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We show how the combination of electromagnetically induced transparency based nonlinear optics
and cold atom technology, under conditions of ultraslow light propagation, allows nonlinear processes
at energies of a few photons per atomic cross section. [S0031-9007(99)09290-X]

PACS numbers: 32.80.-t, 42.50.Dv, 42.50.Gy, 42.50.Hz

The recent observation by Hau and colleagues [1] ofugation [9,10], studies of bistability and two-photon
ultraslow light propagationl( m/s) motivates the study absorption [11], efficient frequency summing at maxi-
of nonlinear optical processes under conditions wherenum coherence [12], new types of honlinear spectroscopy
slow group velocity is a dominant feature of the problem.[13], and studies of correlation and noise at the few
The basic idea is to combine electromagnetically inducedjuanta level [14]. We also note earlier general studies of
transparency (EIT) [2—4] and cold atom technology todouble lambda systems [15].
create a sharp resonance with a transmission linewidth We begin by summarizing the properties of a light pulse
(Fig. 1) which is much less than the natural linewidth ofof frequency w,, which propagates at unity refractive
the atoms. A pulse of light propagating in this mediumindex, and with a slow group velocity, which results from
has a phase velocity of and a group velocity which the steep slope of the refractive indeXw,). These
can be less thah0~’c. The light pulse also experiences are [16]

exceedingly large nonlinearities with a magnitude limited c

only by the pulse width of the incident light and, Vo= ———3—,
ultimately, by the dephasing time of the coherence of the (1 + wp m)
transition which is used to create the transparency. 1 5 on
In this Letter we consider the consequences of nonlin- (E) = + elEl (1 T wp £>, 1)
ear optics using subnatural linewidths and ultraslow group b
velocities. A dominant feature of the problem is the spa- P _ (EW, = 1 (eoc) |EI?
tial compression experienced by a pulse of light in the EIT A 8 2 0 '

medium. - For example, in the experiments of Henal. Because the refractive index is unity, the electric field and

E]‘jifezfo#]s r';:'::é iﬁtrgcgslsazgﬁualgg?er: L&n(% |ni;‘]ree power densityP /A are unchanged as the pulse enters the
pace, P P P 9 m medium. But still, because the group velocity is decreased

the cold Na vapor. As the pulse propagates, one may u L
four-frequency nonlinearities to sum or difference with itsa%d the power density is constant, the energy deiidity

[5,6] or to modify its refractive index [7] and attenuation

constant [8]. The behavior and efficiency of these pro- 1
cesses depend on the relative velocities and directions of
the propagating pulses. Some striking effects should be
possible. For example, by using two-photon absorption at
right angles, one may take a picture of the slowly mov-
ing spatially compressed pulse and thus, in effect, display
information which is accumulated over a longer period of
time. Of most interest, these processes occur at energies
corresponding to a few photons per atomic cross section , =

or, equivalently, at nJ cnt. ’

There is now considerable literature on nonlinear optics 1\‘ i ,’I j L\
with EIT. The essence of all of these effects is a destruc- B
tive interference in absorption in combination with a con- -04-0.3-02-01 0 0.1 0203 04
structive interference in the nonlinear susceptibility. In Normalized Detuning (A ® /713)
addition to those cited above, other examples include ex- P
periments and theory describing EIT-based phase corFIG. 1. Transmission and phase of the probe with perfect EIT.
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in the medium must increase. This increase occurs by _ |4)
compression in space to a length which we term as the Hau A
length,L,. In this Letter we will be especially interested
in the case where this length is less than the length of the
nonlinear medium.

