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A solar concentrator combining primary paraboloidal and secondary hyperboloidal mirrors is numerically
designed by using the ray tracing method to obtain higher concentration ratio when the concentrator
tracing error exists. It is found that, when the concentrator tracing errors are 0.5� or 1�, the concentration
ratios are about 2027 or 1220 without the detector in the radial-direction, and the concentration ratios
are about 5447 or 4701 with the detector in the radial-direction. It is shown that such method can
increase the concentration solar flux by two folds when the concentrator tracing error exists. Obviously,
it is an effective method to reduce the effect of concentrator tracing error even when the angle of concen-
trator tracing error is considered. In addition, when the angle of concentrator tracing error is small than
1�, a set of mirror shapes is suggested where the primary mirror has a f-number of 0.22 and the secondary
mirror has a numerical aperture (NA) of 0.61.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

One of the most serious challenges facing us today is how to
realize sustainable energy under the optimal balance of achieving
social, economical and environmental sustainability. Sustainable
energy becomes the main focus that people around the world are
striving toward. An effective approach for sustainable energy is
to deal properly with solar energy. Recently, many theoretical
and experimental researches and commercial products focus on
photovoltaic (PV) cell and solar heating [1–10]. One of the core re-
searches is dedicated to producing photovoltaic cell with high con-
version efficiency [7]. To meet this demand, an effective multi-
junction cell technology was proposed to combine several semi-
conductor materials with differing bandgap energies. With the
strong industry growth, such cells will soon achieve efficiencies
in excess of 50%. The National Renewable Energy Laboratory
(NREL) has been developing a concentrator triple-junction solar
cell products forming by the compound semi combination of
GaInP/GaAs/Ge thin films. This concentrator cells is current being
shipped by Emcore to Green and Gold Energy of Glynde, Australia
had demonstrated the current record conversion efficiency of 39%
ll rights reserved.
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under high-concentration conditions (1000�) [8]. However, such
high-efficiency PV cells are too expensive and complex to directly
apply for commercial products.

To reduce the cost of the high-efficiency PV cells, the concen-
trating PV (CPV) systems combining a high-efficiency PV cell
and a concentration system have been widely designed and pro-
posed to concentrate the sunlight onto the cells [9–18]. Such con-
centration system is usually called concentrator. A parabola
shaped trough reflector with the pipe being located at the focal
point of the other parabola shaped reflector was disclosed [10].
When the water passes through the pipe, the water is then heated
by the concentrated solar energy. To obtain maximum efficiency,
the reflector is rotatable to fit the path of the sun. A new concept
of concentrator for small paraboloidal dish array with low-atten-
uation optical fibers transporting power to a remote receiver was
theoretically and experimentally explored [11–14]. This concen-
trator is a small paraboloidal dish with diameter of �0.2 m. The
sunlight is concentrated to the dish and transported to a remote
receiver by a single optical fiber to be easily used for the applica-
tions. The result shows that the design of the maximum concen-
tration fluxes are 30,000 suns (30 W/mm2) [11]. A prototype
with a diameter of 0.2 m is set up in Ref. [13]. The experimental
results show that the flux of concentrated and transported sun-
light propagating along a one-millimeter-diameter optical fiber
up to 20 m away is 11,000–12,000 suns at a remote receiver.
The other experimental system is presented and measured with
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Fig. 1. Schematic diagrams of (a) the module, (b) the sunlight distribution, (c) the
primary paraboloidal part, and (d) the secondary hyperboloidal part for solar
concentrator combining primary paraboloidal and secondary hyperboloidal
mirrors.
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deliverable power density up to 104 suns (10 W/mm2), solar cell
efficiencies above 30%, completely passive cooling, uniform and
individualized cell illumination, and assembly from readily avail-
able components. The results show the feasibility of such designs
to achieve a concentration level as high as thousands of suns [14].
A solar collector with Cassegrainian configuration was investi-
gated for the storage of solar energy in a chemical system [15].
It is found that the focal length of the hyperboloid is not an
important factor as long as it is similar to the focal length of the
paraboloid. A two stage solar concentration with a paraboloidal
dish primary mirror and a second-stage nonimaging concentrator
was investigated and designed for high flux concentration at high
collection efficiency [16]. For concentrators and illuminators, two
stage reflector systems optical surface designed by aplanatic de-
sign technology were explored to provide radiative transfer at
the thermodynamic limit [17]. The reflector shapes are analyti-
cally expressed by monotonic functions. Some practical results
of the system with a wide range of numerical aperture for the
application of solar concentration and light collimation are stud-
ied. A solar concentrator was disclosed to be used for concentrat-
ing sunlight with curved prismatic, Fresnel-type lens array being
called stretched lens array [18–19]. Each of the prisms is arranged
along the curve to convert the incident sunlight into a solar recei-
ver. A stretched lens array consisted of a number of flexible line-
focus Fresnel lenses with thickness of 140 lm, which was used to
collect and focus sunlight at 8� concentration onto high-effi-
ciency multi-junction photovoltaic cells [19]. The measurement
result shows that net solar-to-electric conversion efficiency for
space sunlight is over 27% and net solar-to-electric conversion is
over 30%.

