5Nef ~l!

dPn, incoh

dl

for l.s. ~45!

The coherent SPR intensity is proportional to the square
the beam current and is enhancedNef (l) times in compari-
son with the ordinary intensity without the coherence effe
dPn, incoh/dl. When the wavelength is long enough, i.e.,l
@s, the form factor f (l) approaches asymptotically t
unity.

The longitudinal form factor of Eq.~42! has the same
form as the one in coherent synchrotron radiation@19# and
transition radiation@22#. However, the transverse form facto
of Eq. ~41! is different from the transverse one of the oth
radiations. The form factor Eq.~41! shows that SPR emitte
from the electrons that have a commonY coordinate is in
phase and that its amplitude depends exponentially on
beam heighth, exp@2ug0u(h1X)#. Hence the distribution of
electrons in theX direction causes no negative interferen
in coherent SPR, even if the cross section of the beam
large in comparison with the wavelength. This suggests
the intensity of coherent SPR does not decrease so rap
with the variation of the emission angleu, whereas the co-
herence effect in synchrotron radiation and in transition
diation sharply decreases with the emission angleu @22,28#.

For the Gaussian distribution of electrons in a bunch,
can calculate the bunch form factor as follows: for the lo
gitudinal distribution function, SL(Z)5exp@2(Z/sL)

2#/
(p1/2sL), we get

f L~l!5expF22S psL

l D 2G . ~46!

For the transverse oneST(X,Y)5exp@2(X21Y2)/sT
2#/(psT

2),
we obtain

f T~l!5
1

p
expF2S psT

bgl D 2GFerfcS 2
h

sT
1

ug0usT

2 D G2

,

~47!

where erfc(x) is the error function.
Here, we estimate the value of the form factor for t

present experiment at LNSTU. From the analysis of
spectrum of coherent diffraction radiation, the bunch sh
of the 150-MeV beam used in the experiment is known to
nearly a Gaussian with the bunch length, or the full width
half maximum~FWHM!, of 0.2 mm@29#. Therefore, in the
millimeter-wave region the longitudinal bunch length
shorter than wavelengths. We getf L(l)50.75 atl51 mm
from Eq. ~46!. Using Eq.~47!, we calculate the transvers
bunch form factor, on the assumption of a Gaussian distr
tion of electrons in a circular cross section with the wid
~FWHM! of 2.5 mm. The result isf T(l);1.0 at the wave-
lengthsl>1 mm. Hencef (l).0.75 atl.1 mm and it is
expected that we can observe coherent radiation in the
limeter wave region.
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III. EXPERIMENT

A schematic diagram of the experimental setup at LNS
is shown in Fig. 2. The electrons of 150 MeV from th
S-band linear accelerator passed near a gratingG. The dura-
tion of a burst of electrons was 5 ns, and its repetition r
was 25 Hz. The energy spread of the electrons was 0.5%,
the average beam current was typically 10 nA. Hence
average number of electrons per bunch was 1.83108.

The cross section of the beam was nearly circular, and
size of the beam~FWHM! was about 2.5 mm in diamete
The beam heighth was usually set at 5 mm. When we e
amined the dependence of intensity on the beam height,
grating was moved along the direction perpendicular to
beam trajectory and the heighth was varied from 2.5 to 45
mm.

The SPR was collected by a system of which the opti
axis was in the plane including the trajectory of the beam a
the normal to the grating. The SPR generated with the g
ing G in Fig. 2 was reflected by plane mirrorsM1 andM2
and was collected by a spherical mirrorM3. The mirrorM1
was slid horizontally and was rotated simultaneously arou
a vertical axis so as to reflect the SPR towardM2 without
the deviation of the optical axis. The radiation was led to
grating-type far-infrared spectrometer that covered the wa
length region from 0.1 to 6 mm. The radiation was detec
with a helium-cooled Si bolometer.

If we assume that SPR was emitted from a line source
the grating surface, then the acceptance angle of the op
system was 50 mrad in the meridional plane defined by
grating normal and the trajectory of the electron and it w
88 mrad in the sagittal plane. Therefore, the SPR observe
the direction (u,f50) included radiation emitted within the
directionu625 mrad andufu<44 mrad.

The spectrometer was equipped with a polarizer, and
our experiment the H-polarized component and th
V-polarized one in Sec. IV correspond to theH-polarized
solution and theE-polarized one of Eqs.~22! and ~23!, re-
spectively.

