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Size dependence of polaronic effects on an exciton in a spherical quantum dot

Kazunori Oshiro, Koji Akai, and Mitsuru Matsuura
Department of Advanced Materials Science and Engineering, Faculty of Engineering, Yamaguchi University, Ube,

Yamaguchi 755-8611, Japan
~Received 3 December 1998!

The size dependence of polaronic effects~i.e., LO-phonon effects! on an exciton in a spherical quantum dot
is studied by using a variational method. Exciton energy, exciton-phonon interaction energy, and virtual
phonon number are calculated by taking into account the interaction between an exciton and both bulk-type
and interface-type LO phonons in the system. The numerical results for GaAs and CdSe quantum dots clearly
show that~i! in the limit of the small dot, polaron effects on an exciton vanish, i.e., an exciton becomes the
bare exciton receiving no LO-phonon effect and~ii ! with the increase in the dot radius, the polaronic effects
increase and then gradually approach the bulk values. The decrease of the polaronic effects for the small dot is
due to the cancellation of the polaronic effects owing to the opposite charge of an electron and a hole.
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I. INTRODUCTION

In recent years quantum dot~QD! systems have attracte
much attention because of the physical phenomena and
potential applications to devices. In these systems electr
states receive a strong confinement effect. Also LO-pho
states have very different features from those in the b
such as the confinement of the bulk-type phonons and
existence of the interface-type phonons.1–3 Effects of LO
phonons on an exciton play an important role in optical pr
erties of QD and have been investigated experimentally
theoretically.4–12

In these studies the size dependence of the exciton–
phonon interaction effect in a QD system is one of the m
issues and has been studied by many authors.4–7,9,10,12How-
ever, the problem has not been understood well so
Schmitt-Rink, Miller, and Chemla pointed out that th
exciton–LO-phonon coupling mediated by the Fro¨hlich in-
teraction should vanish in small spherical nanocrysta4

Klein et al. discussed the problem, using~i! a donorlike ex-
citon model in which a hole is treated as a point charge at
center of a QD and~ii ! the adiabatic approximation to trea
the exciton-phonon interaction. They found that the stren
of the exciton–LO-phonon coupling is independent of t
dot radius.5 Marini, Strebe, and Kartheuser also used the
norlike exciton model and the adiabatic approximation a
then obtained quite different results, i.e., an increase of
laronic effects with decreasing dot size.7 More recently Fe-
dorov, Baranov, and Inoue discussed the weak confinem
case of an exciton and obtained that the LO-phonon ef
for the cross section of resonant Raman scattering incre
with the decrease of the dot size.10

The experimental situation is also confusing. Some
periments on resonant Raman scattering for II-VI compou
nanocrystals have led to quite different~opposite! results for
the size dependence of the strength of the exciton–
phonon coupling.9,12

In order to clarify this confusing situation for the siz
dependence of the exciton-phonon coupling, we pay at
tion to the most basic physical quantities for the excito
PRB 590163-1829/99/59~16!/10850~6!/$15.00
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phonon interaction, i.e., we calculate exciton ener
exciton-phonon interaction energy, and virtual phonon nu
ber involved in the exciton state. An exciton in a pol
spherical quantum dot, embedded in a nonpolar matrix
treated as in the previous studies.4–12 Rather than the donor
like exciton model we start with the usual exciton mod
where both an electron and a hole can move within the d
The dielectric continuum model is used to describe the bu
type and the interface-type LO phonons and their interac
with an exciton in the system.3,5,13In order to discuss effects
of the exciton-phonon interaction a theory based on
variational intermediate coupling method is developed.
the present work we confine ourselves to the strong confi
ment case of an exciton, where an exciton arises from
quantized electron and hole states due to the individual c
finement in the dot.14 The method developed is applied to a
exciton in GaAs and CdSe QD’s in order to clarify the natu
of polaronic effects on an exciton in the QD system.

II. METHOD

Let us consider an exciton which is confined perfectly
the spherical QD with radiusR and high ~low! frequency
dielectric constant«`(«0). The sphere is surrounded by th
nonpolar matrix whose dielectric constant is«d . In the QD
an exciton interacts with LO phonons. Then the Hamilton
of the system is expressed as3,5,7

H5Hex1Hph1Hex-ph. ~2.1!

Here the excitonic partHex takes the form of

Hex5 (
j 5e,h

S pj
2

2mj
1Vconf

~ j ! D 2
e2

«`ure2rhu
, ~2.2!

where j 5e and j 5h denote an electron and a hole, respe
tively. The first and the second terms of the right hand s
of Eq. ~2.2! describe the kinetic energy of an electron and
hole with the confinement potential of the particlej, written
as
10 850 ©1999 The American Physical Society
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Vconf
~ j ! 5H 0 ~r j,R!

