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Density-functional theory of multicomponent quantum dots
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Quantum dots with conduction electrons or holes originating from several bands are considered. We assume
the particles are confined in a harmonic potential and assume the ele@rdmsleg belonging to different
bands to be different types of fermions with isotropic effective masses. The density-functional method with the
local density approximation is used. The increased number of intékodin-Sham states leads to a gener-
alization of Hund'’s first rule at high densities. At low densitites the formation of Wigner molecules is favored
by the increased internal freedom.
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[. INTRODUCTION nent electron system the starting point for the local density
approximation is the exchange-correlation energy of a two-
In simple models of quantum dots, the conduction elecdimensional multicomponent gas. Recently, we have sug-
trons(or holeg of a semiconductor are confined into a two- gested that the multicomponegt can well be approximated
dimensional harmonic tragfor reviews see Refs. 1 and.2 by extending the parametrized two-component function of
The band structure of the material is taken into accounittaccaliteet al® to a higher number of componer#tghis
through the effective mass approximation, and screening eparametrization was shown to have correct high and low
fects are accounted for by the dielectric constant. The probdensity behavior and it has rather simple dependence on the
lem is then reduced to solving the many-particle problem ofdensities of different components. Moreover, the dependence
interacting electrons in a two-dimensional harmonic potenof the effective masses of the components can be approxi-
tial. The electrons have spin as an “internal degree of freemated through a simple scaling of the density parameter by
dom.” Neglecting spin-orbit coupling, the spin-up and spin-an effective average mass.
down electrons can be treated as separate interacting In this paper we study the electronic structure of quantum
particles, and consequently we can say that the normal eledots where the electron gas has from one up to eight internal
tron gas is a two-component gas, the components being thaegrees of freedom, using the exchange-correlation func-
spin-up and spin-down electrons. Similarly, we will call the tional suggested in Ref. 9. The inclusion of more compo-
polarized electron gas as a one-component syggme- nents increases the number of internal degrees of freedom in
times also called a system of spin-less fermjons the system. As a result, in the self-consistent scheme the
The simple picture will fail in describing more complex electrons can access more Kohn-Sham states in addition to
structures where the number of degrees of freedom of ththe usual two spin states, leading to new features in the elec-
electrons is increased either by several two-dimensional laytronic structure. We will discuss the electronic shell structure
ers or by multiple valleys of the band structure. For examplepf four-component quantum dots by studying the addition
in a vertical double-layer quantum dot the electrons confine@nergy spectrum at high densities. In the low density limit
in the two layers form(in the vertical direction“odd” and  the formation of Wigner molecules in an eight-component
“even” state> which could be approximated as different quantum dot is investigated. We found that the seven-
components, or as different isospin-states of the eleétronelectron configuration is particularly stable like the classical
The isospin together with the spin would make the system @oint-charge calculation predicts.n the Wigner molecule
four-component electron gas. limit the fermions of different components are distributed
Other multicomponent electron systems would be quanspatially so that antiferromagnetic frustration is avoided. Fi-
tum dots in silicon. In this case the conduction electronsally we notice that even a slight increase of mass favors the
originating from four valleys of the conduction band could heavier components as the heavy component states are
be approximated as different, but mutually interacting fermi-pushed down in energy.
ons. Similarly, quantum dots with holes would always have
particles belonging to different bands, i.e., heavy holes and
light holes! We write the total density of the multicomponent electron
Density-functional theory in the locabkpin) density ap- gas as
proximation(LSDA) provides a flexible method to study the
ground state properties of interacting electrons in quantum A
dots? In LSDA the exchange and correlation effects of the n(r) = E ni(r) = n(r)z y(r), (1)
interacting conduction electrons are locally approximated by =1 =1
the exchange-correlation energye,) of the two-  whereA is the number of components, are the densities of
dimensional, homogenous gas. Similarly, in a multicompo-components and; dimensionless concentrations of the com-
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ponents. In the multicomponent case, the use of concentr@omponent. The Kohn-Sham equations to be solved simulta-
tions is simpler than the use of total density and polarizatiomeously for all components are