To determine the absolute intensity of the observed S
the measuring system was calibrated with a blackbody ra
tion source of 1200 K. Uncertainty of the absolute value w
estimated to be a factor of 1.5 aroundl51 mm.

We prepared five lamellar-type gratings (G1 –G5) made

FIG. 2. Schematic diagram of experimental setup.G: grating;
M1,M2: plane mirrors;M3: collecting mirror;u : emission angle;
h: beam height. The broken lines show the optical axes, and
mirror M1 is moved along positionsM18 andM19.



ar

o
n
he
h
n

rre
c

ns
o
rv

F

of
m
th

th

we
g
ed
50-

.3,
hed
ks,

the
ave-

nds
rst
the
in

t

e of

57 1067COHERENT SMITH-PURCELL RADIATION IN THE . . .
of aluminum. The period, width, and depth of the groove
listed in Table I.

The experimental setup at RRIKU was similar to that
LNSTU, and the measuring system had the acceptance a
of 33 mrad in the meridional plane and of 72 mrad in t
sagittal plane. The beam conditions were as follows. T
energy was 40 MeV, a duration of macropulse was 33
and its repetition was 55 pulse/s. The average beam cu
was 1.5mA, and hence the number of electrons per bun
was 43109.

The beam from theL-band linear accelerator of RRIKU
was collimated to the size of 10312 mm2 in cross section by
passing it through an aluminum block@16# except for the
experiment to measure the dependence of the SPR inte
on the azimuth anglef, in which the beam was collimated t
the circular cross section of 12 mm in diameter. To obse
the dependence of the intensity on the azimuth anglef, we
rotated the grating around the electron beam as shown in
3.

At RRIKU we prepared additional lamellar gratings
which depths of the grooves were variable from 0 to 15 m
Their structure are schematically shown in Fig. 4 and
parameters of the gratings (G6,G7) are listed in Table I.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

A. General properties of SPR

In this section two results are presented to verify that
observed radiation is SPR.

TABLE I. Lamellar-type gratings used in the experiment.

Period
g ~mm!

Width of
groove
w ~mm!

Depth of
groove
d ~mm!

Number of
grooves

Ng

G1 2.0 1.0 1.0 60
G2 6.0 3.0 1.0 20
G3 6.0 3.0 3.0 20
G4 6.0 3.0 6.0 20
G5 8.0 4.0 1.0 15
G6 6.0 3.0 0.0–15.0 20
G7 12.0 6.0 0.0–15.0 15

FIG. 3. Schematic diagram to observe the dependence of
SPR intensity on the azimuth anglef. The gratingG is rotated
around the electron beam.
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1. Dispersion relation

To observe the monochromatic emission of SPR,
scanned emission angleu from 20 to 120 degrees by movin
the mirrorM1 in Fig. 2. The spectrometer was set at a fix
wavelength. Figure 5 shows one of the results by the 1
MeV electrons obtained with the gratingsG2, G3, andG4.
The angular distributions of SPR at the wavelengths of 1
2.4, and 3.0 mm are shown by solid, dotted, and das
curves, respectively. Every curve has one or a few pea
except for the scan atl53 mm with the gratingG3, in
which SPR is not clearly observed. The figure shows that
intensity of SPR depends on the groove depth and the w
length. This point is discussed further in Sec. IV D.

In Fig. 5, the most intense peak of each curve correspo
to the first order of SPR. The dispersion relation of the fi
order of SPR measured by the 150-MeV electron with
five gratings in Table I is shown in Fig. 6. Three curves

he

FIG. 4. The lamellar grating used to observe the dependenc
the SPR intensity on the depth of the groove.

FIG. 5. Angular distribution of monochromatic SPR atl51.3,
2.4, and 3.0 mm observed with the three gratingsG2, G3, andG4
in Table I. The energy of the electron is 150 MeV.
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the figure show the theoretical relation of Eq.~1!. The ex-
periment agrees well with theory. A similar result with th
40-MeV electron was reported previously@16#.

2. Monochromaticity

Using the 40-MeV beam, we measured the spectrum
SPR with the grating-type spectrometer; an example
shown in Fig. 7. The mirrorM1 in Fig. 2 was set at the
direction u so as to select the wavelength of 3 mm. T
observed bandwidth~FWHM! in Fig. 7 was 0.17 mm. The
resolution of the spectrometer was 0.09 mm atl53 mm.