With the development of collectors and PV cells, the high-con-
centration collectors incorporated with high-efficiency cells are
estimated by the Arizona Public Service to be the most cost-effec-
tive PV for commercial applications in the future. Furthermore, the
concentrator is not only applied for photovoltaic but also for the
thermal power generation [7–9], lighting systems [20], pumping
of solar lasers [21], and solar thermochemical technology for
high-efficiency Generation of hydrogen [22].

In this paper, we numerically investigate a solar concentrator
combining primary paraboloidal and secondary hyperboloidal mir-
rors by using the ray tracing method to obtain higher concentra-
tion ratio. We establish a simulation tool of ray tracing and
verify its accuracy by use Advanced Systems Analysis Program
(ASAPTM) which is developed by the Breault Research Organization.
The simulation analysis is divided into two phases to effective find
the optimal mirror shapes of such solar concentrator. Phase 1 is a
preliminary analysis to quickly obtain a set of summary mirror
shapes. Phase 2 is a detailed analysis based on the results of preli-
minary analysis and to reliably obtain the optimal mirror shapes.
The designed results show that the concentration solar flux rapidly
decreased with the concentrator tracing error (CTE). To solve the
problem, we consider that the receiver is moving in the radial-
direction. It has been proven that such method can increase the
concentration solar flux by two folds when the CTE exists.
2. Simulation model

In this study, the solar concentrator combines the primary
paraboloidal and secondary hyperboloidal mirrors. The sunlight
propagates through the concentrator along the Z-direction, which
is the optical axis of this system. The angels of ray deviated from
optical axis are defined in the radial (R)-direction. Fig. 1 shows
the schematic diagrams of (a) the module, (b) the sunlight distribu-
tion, (c) the primary paraboloidal part, and (d) the secondary
hyperboloidal part for solar concentrator. F1 and F2 denote the foci
of the primary and secondary mirrors, respectively. hs and he de-
note the half-angle of the inherent finite size of the sun and the an-
gle of the CTE, respectively. hi and / denote the angles of the
incident ray and reflected ray at the second reflection, respectively.
Here hs is considered 0.267� [23] and we ignore the other optical
errors, such as misalignment, imperfect mirror contours, imperfect
mirror specularity, etc. When the incident ray is parallel to the
optical axis, the ray tracing of the extreme ray from the primary
and secondary mirror’s rims is shown in Fig. 1c and d where hr is
the angle at which a ray reaches F2. For this system, the position
of the receiver (detector), such as PV cells, lens array, single fiber
or fiber array, is at nearby F2. To understand the effect of the geo-
metric structure relations of two mirrors, we define f-number1 for
the primary mirror and NA2 for the secondary mirror in the
following.