¢, as usually done for the normal electron dasthe two- 5

component casey =n, andn,=n; and/=v; - 1,). Following - h—Vz'ﬁi (1) + Ve (D (1) = € i (1), (7)

the notations of Ref. 9 we define numbers 2 ’ ’ ’ m

A resulting in the densities; of all components,
Z,= E v, (2) N; ,
=1 m(r) =2 [g ), (8)
k
which allows us to write the exchange-correlation functional ) )
of Attaccaliteet al® as whereN; is the number of electrons of componéntn the

ground state the lowest single particle levels are filled and
the numbersN; are known only after the ground state is
found. In practice we solve the equations by keeping the
+ay(rd(2Z,- 1) + an(r(2Z,-1)2, (3)  numbersN; fixed and then choose the configuration which
gives lowest total energy.
where €%=(1+3(2Z,- 1)+ 35(2Z,- 12 €(15,{=0).  As The Kohn-Sham equations were solved using a plane-
shown earliet this analytic continuation of the originally wave expansion and the fast Fourier transform technique.
two-component functional approximates very well all exist-We use up to 2% 23 plane waves and, correspondingly
ing results for the exchange-correlation energy of a multi-a 45x45 lattice at which the density and potential is
component electron gas. derived. When iterating the Kohn-Sham equations, a
The exchange energy is independent of the particle massixing of the new and old potential is necessary to obtain
If the effective masses of all the particles are the same, theonvergence. The convergence is slow especially at low
mass dependence of the total energy becomes just a scalidgnsities where broken symmetry solutiafscalization of
factor. If the masses are not the same we can use as a filectrons to Wigner moleculesemerge. We use effective
approximation a properly weighed average mass as a scalirgjomic units where energy is given in effective Hartree,
factor and writé Ha* =m.e*/%3(4mepe)? and the unit of distance is the effec-
tive Bohr radiusag=%24me e/ M.

ecdlro{n)) =€ e — €7+ € + ag(ry)

el M) = WM]eeX(:(Mrs,{vi},{mi =md), @)

Il. RESULTS
wherem, is the bare mass of the electroor any suitably A. Shell structure—Addition spectrum
chosen effective magsm is the effective mass of compo-  aAg confined, fermionic quantum systems, quantum dots
nenti, andM is an average mass defined as show shell structure with degeneracies determined by the
A
i - iz V_lz (5) 03
M Z<m

refers to the total number density of all particles;
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Note that the density parameterin our formulation always b
12
[
=]

=1/\mn. 02t
The Kohn-Sham equations have to be solved self—g Closed shell
consistently for each component of the electron gas. The.g /
; ; _ ; i~ = 0151
effective potentialVy,; consists of the external harmonic Hund’s rule
confinement(assumed here to be the same for all compo-g

nentg, of the Coulomb repulsion of the electron density dis-

o ; 0.1
tribution (Hartree term and of the exchange-correlation po-
tential, which can be directly derived from the

multicomponent exchange-correlation energy: 0.05
2 4 6 8 10 12 14 16 18 20 22 24
, Number of electrons
\VJ -(r)——Kr2+ dr!ﬂ
effil /= 5 Amegelr — 1| FIG. 1. Addition energy spectrum of a four-component quantum
dot. The confinement potential changes with the number of elec-
+ Vexei(rs(r) {mi(n},{m}), (6) trons so that the average electron density in the dot center corre-