The finite number (Ng) of the grooves of the grating
which is 20 for the present case, results in monochrom
radiation with a finite bandwidth. This value was calculat
as 0.15 mm from Eq.~36! with Ng520. The convolution of
the width by the resolution of the spectrometer was evalua
asA0.09210.15250.17 mm, which is in agreement with th
observed width.

FIG. 6. Dispersion relation of SPR observed by the elect
beam of 150 MeV. The three curves show the theoretical relatio
Eq. ~1! in the text.

FIG. 7. Spectrum of the coherent SPR atl53.0 mm. The SPR
was emitted from the 40-MeV beam of RRIKU with the gratingG6
in Table I. The peak width~FWHM! was 0.17 mm.
of
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B. Coherence effect due to bunched electrons

1. Dependence of intensity on beam current

The dependence of the intensity of SPR on the beam
rent was measured with the gratingG3 atl51.3 mm, using
the 150-MeV beam at LNSTU. The beam current was var
by controlling the width of a slit located in a transport syste
of the beam. The position of the slit was far upstream fro
the measuring system shown in Fig. 2. The result is sho
by open circles in Fig. 8, where the dashed line was fitted
the least squares method. The gradient of the line is 2.0,
the SPR intensity is proportional to the square of the be
current. This confirms that we have observed coherent S

2. Factor of enhancement of intensity and degree of polarization

The intensity of SPR observed with the gratingG2 from
the 150-MeV beam was 0.11 nW atl51.3 mm and 0.53 nW
at l51.6 mm on a beam current of 10 nA.

To evaluate the bunch form factorf L(l), or the factor of
the enhancement due to the coherence effectNef (l) in Eq.
~45!, we first solved Eqs.~20! and ~21! as functions of the
emission anglesu andf, and then calculated the intensity o
ordinary SPR of Eq.~33! by integrating the solution over th
acceptance angle of 50388 mrad2.

Figures 9 and 10 show examples of the solutionsuE218 u2

and uH218 u2 at aroundl51.3 mm as functions of the emis
sion anglesu and f. In Fig. 9, the solid curve shows th
solution as a function of the angleu at the azimuth angle o
f50. It is shown for the range of the acceptance angle
u61.43° aroundu538.43° (l51.3 mm). In Fig. 10 the
open and closed circles show theE- and H-polarized solu-
tions, respectively, as a function of the anglef at the direc-
tion of u538.43°. In this figure only the positive part inf is
plotted, because the solution is symmetric with respec
f50. In the experiment, the acceptance angle off was
644 mrad. From Fig. 10 we can see that theE- and
H-polarized solutions increase rapidly about two orders
magnitude when the angleufu changes within the acceptanc
angle.

The calculated intensity of incoherent SPR was 1
310218 W and 1.4310218 W at wavelengths of 1.3 and 1.
mm, respectively. Compared with the calculation, the exp
mental intensities are enhanced by a factor of 9.23107 at

n
of

FIG. 8. Dependence of the coherent SPR intensity on the b
current. Electrons were accelerated to 150 MeV by theS-band linac
of LNSTU. The straight line is obtained by the least squa
method.
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57 1069COHERENT SMITH-PURCELL RADIATION IN THE . . .
l51.3 mm and by 3.83108 at l51.6 mm. We consider tha
these values of the enhancement,Nef (l) in Eq. ~45!, are
roughly in agreement with the number of electrons in
bunch,Ne51.83108, taking into account the following un
certainties in the evaluation: the calculated quantities
uE218 u2 anduH218 u2 in Eq. ~33! were found to be complicate
functions of many factors not only of energy but also
u,f,l/g,w/g,d/g, and a small change of these paramet
within the experimental conditions occasionally results in
drastic change of the intensity. The acceptance angle of
measuring system was evaluated from the geometry of
system, and has uncertainty due to diffraction, misalignm
and so on. Moreover, the measuring system was calibr
by a point source of blackbody radiation, though SPR ha
line source, which may cause an error in addition to
estimated experimental uncertainty of the factor 1.5 in
calibration.

FIG. 9. The solutionsuE218 u2 and uH218 u2 of Eqs.~20! and ~21!
as a function of the emission angleu. The solid curve isuE218 u2

1uH218 u2 at f50 and the dashed curve shows the degree of po
ization, (uH218 u22uE218 u2)/(uH218 u21uE218 u2).