f -number1 ¼
f1

D1
; ð1Þ

NA2 ¼ sin hr ð2Þ

where f1 is the focal length and is D1 aperture diameter of the pri-
mary paraboloidal mirror. In this study, we consider that D1 is equal
to 1000 mm and F2 is placed at 10 mm behind the apex of the pri-
mary mirror to conveniently set up a heat sink to cool the receiver, a
device of receiving lights placed at the Z-axis position of F2, or an
actuator device to move the device of receiving lights in R-direction.
In our numerical analysis, we use a detector to represent the device
receiving lights and analyze its receiving solar flux. For the F1

position correlated with the paraboloidal mirror, the schematic dia-
grams of three optical path types are (a) f-number1 < 0.25, (b) f-
number1 = 0.25, and (c) f -number1 > 0.25 shown in Fig. 2 when
the different f-number1 values are considered. Therefore, we choose
f-number1 = 0.15, 0.25 and 0.35 combining with the different NA2 to
come true our aim. The other mirror shapes, secondary aperture and
distance between two apexes varied with NA2 for the different f-
number1 are shown in Fig. 3. Here the distance between two apexes
denotes the distance between the paraboloidal apex and hyperbo-
loidal apex.



Fig. 2. Schematic diagrams of three optical path types when the different f-
number1 values are considered, (a) f-number1 < 0.25, (b) f-number1 = 0.25 and (c) f-
number1 > 0.25.

Fig. 3. Variances of (a) secondary aperture and (b) distance between two apexes
with NA2 for the different f-number1.

Fig. 4. Errors of (a) spot size and (b) CTR for the different NA2 comparing two
simulation results when the f-number1 is 0.25 and the CTE is ignored.
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In this paper, we use the concentration ratio (CTR) to judge the
solar concentration effect and define as

CTR �
�Hd

�Hi
¼ Pd

Pi

� �
� Ai

Ad

� �
¼ gP � gA; ð3Þ

where �Hi and �Hd represent the average irradiances of initial incident
concentration (primary paraboloidal mirror) and detector, gP and gA

represent the ratios of the solar flux received by detector to the inci-
dent solar flux on primary paraboloidal mirror and the projection
area of concentration to the detector area, Ai and Ad represent the
projection area of concentration and the detector area, and Pi and
Pd represent the solar flux received by detector and the incident so-
lar flux on primary paraboloidal mirror, respectively. The size of
detector is judged by the spot size of concentrated solar beam, that
is, the detector radius is equal to the beam radius at which the
intensity (irradiance) drop to 1/e2 of their maximum values.

Our simulation tool of ray tracing was self-established and ver-
ified by ASAP. The ASAP software based on the way that real light
behaves in the real world is a very powerful tools to simulate opti-
cal system. Therefore, we regard the ASAP result as standard. Com-
paring two simulation results, the errors of spot size and CTR are
always below 1% for all test samples. Here the errors are defined as

errorð%Þ � program result� ASAP result
program resultþ ASAP result

����
���� � 100%: ð4Þ

For example, when the f-number1 is 0.25 and the CTE is ignored,
the errors of (a) spot size and (b) CTR for the different NA2 are
shown in Fig. 4. One can see that the spot size and CTR errors are
below 0.31% and 0.74%, respectively.
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3. Results and discussion

3.1. Preliminary analysis

3.1.1. Without CTE
First, we consider an ideal case where the CTE is ignored. The

variances of (a) spot size and (b) CTR as a function of NA2 for the
different f-number1 when he = 0� are shown in Fig. 5. One can see
that the spot sizes gradually become small with increasing NA2

and the maxima of CTR can be found at NA2 = 0.59, 0.62, and
0.64 for the cases where f-number1 = 0.15, 0.25, and 0.35, respec-
tively when the he = 0�. The total maximum of CTR is about 5889
at f-number1 = 0.25 and NA2 = 0.62. For all cases, the CTRs are above
5000 in the 0.48–0.66 NA2 range. Comparing those results, it is
found that the spot sizes and CTRs are more sensitive to NA2 than
f-number1.