` ~r j.R!.
~2.3!

The last term of the right hand side of Eq.~2.2! represents
the Coulomb interaction between an electron and a hole

The LO-phonon HamiltonianHph can be written as

Hph5(
s,s

\vssass
† ass . ~2.4!

Here s51 ~2! denotes the bulk-~interface-! type LO pho-
non. Another indexs describes the quantum numberss5(n
51,2,3,...;l 50,1,2,...;m50,61,62,...,6 l ) for the bulk-type
phonon and s5( l 51,2,3,...;m50,61,62,...,6 l ) for the
interface-type phonon. The creation~annihilation! operator
of the ss mode is denoted byass

† (ass). The energy for the
bulk-type LO phonon\vs1 is equal to just the bulk LO-
phonon energy\vLO , being independent of the indexs. For
the interface-type LO phonon energy\vs2 we have

\vs2[\v l5Fe`@~ l 11!ed1 l e0#

e0@~ l 11!ed1 l e`#G
1/2

\vLO ~ for any m!.

~2.5!

Exciton–LO-phonon interaction termHex-ph is given by

Hex-ph5(
s,s

\vssvss@$Sss~re!2Sss~rh!%ass1H.c.#,

~2.6!

where

Ss1~r !5 j l~knlr !Yl
m~u,w! ~r<R!, ~2.7!

Ss2~r !5~r /R! lYl
m~u,w! ~r<R!. ~2.8!

Here the electron-bulk-type phonon coupling constantvs1 is
written as

vs15A 8pabRp
~e!

m ln
2 j l 11

2 ~m ln!R
, ~2.9!

whereRp
(e)[A\/2mevLO is the polaron radius for an elec

tron andm ln denotes thenth zero of the spherical Besse
function of the orderl, i.e., j l(m ln)50. The well-known
Fröhlich electron–LO-phonon coupling constantab is de-
fined as

ab5
e2

2Rp
~e!\vLO

S 1

«`
2

1

«0
D .

For the interface-type phonon, we have the coupling cons
vs2 as follows:

vs25A4pasRp
~e!

R
, ~2.10!

whereas is defined as

as5abS Al«`

l«01~ l 11!«d
D 2S \vLO

\v l
D 3

.

Typical values ofab , \v I l , andas for several semiconduc
tor dots are summarized in Ref. 15.
nt

The intermediate coupling method is used to treat
exciton–LO-phonon interaction. The HamiltonianH and the
exciton stateuC& are transformed toH̃5U21HU and uC̃&
5U21uC& by performing the unitary transformation with th
unitary operatorU(Fss):

U~Fss!5expS (
ss

@Fss* ~re ,rh!ass2Fss~re ,rh!ass
† # D .

~2.11!

The form ofFss is taken to be

Fss~re ,rh!5vss@ f ss
~e!Sss* ~re!2 f ss

~h!Sss* ~rh!#, ~2.12!

where f ss
(e) and f ss

(h) are variational parameters to be dete
mined later. The choice of the formFss in Eq. ~2.12! corre-
sponds to the intermediate coupling method, being simila
the choices in Refs. 16 and 17 for the bulk and Ref. 18
the quantum well. The most important term, i.e., the ze
phonon term of the transformed HamiltonianH̃5U21HU,
is given by

H̃05 (
j 5e,h

F 1

2mj
~pj1 j j !

21Vconf
~ j ! 1(

ss

\2

2mj
U“ jFssU2G

1(
s,s

\vssuFssu22
e2

e`ure2rhu
2(

s,s
\vssvss$@Sss~re!

2Sss~rh!#Fss1c.c.%. ~2.13!

Here j j is defined as j j52( i\/2)(s,s@Fss* “ jFss

2Fss“ jFss* #. For the trial function to the transformed sta

uC̃&, the product of the exciton stateuFex& and the zero
phonon stateu0&, i.e., uC̃&5uFex&u0&, is chosen. For the low-
est exciton stateuFex&, we choose the following form:

Fex~re ,rh!5
1

AN
j 0~pr e /R! j 0~pr h /R!exp@2bure2rhu#.

~2.14!

HereN is a normalization constant andb is a variational
parameter. This wave function is valid for a strong confin
ment case such asR&(2;3)aB , whereaB is the exciton
Bohr radius in the bulk.14

We can choose that bothf ss
(e) and f ss

(h) are real and satisfy
the relationsf (n,l ,m)1

( j ) 5 f (n,l ,2m)1
( j ) and f ( l ,m)2

( j ) 5 f ( l ,2m)2
( j ) , for

which j j50 holds. From the variational conditio
]^C̃uH̃uC̃&/] f ss

( j )50, the variational parametersf ss
( j ) is ob-

tained as

f ss
~ j !5

~Css
~ i !1Ass1Bss!~Ass2Bss!