FIG. 10. The solutionsuE218 u2 anduH218 u2 of Eqs.~20! and~21!
as a function of the azimuth anglef at u538.43° (l51.3 mm).
The solutions ofuE218 u2 and uH218 u2 are shown by open and close
circles, respectively.
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The enhancement of the intensity implies that the bun
form factor derived from the experiment was nearly unity
the millimeter-wave region;f (l)5 f L(l) f T(l);1. This is
in agreement with the expected coherence effect for
beam of LNSTU.

SPR was linearly polarized in the plane defined by
grating normal and the trajectory of the beam. The degre
polarization defined by (I H2I V)/(I H1I V), whereI H and I V
stand for theH- and V-polarized components, respectivel
was observed to be 0.6 at the wavelength of 1.3 mm, o
u538.43° with the gratingG2.

The theoretical degree of polarization is mainly det
mined by the solutionsuE218 u2 anduH218 u2 and the theoretica
polarization of the solution calculated atf50 is shown by
the dashed curve in Fig. 9 as a function of the angleu. At the
angleu of 36.87°gn

2(n525) changes its sign and SPR o
the fifth order emerges. The theoretical polarization deg
shows rapid variation aroundu of 36.87°, caused from redis
tribution of energy among different orders of SPR. The d
gree of polarization atl51.3 mm was calculated from Eq
~33! to be 0.50 by integrating each component over the
ceptance angle. The value was smaller than the experime
one. We consider, however, that the theoretical value is
in conflict with the experiment, taking into account the rap
variation of the theoretical degree of polarization over t
acceptance angle of the optical system.

C. Relativistic effects

1. Dependence of intensity on beam height

Using the 40-MeV beam of RRIKU, we measured t
intensity of SPR as a function of the beam heighth by mov-
ing the gratingG3 away from the beam trajectory. The re
sults measured at the wavelengths of 2.5 mm are shown
open circles in Fig. 11. The intensity is plotted on a logari
mic scale.

We also measured the dependence using the 150-M
beam of LNSTU. The Lorentz factorg of the 150-MeV elec-
tron is 293 and it is about four times larger than that of t
40-MeV electron (g578). Figure 12 shows the results ob
tained at the wavelengths of 1.0 and 2.4 mm, using the g

r-

FIG. 11. Dependence of intensity on the beam height al
52.5 mm from the 40-MeV beam of RRIKU. The solid, dashe
and dotted curves are, respectively, the calculated intensity by
~48! and~49!, the theoretical value of the modified Bessel functi
of K0(j)2 and that of the exponential function of Eq.~2! in the text.
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1070 57YUKIO SHIBATA et al.
ing G2. The observed intensities are shown by open circ
In Figs. 11 and 12, the exponential dependence of

intensity on the beam height as in Eq.~2!, which was pre-
dicted by di Francia@11#, is shown by the dotted straigh
lines. Both figures show that the observed intensities
crease more rapidly than Eq.~2! as the beam height in
creases. Figure 12 implies that the gradient of the obse
intensity approaches that of Eq.~2!, only when the beam
height increases further.

2. Discussion of the dependence

We discuss the observed dependence considering th
ceptance angle of the radiation. The dependence of the e
tric field of SPR on the beam heighth is determined by Eqs
~22! and ~23! and is expressed, using Eq.~43!, as

Evy~h!;E
0

fmax t

A11t2
exp~2jA11t2!df, ~48!

Hvy~h!;E
0

fmax
exp~2jA11t2!df, ~49!

where j52ph/(bgl), and t5bg sinu sinf. Equations
~48! and~49! should be integrated over the acceptance an
of the measuring system.

We examine the theoretical dependence on the exp
mental condition that SPR is observed in the plane includ
the grating normal and the beam trajectory andf!1. In the
case when the energy of the electron is low, i.e.,t!1, the

FIG. 12. Dependence of the intensity of coherent SPR on
beam height observed atl51.0 and 2.4 mm. The energy of th
electron was 150 MeV. The solid, dashed, and dotted curves
respectively, the calculated intensity by Eqs.~48! and~49!, the the-
oretical value of the modified Bessel function ofK0(j)2, and that of
the exponential function of Eq.~2! in the text.
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fields are well approximated byEvy(h);t exp(2j) and
Hvy(h);exp(2j). Hence the dependence of the SPR inte
sity on the beam height is given by Eq.~2!. In the case of
high energy, on the other hand,t becomes larger than unit
even when the emission anglef is small.