sponds torg=2 a0 The inset shows schematically the filling of
where K is the strength of the external confinemest, levels in the case of 10 electrons. The peaks at 4, 12, and 24 are
the dielectric constant. Note that the exchange-correlatiosaused by shell closings while those in between are caused by
potential depends locally on the concentrations of eacliund's rule.
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FIG. 2. The total electron densities of a quantum dot having 3 ;. 0.042 &
(from left to right) 7, 8, and 9 electrons at low densities. The con- % 8 0.04 g
finement strenght iK=2-10% atomic units. The localization in the g ) AN (=]
. L . S 08 i\ s .. 100388
local density approximation is made possible by the eight internal g Y 7 ~ 3
degrees of freedom of the system. -_8 L “$0.036 S
g o7 <
3 0.034
; s ; ; 07, 3 4 5 6 7 30 0%2
symmetries of the confining potential. The independent elec- Number of electrons

tron energy spectrum for a two-dimensioiaD) harmonic
oscillator is e, =fiwg(2n+]l|+1), wheren is the principal FIG. 3. Addition energy for a eight component quantum dot at a
quantum number andl is the angular momentungor its low electron densitythe confinement strenght is=2 - 104 atomic
z-projection. At high densities the independent electron Units). The spectrum shows a weak kinkM&7 as a precursor of
scheme describes the qualitative characteristics of the shéfle 9eometrically magic structure. For comparison, addition energy
filling of the interacting system reasonably well, as knownSPectium of classical electrons is shown.

from the earlier studiésof normal quantum dots. The main
effect of the electron-electron interaction is to produce the
spin determined by Hund's first rul€.The shell structure

effects are usually shown in a form of addition energy spec-  a¢ |ow enough densities the electrons in the parabolic

trum where th_e second difference of the total energy is pIthuantum dot are expected to form Wigner molecules as the
ted as a function of the number of electrons in the dot. Ad<qrejation effects start to dominate the electronic structure.
dition energies measure the changed+1)-u(N) in the | this limit the electrons localize in the classical configura-
chemical potentiaft(N)=E(N)-E(N-1). tion that minimizes the electrostatic repulsibrand this

We will first study the addition energy spectrum of an charge distribution symmetry is reflected in the internal
ideal four-component electron system in a quite high electrostructure of the many-body wave functiéhln the muilti-
density,rs=2 a0 A physical realization of such system could component systems the localization is eased up due to the
be a vertical double dot, where the interlayer distance is veryact that electrons can access more than two internal states.
small. Figure 1 shows the addition energy spectrum and & the low density limit we study an eight component system
schematic picture of the single particle levels. Since eacin fixed external confinement wittK=2-10% effective
single particle level can now occupy four electrons theatomic units. A realization of an eight component dot could
closed shells correspond to total electron numbers 4, 12, 24e a dot in a multivalley semiconductor, like silocon or ger-
etc. These “magic” numbers are seen as pronounced maxinmanium. In a more realistic model, however, the unisotropy
in the addition energy spectrum. In between, we see smallesf the effective mass should be considered. This choise cor-
maxima at every even electron number up to 12 electronsesponds to densities that are only slightly higher than those
and at every third electron number between 12 and 24. Thesghere a polarized(one-component state becomes the
are manifestations of Hund’s first rule generalized to theground state for different electron numbers. At these low
multicomponent case: Degenerate states are filled one cordensities the multicomponent local density approximation lo-
ponent at a time. This minimizes the total energy, since thealizes the electrons in the classically predicted configura-
exchange energy favors a “polarized” electron gas. For extions. Figure 2 shows the total electron densities for seven,
ample, in the third shell we see maximaN\at 15, 18, and 21, eight, and nine electrons. In the cases of seven and eight
corresponding to filling the three orbitals of the first, secondglectrons, one electron is in the center and the rest form a
and third component of the four-component electron gas. ring around it, while in the case of nine electrons two

B. Formation of Wigner molecules

8y Ay 45

FIG. 4. Electron density of a four-cmponent quantum dot for three different valugskriom left to rightrg=2 a0 6 aO and 14a{*,. The

localization in the multicomponent LDA is made possible by the fact that the neighboring localized electrons belong to different components

as indicated by numbers in the contour plot.
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electrons form a “dimer” at the center and seven electrons 4.15 m=1.0 m=14 m=18
from a ring around them. The geometries are in perfect _ -
agreement with those of classical electréhs. a1 _ _ _ _ -—