3.1.2. With CTE
Then, we investigate the effect of CTE for CTR. Fig. 6 shows the

variances of (a) spot size, (b) CTR, and (c) spot position deviation
from the optical axis in the radial-direction as a function of NA2

for the different f-number1 when he = 0.5�. It is seen from Fig. 6a
that the spot sizes gradually become small with increasing NA2

for all cases and the results are almost the same for two cases of
f-number1 = 0.25 and 0.35. From Fig. 6b, the CTRs gradually become
Fig. 5. Variances of (a) spot size and (b) CTR as a function of NA2 for the different f-
number1 when he = 0�.

Fig. 6. Variances of (a) spot size, (b) CTR, and (c) spot position deviation from the
optical axis in the R-direction as a function of NA2 for the different f-number1 when
he = 0.5�.
large with increasing NA2 when NA2 is below 0.59, the maxima of
CTR are obtain in theNA2 range of 0.59–0.62 and the total maxi-
mum of CTR is about 2027 at the same without CTE condition.
From Fig. 6c, the deviations gradually become small with increas-
ing NA2. When NA2 is in the range of 0.40–0.65, the deviations are
nearly the same for three cases. Fig. 7 shows the variances of (a)
spot size, (b) CTR, and (c) spot position deviation from the optical



Fig. 7. Variances of (a) spot size, (b) CTR, and (c) spot position deviation from the
optical axis in the R-direction as a function of NA2 for the different f-number1 when
he = 1�.

ig. 8. Variances of (a) he = 0.5� and (b) he = 1� CTRs as a function of NA2 the
ifferent f-number1 when the detector is moved to the position of spot size
eviation in the R-direction.

Table 1
The maxima of CTR atNA2 for the different f-number1 without/with moving the
detector in the R-direction.

CTE angle Moving the detector Maxima of CTR at NA2 (Max. CTR @ NA2)

f/0.15 f/0.25 f/0.35

0� Without 5779 @ 0.59 5889 @ 0.62 5549 @ 0.64
0.5� Without 1952 @ 0.59 2027 @ 0.62 1956 @ 0.61

With 5251 @ 0.58 5447 @ 0.61 5142 @ 0.61
1� Without 1118 @ 0.60 1220 @ 0.62 1144 @ 0.61

With 4040 @ 0.60 4701 @ 0.60 4401 @ 0.59
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axis in the R-direction as a function of NA2 for the different f-num-
ber1 when he = 1�. One can see that the variance tendencies of Fig. 7
are the same Fig. 6. The total maximum of CTR is obtained under
the same condition, but the value goes down 1220. Obvious, when
the CTE is considered, the spot sizes become big and the spot posi-
tion deviation is generated. To concentrate the deviation and big-
ger spots, the detector fixed at F2 must become enough large. It
F
d
d

stands to reason that the value of CTR rapidly decrease when the
CTE is existed.

3.1.3. Moving the detector in R-direction
To improve the problem that the CTR rapidly decrease when

the CTE exists, we consider moving the detector in R-direction.
Fig. 8 shows the variances of CTRs of (a) he = 0.5� and (b) he = 1�
as a function of NA2 for the different f-number1 when the detector
is moved to the position of spot size deviation in the R-direction.
It can be seen that the CTRs comparing with Figs. 6c and 7c obvi-
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ous increase over two times. From Fig. 8a, the CTRs are above
4500 in the 0.48–0.66 NA2 range for all cases and the CTRs are
above 5000 in the 0.53–0.68 NA2 range for f-number1 0.25 case.
The maxima of CTR can be found at NA2 = 0.58, 0.6, and 0.61 for
the cases of f-number1 = 0.15, 0.25, and 0.35 when the he = 0.5�,
respectively. From Fig. 8b, the CTRs are above 4000 in the 0.50–
0.69 NA2 range except for f-number1 0.15 case. The maxima of
Fig. 9. Relations of (a) spot size, (b) CTR, and (c) spot position deviation with CTE
angle for f-number1 = 0.22 and NA2 = 0.61.
CTR can be found at NA2 = 0.6, 0.6, and 0.59 for the cases of f-num-
ber1 = 0.15, 0.25, and 0.35 when the he = 1�, respectively. The total
maximum of CTR is about 5447 at f-number1 = 0.25 and
NA2 = 0.61 and 4701 at f-number1 = 0.25 and NA2 = 0.6 when the
he = 0.5� and he = 1�. Apparently, it is an effective method to im-
Fig. 10. Relative intensity distribution in the R-direction for the different CTE angle
when f-number1 = 0.22 and NA2 = 0.61.