We have integrated Eqs.~48! and ~49! numerically over
the acceptance angle of the measuring system. The ener
SPR, which is normalized to unity ath50, is proportional to
the square of the field,Evy

2 1Hvy
2 . The results are shown b

solid curves in Fig. 11 for the 40-MeV electron atl
52.5 mm, and in Fig. 12 for the 150-MeV beam atl51.0
and 2.4 mm. The solid curve agrees well with the experim
tal results. In other words, the results of the observati
with the finite acceptance angle are in good agreement w
the three-dimensional theory. The intensity-beam height
lation is also obtained from integration of Eq.~33!: the result
is almost the same as the solid curves in Figs. 11 and 12
shows a little deviation to the upward direction from th
solid curves in the rangeh.30 mm in Fig. 12.

In Figs. 11 and 12, the function$K0(j)%2 is also shown
by the dashed curves and the radiation intensity is well
proximated by$K0(j)%2 in a rangeh.1.5l. This approxi-
mation is explained from the expansion of the following s
ries, since the azimuth angle was much smaller than un
f!1, in the experiment,

E
0

fmax
exp~2jA11t2!df;E

0

tmax
exp@2j~11 1

2 t22 1
8 t4

1••• !#dt, ~50!

K0~j!5E
0

`

exp@2j cosh~ t !#dt

;E
0

`

exp@2j~11 1
2 t21 1

24 t41••• !#dt. ~51!

The comparison of Eqs.~50! and ~51! shows that, when the
beam height is in such a range that the term exp(2jt4) and
higher ones have minor contributions but the term e
(2jt2) still has a significant contribution in the integratio
the radiation field is approximated byK0(j) and conse-
quently the intensity by$K0(j)%2.

When the beam heighth increases and the argument
K0(j) becomes large, the modified Bessel function is a
proximated by an exponential function:K0(j);exp(2j).
Therefore for the beam height higher than a certain value
is difficult to distinguish the relation of$K0(j)%2 from that
of Eq. ~2!.

3. Dependence of intensity on azimuth angle

Using the 40-MeV beam, we observed variation of t
intensity of SPR by changing the azimuth anglef. Figure 13
shows the results measured with the gratingG3 at l51.4
and 1.6 mm: the solid, dashed, and dotted curves show
total intensity andV-polarized andH-polarized components
respectively. The distributions of the intensity were nea
symmetric with respect to the direction of the grating no
mal, i.e.,f50. SPR was emitted in a narrow region inclu
ing thex-z plane.
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The distribution ofV polarization atl51.4 mm had two
peaks, and the angle between the peaks was 12.5°. Th
theH polarization also had two peaks but the angle betw
the two peaks was less than that of theV polarization. On the
other hand, atl51.6 mm the distribution of theV-polarized
component had two peaks but the intensity was weak
comparison with that of theH-polarized component. The dis
tribution of theH-polarized component shows no clearly r
solved peaks.

We have calculated the theoretical distribution of SP
taking into account the acceptance angle of the optical
tem. The results are shown in Fig. 14, where the so
dashed, and dotted curves show the total intensity,
V-polarized component and theH-polarized component, re
spectively. All distributions have two peaks, and the cal
lated intensities decrease rapidly as the azimuth angleufu
increases.

The theoretical distribution agrees qualitatively with t
experiment. At a wavelength ofl51.4 mm the peak inten
sity of theH-polarized component is roughly equal to that
the V-polarized one, and the angle between the peak of
H-polarized component is less than that of theV polariza-
tion. The central dip of theV-polarized component around a
f50 is deeper than that of theH-polarized one. The inten
sity of the V-polarized component atl51.6 mm is weaker
than that of theH polarization. The width~FWHM! of the
theoretical distribution of SPR intensity atl51.4 mm is
16.2° and wider than that of 14.6° atl51.6 mm.

There remains, however, small discrepancies between
theory and the experiment: the theoretical distribution of
H-polarized component atl51.6 mm has two peaks. On th

FIG. 13. Dependence of the SPR intensity on the azimuth a
f at l51.4 and 1.6 mm observed by the 40-MeV beam of RRIK
The solid, dotted, and dashed curves show the total intensity an
H-polarized andV-polarized components, respectively.
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other hand, the experimental one in Fig. 13 has only a cen
peak with a shoulder. The width~FWHM! of the theoretical
concentration of SPR into thex-z plane atl51.4 mm is
narrower than the measured one. On the other hand, the
oretical width at l51.6 mm is wider than the measure
width. The reasons for these discrepancies are not clea
present.