An energy level diagram is shown in Fig. 2. The cou-
pling laser, tuned to thd2) — |3) transition, has Rabi W14
frequency(),. and is assumed to be strong and monochro-
matic. Its magnitude is set so as to control the width of
the transmission of Fig. 1 and therefore the bandwidth of
the system. The probe pulse, is taken to be on reso-
nance with thg1) — |3) transition. It is assumed to be
sufficiently weak that the rati¢Q,/Q.)* is much less

than unity, so that in essence all of the atomic popula- v —_ 1 |1)
tion remains in the ground staj&). With the exception
of Eq. (2a), we will assume the ideal case of a zero de- FIG. 2. Energy schematic for the analysis.

phasing rate;y;; = 0, for the |1) — |2) transition, and

therefore takey,; = yi3. With these assumptions and propagation. Equation (2d) gives the expression for the
with the definition of the atomic adsorption cross sectionyay |engthL,. This length is the distance in which the
o13 = wis|pwisl’/(ceofiyiz), the propagation constants of prone pulse would separate by one pulse length from a
the slowly moving probe pulseglative to vacuumare  pyise of the same temporal length,, which is traveling at

[17,18] c¢. ltis the equivalent of the walk-off length of crystalline
2712713 8)/123Aa)% nonlinear optics [19]. For group_vglo_cities_which are slow
ap = TONE + TONE Nois, (2a)  enough that may be taken as infinite, this length is the
¢ ¢ spatial length of the pulse in the medium.
_ 2yiAw, No (2b) The formulas of Egs. (2) may be combined to establish
u Q|2 B limits on the minimum pulse width and therefore the
1 ) minimum L,. With the dephasing rate, = 0 and a
2o 7132 Nois. (2c)  length of nonlinear mediun, the minimum pulse width
Ve o 1Qc] is determined from Eq. (2a) by setting,L = 0.5. For a
Q)2 Gaussian shaped pulse, one obtains
=\ oo v )Tr (2d)
2yi3No3

.. . . Tp(min) = 8|n2( 7132)(N0'13L)1/2a

The quantitiesx, and 8, determine the attenuation and 12|

phase shift of the propagating probe pulse. If the probe 1/2 (3)

is monochromatic and exactly on resonance, and with Lymin) = 4|n2( ) )

Y12 =0, a, = B, = 0. For finite pulse bandwidths, to

fourth order in|Q.|, one obtains the group velocity and  We first consider collinear sum frequency generation in
the lowest order absorptive term. The reciprocal of theatoms with the prototype energy level diagram of Fig. 2.
actual (stationary frame) group velocity is equallttc ~ We assume applied frequeney,, w., and w4, and a
plus1/V,. Because the group velocity dispersion is zerogenerated frequency;s. The slowly varying envelope
at line center, the pulse shape is quite well preserved duringguation for the Rabi frequendy, is

|
00y 1 00y

1 1 Z
+ + a1y = ki Q Q1 = | — + — |z |[Qu|t — — |,
9z c ot 143214 K432, p|: (Vp c >Z:| 24( c )

013

] vYuNouy J ouyis 1
4T T Aol P T \4ha v, )
@14|Q| Aoy J\o13y13) V)
o = Yis Noy
: Awiy + yia) 2
|
Awiy = (w, — . + wu) — (04 — w)), A@w4 = may be attained by very small detunings of the probe

Awis — jyis, and o4 is the absorption cross section laser frequency [20]. Writind),(t,z) = Q,f(t,z) and
of the |1) — |4) transition. Equation (4) assumds  Q.4(f,z) = Qo4g(t,z), and working in a frame moving
vector matching of the interacting frequencies. Thisatc, the solution of Eq. (4) is
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Q]4(L,t) = K14Q:QPQQ4 1 IR LI LR B UL UL BRI
L 4 0.8 g 1
X f exdais(z — L)]f(z - —)g(t)dz. L i
0 Vi . i
®) ~ 06 7]
= C
We use|Q;;|> = 2y;;04;/hw;j) (P;j/A) and, after some 5 - -
t i ) : ; 04 - —
algebra but with no further assumptions, obtain - i
P - .
Efficiency = U/hew) [ P dr 02 ]
(1/hwys) [ P,(2)dt N ]
1 P (6) O-IIIIIII]Illllllllll'lllllll‘l-
24
= (Tm>om¢%n,ﬂ, 0 02040608 1 12 14
w4 A
where Normalized Length |
d(n,r) = ( 1 )L f+oo FIG. 4. #(7n) vs normalized length for Gaussian pulses of
’ 2T ) 1 J - equal length.
n r
X expg — (& — t — &T
fo p[ n ¢ n)}f( ¢T) treat this length as a delta function in space and use it to
2 obtain the asymptotic form b (7, r),
X g(t)ydé | dr. In 1/2
®(n.r) = [ﬂ} Zexp—2r),  n— . (7b)
T ]