~Css
~ i !1Ass!~Css

~ j !1Ass!2Bss
2 ~ iÞ j !. ~2.15!

Here i , j 5e or h and

Ass5^FexuuSss~re!u2uFex&5^FexuuSss~rh!u2uFex&,
~2.16!

Bss5^FexuSss~re!Sss* ~rh!uFex&, ~2.17!

Css
~ j !5

\2

2mjvss
^Fexuu“ jSss~r j !u2uFex&. ~2.18!
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TABLE I. Material parameters used in the calculation: the electron massme , the hole massmh , the static
dielectric constante0 , the high frequency dielectric constante` , and the bulk LO-phonon energy\vLO ~Ref.
19!, the Fröhlich electron–LO-phonon coupling constantae , the hole–LO-phonon coupling constantah , the
polaron radius of electronRp

(e) , the polaron radius of holeRp
(h) , and the exciton Bohr radiusaB . Units of

mass, energy, and length are free electron mass, meV, and angstrom, respectively.

me

~m!
mh

~m! e0 e`

\vLO

~meV! ae ah

Rp
(e)

~Å!

Rp
(h)

~Å!

aB

~Å!

GaAs 0.067 0.625 13.8 10.9 36.3 0.08 0.24 39.6 13.0 95
CdSe 0.1 0.4 9.3 6.1 26.5 0.42 0.85 36.2 18.1 36.
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Then, the exciton energyEex is calculated from the numeri
cal minimization of the expectation value for an energy w
respect to the only remaining variational parameterb, i.e.,

Eex5min
b

$^CuHuC&%

5min
b

S ^FexuHexuFex&

2(
ss

\vssuvssu2~Ass2Bss!~ f ss
~e!1 f ss

~h!! D .

~2.19!

In order to see the strength of the exciton-phonon coupl
we pay attention to the following exciton-phonon interacti
energyEex-ph:

Eex-ph5S 2(
ss

\vssuvssu2~Ass2Bss!~ f ss
~e!1 f ss

~h!! D
b

,

~2.20!

which is the contribution due to the exciton–LO-phonon
teraction in Eq.~2.19! for the value ofb determined. We also
calculate the virtual phonon numberN involved in the exci-
ton stateC. This is given by

N5K CU(
s,s

ass
† assUCL , ~2.21!

which indicates the involvement of LO phonons in the ex
ton stateC5UuFex&u0&.

III. RESULTS AND DISCUSSIONS

As typical examples for III-V and II-VI semiconducto
quantum dots we consider GaAs and CdSe quantum dots
calculate exciton energy, exciton–LO-phonon interaction
ergy, and virtual phonon number, using the above formu
tion. The material parameters for GaAs and CdSe, use
the calculation, are given in Table I. The value of the diel
tric constant for the nonpolar glass matrix in the barrier
gion ed is chosen to be 6, which is the value for th
Pyrex1710.

The calculated results for the exciton energyEex, the
exciton-phonon interaction energyEex-ph, and the virtual
phonon numberN are shown in Figs. 1–3. The correspon
ing values for the bulk GaAs~CdSe! are 216.5 ~250.0!
meV for Eex, 29.74 ~219.0! meV for Eex-ph, and 0.109
~0.168! for N: these values are calculated by the intermed
g,

-

-

nd
-
-
in
-
-

e

coupling method of Refs. 14 and 16 and are indicated by
arrows in Figs. 1–3.

The exciton energyEex is shown in Fig. 1~a! for GaAs
and Fig. 1~b! for CdSe. It is seen in Fig. 1 that excito
energy approaches the bulk value for the larger dot and
creases for the decrease of the dot radius. This increase o
exciton energy for the smaller dot reflects the increase of
confinement effect: in the small QD the leading term of t
lowest exciton energy without exciton-phonon interaction
given by Eex5\2p2/2mR2, where m denotes the reduce
mass for an electron and a hole.14 This yields a rapid increase

FIG. 1. The dot radiusR dependence of the lowest exciton e
ergyEex for GaAs~a! and CdSe~b! spherical quantum dots embed
ded in a glass matrix withed56. The bulk values forEex are indi-
cated by arrows. In the inset the differences from two sim
models, i.e., the bare exciton model~the dashed line! and the shal-
low exciton model~the dotted line!, are shown.
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of the exciton energy for the very small QD as seen in Fig
In order to see the effects of the LO phonon on the exci
energy in detail, we also calculate the lowest exciton en
gies for the two simple models. One is the bare exci
model, where exciton-phonon interaction is neglected co
pletely, and then exciton energyEex