The distributions of theH-polarized component measure
at l51.4 and 1.6 mm have asymmetric structure around
ufu50, while the V-polarized ones are nearly symmetri
The asymmetry is possibly caused by the asymmetric dis
bution of electrons in the transverse cross section. The as
metric distribution of electrons, however, hardly disturbs t
intensity distribution of theV component, because theV
component of SPR is theoretically not emitted into thex-z
plane, and the intensity observed within the acceptance a
is weak aroundufu;0.

The sharp decrease of the intensity with the angleufu is
expressed by the exponential factor in Eq.~31!. In the case of
a high energy beam as in the present experime
i.e., (g sinf)2@1, the factor reduces to
exp(24phusinu sinfu/l) and decreases rapidly withufu. The
factorsuE218 u2 anduH218 u2 also depend on the azimuth ang
~for example, see Fig. 10!. In the case of the high energ
beam, the influence of the exponential factor is dominant
the dependence of SPR on the azimuth anglef. The calcu-
lation showed, for example, that the factorsuE218 u2 and
uH218 u2 increase four orders of magnitude or more as
angleufu increases from 0 to 90 degrees, while the expon
tial factor decreases more rapidly withufu. Thus the emission
of SPR into a narrow direction including thex-z plane is one

le
.
he

FIG. 14. Theoretical dependence of the SPR intensity from
beam of 40 MeV on the azimuth anglef at l51.4 and 1.6 mm.
The solid, dotted, and dashed curves show the total intensity and
H-polarized andV-polarized components, respectively.
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of the properties of the radiation from the relativistic ele
tron. Using the low-energy beam of 100 keV, Goveret al.
observed that SPR was distributed over a wide range of
azimuth angle from 0 to 70 degrees or more@9#.

D. Properties of SPR in relation to grating shape

1. Similarity relation

As pointed out in Section II A, the dependence of SP
intensity atl on the grating depth will show a similarity t
the dependence of SPR at 2l on the grating depth if all
dimensions of the grating are doubled. To confirm suc
similarity relation we measured the dependence of the S
intensity on the groove depth at a wavelength of 2.4 m
with the gratingG6 and the dependence atl54.8 mm with
G7. The period and width of the gratingG7 are two times
larger than those of the gratingG6.

The results obtained with the 40-MeV beam are shown
the solid curve forl52.4 mm (G6) and by the dashed curv
for l54.8 mm (G7) in Fig. 15, where the abscissa is rel
tive depth normalized by the grating period. The rat
l:g:w:d are the same in the two observations.

The solid and dashed curves are similar to each ot
Both curves show a structure having five minima indica
by arrows in Fig. 15 with an averaged period of 0.22 in
range from 0.04 to 0.92 in the unit ofd/g.

We have simulated the relative variation of the SPR
tensity uE218 u21uH218 u2 as a function of the groove depth
The result is shown in the lower part of Fig. 15, and h
structure similar to the experimental ones. The five mini
of the structure were shown by arrows in the range from 0
to 0.9 ind/g. The period has been calculated as 0.218d/g by
Eq. ~52!, which is derived in the next section, and is in agre
ment with the experiment. These results confirm the simi
ity relation between the wavelength and the grating shap

Though the calculation reproduced the experimental
sults qualitatively, there remain small discrepancies. The

FIG. 15. Dependence of the SPR intensity on the groove de
observed by the 40-MeV beam of RRIKU. The solid curve sho
SPR with the 6-mm-period grating atl52.4 mm and the dashe
curve from 12-mm-period grating atl54.8 mm. The lower part
shows the theoretical dependence of the SPR intensityuE218 u2

1uH218 u2 on the groove depth atf520 mrad.
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oretical depth of grooves, for example, at the minima of S
intensity indicated by the arrows in Fig. 15 shifted towa
the left by about 0.02 ind/g, in comparison with the experi
ment. The simulation showed two peaks at aroundd/g51,
but the experiment shows one peak with broad width. T
reasons for these discrepancies are not clear at present.