Fig. 11. (a) Acceptance flux and (b) CTR with the detector size for f-number1 = 0.22
and NA2 = 0.61.
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prove the CTR. he detail results of the maxima of CTR atNA2 or the
different f-number1 without/with moving the detector in the R-
direction are listed in Table 1.

3.2. Advanced analysis

Based on the results of preliminary analysis, we further analyze
in detail all mirror shapes when the CTE is considered. First, we
take f-number1 between 0.15 and 0.35, NA2 between 0.5 and 0.7,
and CTE angle between 0� and 1� to find a suitable mirror shapes
of solar concentrator with higher CTR. Comparing those results,
the parameters f-number1 = 0.22 and NA2 = 0.61 are chosen. Then,
we further study the relations between these parameters and their
effect for CTR.

The relations of (a) spot size, (b) CTR, and (c) spot position devi-
ation with CTE angle are shown in Fig. 9. One can see that two
curves have an obvious turning at CTE angle 0.25� for the spot size
and CTR cases and the curve is close to linear and its slope is about
15.25 mm/� for the spot position deviation case. When CTE angle is
below 0.25�, the spot size and CTR are almost steady equal to
8.99 mm and 5882, respectively. When CTE angle is over 0.25�,
the spot size gradually becomes big with increasing CTE angle,
its slope is about 3.20 mm/�, and the CTR gradually becomes small
with increasing CTE angle, its slope is about �1758 degree�1..

For an ideal concept, all solar flux is expected to be concen-
trated in the receiving device (detector). It is incompatible with
the aim of high-concentration, because the area of receiving device
is constant. If we wish to concentrate the greater part solar flux, the
area of receiving device must be enough large when CTE is consid-
ered. It will lead to reduce CTR. The relative intensity distributions
in the radial-direction for the different CTE angle when f -num-
ber1 = 0.22 andNA2 = 0.61 are shown in Fig. 10. Then, we try to
change the detector size to understand the acceptance flux and
CTR for the same as Fig. 9, the results are shown in Fig. 11. One
can see that the CTRs are over 10,000 for all cases when the detec-
tor size is only 1 mm. But, the acceptance fluxes of detector are
only 1.25%. If the acceptance fluxes of detector are 50%, CTRs are
about 8201, 8213, and 7539 at detector sizes 5.6, 5.6, and
5.8 mm when he = 0�, 0.5�, and 1�, respectively.

4. Conclusion

In this paper, a solar concentrator combining primary parab-
oloidal and secondary hyperboloidal mirrors is investigated by
using the ray tracing method to obtain higher concentration ra-
tio. A simulation tool of ray tracing is established and verified its
accuracy by ASAPTM software. The designed results show that the
maxima of CTR are about 5889, 2027, and 1220 at f-num-
ber1 = 0.25 and NA2 = 0.62 for the CTE angles 0�, 0.5�, and 1�
when the detector is fixed, respectively. If the receiver is moved
to fit the spot position in R-direction, the maxima of CTR are
5447 and 4701 for the suitable mirror shapes when the CTE an-
gles are 0.5� and 1�, respectively. On the whole, the optimal geo-
metric structure relations, f -number1 = 0.22 andNA2 = 0.61, are
obtained when the CTE angle 51�. It is shown that such method
can increase the concentration solar flux over two times when
the CTE is existed. Obviously, it is an effective method to reduce
the effect of CTE.
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