(b) is obtained from

Eex
~b!5min

b
$^FexuHexuFex&%, ~3.1!

where the exciton HamiltonianHex is given by Eq.~2.2!.
Another is the shallow exciton model for which the follow
ing effective Hamiltonian is used:

H ~s!5 (
j 5e,h

S pj
2

2mj
1Vconf

~ j ! D 2
e2

e0ure2rhu
2~ae1ah!\vLO ,

~3.2!

and then the exciton energy can be obtained from

Eex
~s!5min

b
$^FexuH ~s!uFex&%. ~3.3!

In this model, effects of the exciton-phonon interaction a
described by the following: the Coulomb interaction betwe
an electron and a hole is screened by the static diele
constante0 and both an electron and a hole receive the in
vidual polaron self-energy shifts in the bulk,2ae\vLO and
2ah\vLO , respectively. This model is valid for the shallo

FIG. 2. The dot radiusR dependence of the exciton-phono
interaction energyEex-ph for GaAs~a! and CdSe~b! spherical quan-
tum dots embedded in a glass matrix withed56. The bulk values
for Eex-ph are indicated by arrows.
.
n
r-
n
-

e
n
ric
i-

exciton limit ~for the very large radius exciton! with the
small electron-phonon coupling case in the bulk, as
GaAs.16,20 The inset in Fig. 1 shows the calculated values
the following energy differences betweenEex and Eex

(b) or
Eex

(s) :

DE~b!5Eex2Eex
~b! , ~3.4!

DE~s!5Eex2Eex
~s! . ~3.5!

From this figure, the following two points are seen. The fi
is that for the smaller dotDE(b) becomes smaller, i.e., th
exciton energyEex approaches the bare exciton energyEex

(b) :
there the exciton-phonon coupling becomes smaller
eventually vanishes in the small dot limit, as pointed out
Ref. 4. The second is that for the larger dot the exciton
ergy deviates greatly from the bare exciton energy and
closer to the shallow exciton energy: this result indicates t
the LO-phonon effects are important. In the inset in Fig
we notice that the crossing ofDE(b) andDE(s) occurs at the
QD radius around 45 Å for the GaAs QD and 55 Å for th
CdSe QD. These values are close to the sum of the elec
polaron radiusRp

(e) and the hole polaron radiusRp
(h) : from

Table I the value ofRp
(e)1Rp

(h) is obtained to be about 53–5

FIG. 3. The dot radiusR dependence of the virtual phonon num
berN for GaAs~a! and CdSe~b! spherical quantum dots embedde
in a glass matrix withed56. The solid line stands for the virtua
phonon numberN, the dashed line for the contribution of the bulk
type phonon, and the dotted line for the contribution of t
interface-type phonon. The bulk values forN are indicated by ar-
rows.
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Å for both materials. Therefore we may say that the p
laronic contribution of an exciton becomes much sma
when the dot radius becomes smaller than the sum of
electron and the hole polaron radii. In this region the canc
lation of the polaron effects for an electron and a hole
comes very effective.

It is also seen clearly in Figs. 2 and 3 that in the limit
the small dot radius the exciton-phonon interaction ene
Eex-ph as well as the virtual phonon numberN become zero
and, with the increase of the dot radius,uEex-phu and N in-
crease and then gradually approach the bulk value. The
ishing of the polaronic effects in the small radius limit
natural because, as stated above, the cancellation of the
laronic effects due to the opposite charge of an electron
a hole becomes stronger for the smaller dot and then
polaronic effects of an exciton become smaller. The pres
calculation describes this situation very well.

Figure 3 shows generally that the polaronic contribut
of the bulk-type phonon is much larger than that of t
interface-type phonon. These figures also show the diffe
behavior of the contributions due to both phonons. The bu
type phonon, being quantized, is confined in the dot and
vibrational amplitude is zero at the interface of the dot. T
interface-type phonon has a vibrational amplitude which
the largest at the interface of the dot and decreases to
along the direction to the center of the dot. The difference
these vibrational amplitudes, appearing in the excit
phonon coupling in Eqs.~2.7! and~2.8!, and the cancellation
of electron and hole polaron effects in the small dot lead
the quite different behavior of the polaronic contributions
Fig. 3; when the dot size increases, the contribution due
the bulk-type phonon increases from zero to the bulk valu
while that due to the interface-type phonon increases fr
zero, reaches the maximum, and decreases.