2. Dependence of intensity on groove depth

The dependence of SPR intensity on the depth of
groove was observed, using the 40-MeV beam. Figures
and 17 show examples of the observations at the wa
lengthsl of 3 and 4.8 mm with the gratingG6; the solid,
dashed, and dotted curves show the total intensity and theH-
andV-polarized components, respectively.

th
s

FIG. 16. Dependence of SPR intensity on the groove depth
served atl53 mm with the lamellar gratingG6 in Table I. The
beam energy is 40 MeV. The lower part shows theoretical dep
dence of SPR uE218 u21uH218 u2 on the groove depth atf
520 mrad.

FIG. 17. Dependence of SPR intensity on the groove depth
served atl54.8 mm with the lamellar gratingG6 in Table I. The
beam energy is 40 MeV. The lower part shows theoretical dep
dence of SPR,uE218 u21uH218 u2, on the groove depth atf
520 mrad.
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In Figs. 16 and 17, the solid curves of the total intens
change nearly periodically with the groove depth. Periods
the depth are 1.63 mm on average atl53 mm and 2.34 mm
at l54.8 mm. The degree of polarization was almost ind
pendent of the groove depth.

For comparison the SPR intensityuE218 u21uH218 u2 has
been calculated atf520 mrad as a function of the groov
depth, and the results are shown in the lower part of Figs
and 17. To make the distribution clear in Fig. 17, the das
curve shows five times the intensity in a range from 0.45
2 in d/g. The calculation reproduced the periodic change
the observation. The theoretical period is 1.73 mm and 2
mm at l53.0 mm and 4.8 mm, respectively, which a
nearly in agreement with the experimental ones, but a li
longer.

In Eqs.~20! and~21!, the intensity depends on the groov
depthd through the factorGm5exp(i2kmd). Therefore, the
dependence shows different behavior according to the v
of km . Whenkm is real, the equation of the orderm has the
same coefficients for different groove depths,d1 and d2,
wherekmd25kmd11Kp is satisfied with an integerK; the
solution has periodic structure and the period; i.e., the len
of the cycle,Dd, is determined by the relationDd5p/km .
This condition is written in the following form in the cas
wheref!1, which is satisfied in the present experiment:

g

Dd
52F S g

l D 2

2S mg

2wD 2G1/2

. ~52!

In our experiment,g52w andm521, and we hence get th
period of 1.73 mm from Eq.~52! at l53 mm. The period
corresponds to the periodic structure in Fig. 16.

Whenkm is imaginary, the solution has no periodic stru
ture. Moreover, ifukmud is large,Gm approaches zero and th
solution tends to be independent of the groove depth.

The dependence of SPR on the groove depth beco
complicated whenkm changes from real to imaginary wit
an increase in the numberumu. Roughly speaking, when th
ratio g/l is large, i.e., the wavelength is short compared w
the grating period, SPR of the first order show periodic str
iz
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-

6
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ture as shown in Fig. 16. On the other hand, if the ratiog/l
is not so large as in the case ofg56 mm andl54.8 mm, for
example,km becomes imaginary form52 and the solution
of the first order of Eq.~52! does not explain the period o
the structure in Fig. 17.

The periodic structure in Fig. 17 is determined by anoth
condition. In Eqs.~20! and ~21!, the SPR of the ordern
vanishes at the groove depth where the denominator of
coefficients ofEn8 or Hn8 becomes zero. This condition i
reduced to the following one in the case wheref!1 and for
the orderunu51:

d

g
5

K

2@L22~L21!2#1/2, ~53!

whereK is an integer andL5g/l. The calculated values o
Eq. ~53! with K51,2,3, . . . are0.41, 0.82, 1.22, . . . in d/g,
which correspond to the dip of the experiment in Fig. 17

We consider that the theory has qualitatively reproduc
the experimental results, even though there are slight de
tions: the theoretical period atl53 mm, for example, is a
little longer than the experimental one. The calculation
the wavelength of 3 mm in the lower part of Fig. 16 show
narrower structure of the peak than the experiment in
upper part. In Fig. 17, the theoretical intensity varies mo
steeply than the experiment.

When the groove depth is shallow, as clearly shown
Figs. 15–17 the calculation shows that the SPR inten
varies drastically as a function of groove depth. The theo
ical distribution of intensity for such a shallow groove dep
shows deviation from the experiment. These small but cl
discrepancies are to be studied further.
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