The quantityn = L/L, is the ratio of the material length

L to the Hau lengtfL,,. The quantityr = awsL and iS  \yhen the Hau length is short, as compared to the length of

equal to the £-field) loss in a lengthL. The ratio of o honlinear mediungn > 1), generation occurs as the

the number of photons which are generated at frequency ' ise sweeps by the almost stationary probe pulse.
w14 to the number of photons incident af, is equal to a

g . . In this limit, and for constant energy in the,, pulse,
fjlmen5|onl_ess factob(n_,r) times the number of photons generation efficiency is independent of the pulse
in an atomic cross sectiamy,.

Fi 3 showab for G . haped pul length T»4. Because of the more rapid reduction of
Igure 5 show (9, r), for Gaussian s aped pulses, asy g attempt to increase the conversion efficiency by
a function ofn for several values of. In the limit when

q I reducing()., and therefore to increase the nonlinearity,
n andr are smat, 12 fails. For Gaussian pulses of equal length the maximum
O(n.r) = [In(2):| Ty value of ®(n,r) occurs at aboutn = r =1 and is

T2 + T3, n (7a) = (0.074 [Fig. 3]; i.e., four-frequency mixing is optimized
b by choosing a group velocity such that the material length

o and the Hau length are equal. We note that the asymptotic
In this limit the long-pulse, plane-wave formulas of form [Eq. (7b)] of®(n, r) is useful even as this optimum
nonlinear optics are regained. value is approached.

When the lengtiL; is much less than the length of the  \ye next consider the cross-Kerr nonlinearity suggested
nonlinear material, i.e., ag becomes very large, we may py Schmidt and Imamoglu and indirectly measured by
Hau et al.[1,7], and the two-photon absorption process

n—0  r—0

0.08 llIl!lll'llll'lllI]l!llllllllllllllI”E Of Harrlsand Yamamoto [8] BOth OCCUI’Whenthe |dea|
0.07 3 EIT process is modified by the interaction of the field at
E frequencywy, with the [2) — [|4) transition. With zero
0.06 E G / .
3 detuning in this channel there is absorption and no phase
) 0.05 E shift at w,. At finite detunings, the Stark shift of state
£ 004 E |2) results in a nonlinear phase accumulatiomgt Both
o 0.03 3 absorption and nonlinear phase shift are present together
0.02 E and, withA@»4 = Awyq — jy24, are described by
* 2
E Q) Q)
0.01 3 1+ L"'i —p:Kp \()1241‘_i Qp,
0 lllllllllllll‘||ll|lIIII(IIlllllllllll:'l az Vp C at c
0 051 152 25 3 35 4 — 1
ko = o | (8)
Normalized Length (1) P 40y )V,
FIG. 3. ®(n,r) vs normalized length. The functioh(n,)  1he coupling constant, is inversely proportional to the
is evaluated for Gaussian pulses of equal length. group velocity and leads to the invariance to chanding
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TABLE I. Two-photon absorption, Kerr phase shift, and desired, and again, in the limit, << L, is independent of
generation efficiency as a function of incident photons/area.  the length of the medium. For four-frequency mixing, the
Photons/area factor maximizes when the group velocity is reduced until

Process mulitplied by the Hau length and the material length are approximately
Two-photon absorption equaI: Pulse energies of _nJ chi.e., at least 6 orders of_
(power loss on resonance) Tt magnitude less than previously L_Jsed, beqome appropriate
Kerr nonlinearity for near-resonant cold atom nonlinear optlca_l processes.
(phase shiftAway > y24) (2o This work was supported by the U.S. Office of Naval
Four-frequency summing Research, the U.S. Army Research Office, the U.S. Air
(efficiency) 02D Force Office of Scientific Research, and the Rowland In-

stitute for Science. We acknowledge helpful discussions
with A. Imamoglu.
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