In passing it is noted that we have also performed
calculation with the consideration of the image charge
fects, which arises from the different dielectric constants
side and outside the QD.21 The results obtained are esse
tially the same as above. For example, values of the exc
energyEex are 144.2~146.4! meV for R560 Å in GaAs and
160.6~160.3! meV for R540 Å in CdSe with~without! the
image charge effects. Thus the image charge effects do
affect the discussion on the exciton-phonon interaction ef
much in the present case.

Finally we mention the validity of the intermediate co
pling method. The intermediate coupling method is va
when energy differences of the relevant exciton state fr
other exciton states are not much larger than the LO-pho
energy. This situation is realized for many bulk semicond
tors and many QD systems with a QD radius that is not
small asR.aB . The opposite limit occurs for the small QD
such thatR!aB , where the exciton states are mainly go
erned by the individual confinement states of an electron
a hole. In this case the adiabatic approximation, which c
responds to the choice of ther j -independentFss5vssgss in
Eq. ~2.12!, is valid. For this adiabatic choice, after som
calculation in a way similar to that above, we obtain t
result that the polaron effects of an electron and a hole c
pletely cancel and thus there is no polaronic effect on
exciton. From the fact that there is no adiabatic contribut
to the polaronic effects for an exciton, the intermediate c
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pling method is considered to be valid for the present pr
lem. To confirm the validity of the intermediate couplin
method further, we have also performed the calculation w
the choice of Fss5vss@ f ss

(e)Sss(re)2 f ss
(h)Sss(rh)1gss#,

which can interpolate both the intermediate coupling a
adiabatic cases and is the extension of the choice for
single polaron in QD~Ref. 15! to that for the exciton. The
results obtained for the present GaAs and CdSe quan
dots are almost the same as those obtained by the interm
ate coupling method in Figs. 1–3. Thus the intermediate c
pling method is appropriate for the present exciton-phon
interaction problem in the QD system.

In the above we have seen that there are no adiab
contributions to polaronic effects for an exciton in th
present usual exciton model where both an electron an
hole can move in a dot. The situation is very different if w
use the donorlike exciton model and eliminate the hole
ordinate by the transformation as done in Ref. 7. There
problem essentially reduces to the bound polaron problem
QD systems and then the result of the large increase of
polaron effect on an electron in the small QD has been
tained in Ref. 7 as in the single polaron problem in QD15

Thus we think that it is not suitable to use the donorli
exciton model to discuss the LO-phonon effect~polaronic
effects! on an exciton in a QD system, where the prop
consideration of the cancellation of the polaronic effects
an electron and a hole is important.

IV. CONCLUSION

In the present work we have treated LO-phonon effects
an exciton in a quantum dot surrounded by a nonpolar bar
matrix in the perfect confinement case.

The variational calculation of the most basic quantitie
i.e., exciton energy, exciton-phonon interaction energy, a
virtual phonon number, clearly shows the nature of the
volvement of the LO phonon in the exciton state: the vani
ing of the polaronic effects in the small dot limit and th
gradual increase to the bulk values for the larger dot. I
stressed that the detailed consideration of the LO-pho
effects on an exciton is necessary for the QD systems
cause of the large cancellation of the polaron effect of
electron and a hole for the small dot: the use of the exp
sion derived for the bulk crystal, for example, the use of
Haken potential20 for the effective interaction between a
electron and a hole as done in Ref. 22, is not generally
tified. We believe the present result reflects the nature of
LO-phonon effect common to many three-dimensiona
confined systems. The appropriate theoretical analysis
physical phenomena such as Raman scattering and relax
of the exciton state will also clarify the nature of the LO
phonon effect. We think that our result plays an importa
role in these studies.

Finally we mention remaining problems related to t
present work. One is the effects of the finite potential barr
In the present work we confine ourselves to the perfect c
finement case of an exciton in the QD. If the potential barr
is finite, the penetration of the wave function to the barr
region becomes large for a smaller dot. The exciton-pho
interaction for this situation is interesting and needs study
is expected that there the larger amplitude of the exci
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wave function in the nonpolar barrier matrix as well as t
larger cancellation of the electron and hole polaron effec
QD yield the smaller polaronic effects for the small Q
Another problem is the effects of the polar barrier matr
There are many experiments in the quantum dot sys
B

. B

,

C

S.
n

.
m

whose barrier region has LO phonons, such as a system
polar quantum dot embedded in another polar crystal. So
there has been no theoretical work on the electron–L
phonon interaction and polaronic effects for this problem,
which the present variational method can be applied also
.
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