Figure 3 shows the addition energy spectrum of the eight-
component quantum dot at the low density. The spectrum
does not any more show features of shell structure and
Hund’s rule, but shows a small kink &=7, in agreement
with the maximum in the addition energy spectrum of the
purely classical system, determined from the results of Ref.
11, and also shown in Fig. 3. Classically, the seven electrons
can form a perfect hexagon with one electron at the center.
The quantum mechanical solution is the same as shown in FiG. 5. The effect of varying effective mass on the single par-
Fig. 2. In the density-functional theory the localized elec-ticle Kohn-Sham levels in a four component electron system with
trons are not point charges as in the classical case. As @& electrons. The light components have massl m, and the
consequence, the spectrum is smoother than that of the claseavy mass is indicated in the figure.
sical result.

The evolution of the ground state as a function of densitymzl_gme the lighter orbitals have only two electrons and
parameters is investigated in an eight electron quantum doty heavier components obey Hund's rule resulting in the
with four components. As discussed earlier, at high densitieg,nfig ration(12,10,1,3. It should be noted that we neglect
rs=4 g, the ground state obeys Hund's rule giving the con-e gpin_orhit interaction which in semiconductors leads to

figuration (3,3,1,) for the ground state. As the density iS g4_cajled split-off band and could thus be important in quan-
lowered, the electron structure shows a Wigner molecule-likg 1, qots consisting of hole states.

state already at,=6.0a,. Six localized electrons are at the
outer circumference with two nonlocalized in the middle, as
shown in Fig. 4. The six electrons at the outer radius belong
to two components and the two electrons in the middle oc-
cupy also two components. The electrons in the outer ring )
are distributed spatially so that the two nearest neigbors of W€ have studied the general features of quantum dots

each electron belong to other component. This means that tf2N1iNINg a multicomponent electron gas. At high densities
densities of the outer components are rotatedrbyith re- the exchange energy favors polarization of electrons and the

spect to one another. In this way the system will avoid anti-d€generate energy levels are filled with one component at a

ferromagnetic frustration. Fat=8 aj, the electrons localize M€ This leads to an addition energy spectrum which be-

into a classically predicted configuration with seven elecSides the peaks at full shells also shows peaks coming from

trons at the outer radius and one in the middle. The frustrat-he generalization of Hund's rule.

tion is again avoided by taking the nearest neighbors for each The increased number_of internal degrees of freedpm of
electron from other components, as shown in Fig. 4. the electrons make it easier for the electrons to localize to

Wigner molecules. We have demonstrated this for four- and
eight-component systems. In the low density limit the addi-
tion energy spectrum then does not any more show the elec-
The effect of the varying mass was tested in the fourtronic shell structure but the geometrical shell structure of
component system with,=2.0 a, andN=24. The masses of Wigner molecules.
two components were increas@d, =m,=m) while the other If the different electrongor holeg have different masses,
two masses were kept constafm;=m,=1.0m,). For m  the localization pushes the energy states of the heavy par-
=1.0m, the sd-shell is filled giving the “magic” configura- ticles down as compared to those of the light particles. If the
tion (6,6,6,6. The mass increase shifts the orbitals of themass difference is small the addition energy spectrum is
lighter components up in energy relative to heavier compoexpected to be complicated due to the mixture of light
nents, as shown in Fig. 5. As a consequencm=at.2m.the  and heavy particle states. However, if the mass ratio is at
sd-orbitals of the light components are empty and the fpa typical value of heavy and light holes, say five, the light
orbitals of the heavier components are occupied according tholes do not play any role until the dot has several tens of
Hund’s rule leading to configuratio(l0,8,3,3. Already at  particles.
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IV. SUMMARY AND DISCUSSION

C. Mass dependence
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