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Our theoretical analysis reveals that tunnel ionization significantly modifies the electric field of few-
cycle laser pulses within a single oscillation period. This subcycle self-modulation is predicted to result
in phase matching, making high harmonic generation in the x-ray regime possible for the first time. Such
a radiation source opens novel possibilities in the investigation of matter with x-ray techniques, such as

time resolved x-ray diffraction and absorption.

PACS numbers: 42.50.Hz, 32.80.Rm, 42.65.Ky

High harmonic generation (HHG) in noble gases [1] is
apromising source for the generation of coherent extreme-
ultraviolet (XUV) radiation; however, the efficiency is still
too low for many important applications. In the XUV
and x-ray range, free-electron-induced dephasing presents
the main limitation [2] confining HHG to photon ener-
gies below 0.5 keV [3,4]. Therefore, in order to realize
shorter wavelengths and higher efficiencies, phase match-
ing schemes [5] for the compensation of dephasing are
required.

Theoretical treatment of phase matching usualy relies
on the adiabatic approximation [5], whereby the change
of the free electron density during one optical cycle
may be neglected. Under this assumption the harmonic
phase grows linearly with propagation distance. In our
theoretical analysis a novel phase matching mechanism
is identified that works predominantly for few-cycle,
high-intensity laser pulses and for wavelengths in the
XUV and x-ray regime. In this so-called nonadiabatic
parameter regime the ionization rate becomes comparable
to the center frequency of the laser pulse leading to a
significant change of the free electron density over one
optical cycle. The rapidly varying ionization front causes
subcycle changes of the laser electric field, which give
rise to an additional (nonadiabatic) contribution to the
harmonic phase growing nonlinearly with the interaction
length. The nonadiabatic and adiabatic phase contribu-
tions are opposite in sign and can compensate resulting in
phase-matched growth. We have dubbed this mechanism
nonadiabatic self-phase matching (NSPM). NSPM does
not work close to the single atom cutoff, where previous
investigations of HHG with few-cycle pulses were per-
formed [6]. This is because plasma dispersion reduces
the laser intensity below the intensity necessary for HHG
in the cutoff region, before NSPM starts to play a role.
Finally, our calculations predict that NSPM enhances
HHG above 1 keV by 4 orders of magnitude, thus making
for the first time HHG in the soft x-ray regime possible.

For the analysis of HHG with few-cycle laser pulses the
theoretical model introduced in Ref. [7] isused. HHG is
modeled by a solution of the coupled propagation equa-
tions for the fundamental (E;) and for the harmonic (E},)
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fieldsin one space dimension. The atomic dipole moment,
which isthe source term for HHG, is determined by a gen-
eralized Lewenstein model [7,8] which aso accounts for
nonadiabatic effects [6]. To test our model, in Fig. 1 nu-
merical results are compared to experimental data obtained
from the setup described in Ref. [4]. For these parameters
the shortest harmonics so far were generated. Excellent
agreement between experiment and theory is obtained cor-
roborating the reliability of our model.

Plot (a) in Fig. 1 revedls a rapid decrease of the har-
monic spectrum with increasing order. The wavelength
dependence comes from the fact that the maximum spec-
tral intensity of the Nth harmonic depends quadratically
onthe coherencelength L = 27cwo/N w(7)  1/Nn(r)
[6]. The strong increase of the free electron density n(7)
with increasing harmonic order is mainly responsible for
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FIG. 1. The spectra intensity of harmonic radiation generated
after propagation of 125 um in He (500 Torr) versus harmonic
order for a Ti:sapphire pulse with Ay = 0.8 um, 7, = 5 fs,
Iy = 4 X 10" W/cm?, and 0.3 mJ pulse energy at a repetition
rate of 1 kHz [plot (a), full ling], and I, = 1.5 X 10'® W/cm?
[plot (b), dotted ling]. The open squares denote the experimen-
tally measured values for the parameters of plot (a). A constant
parameter was introduced in the calculations to obtain optimum
agreement between experiment and theory. The inset shows
the single atom dipole spectrum for the parameters of (b) after
propagation distances of 0 wm [(i) dotted line] and 15 wm [(ii)
full line)].
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the rapid drop of the harmonic spectrum. Here, wf,(r) =
47rn(t)e?/m is the plasma frequency squared at time 7,
wq s the center circular frequency of the laser pulse, ¢ is
the vacuum velocity of light, and e and m are the electron
charge and mass, respectively.

The harmonic spectrum (b) in Fig. 1 corresponds to a
higher peak intensity I, = 1.5 X 10'® W/cm?. In con-
trast to plot (a), the decrease of harmonic intensity for
N > 300 is significantly reduced, and the spectrum re-
mains nearly constant at the high energy end indicating
that the coherence length L is no longer a correct measure
of the harmonic growth. This anomalous behavior origi-
nates from NSPM which will be explained below in detail.
A remarkable consequence of NSPM is that harmonics up
to an order N = 1200 are generated, corresponding to a
photon energy close to 2 keV. The efficiency of HHG
in the keV regime can be estimated from a comparison
of our calculations to experiments. Estimation of the ab-
solute photon number for the experimental data in Fig. 1
yieldsthat =107 photon/swere generated at the 300th har-
monic in a 5% bandwidth [4]. Comparison of the ener-
gies contained in a 5% bandwidth of spectra (a)/(b) at
N = 300/1000 in Fig. 1 yields a ratio of =10~ and re-
vedls that ~10* photons/s in a 5% bandwidth at 1.5 keV
can be generated [9].

In contrast to the cutoff of the propagated signal, the
single atom dipole cutoff in the inset of Fig. 1 exhibits
severa cutoffs at N = 1800, N = 1500, and N = 900
corresponding to electron trajectories returning to the nu-
cleus at the pulse peak, one half cycle before and two
half cycles before the pulse peak, respectively. The low-
est cutoff correspondsto an intensity of 8 X 10 W/cm?,
where 98% of the first electron of He isionized. At such
high laser intensities the ionization rate is so strong that
in spite of ground state depletion HHG beyond the first
cutoff can take place, however, with a rapid drop of effi-
ciency between subsequent half cycles. The single atom
cutoffs undergo significant shifts during propagation that
arise from changes of the laser pulse due to plasma disper-
sion and nonlinearity. After 15 wm propagation distance
the cutoff is shifted from N = 1500 to N = 1200. For
N = 1250 (see Fig. 4) NSPM does not take place within
the first 15 wm explaining the different cutoffs found for
the single atom and for the propagated signal.

In Fig. 2 the growth of energy contained in the spec-
tral window between the 950th and the 1000th harmonic
is plotted versus interaction length for the parameters of
spectrum (b) in Fig. 1. The inset shows the evolution of
the harmonic signal over the first um. The harmonic sig-
nal grows over the coherence length L = 0.1 um, and os-
cillates for £ > L between a maximum and a minimum
value. For ¢ > L, NSPM sets in and the harmonic sig-
nal exhibits a steplike increase which enhances the energy
converted into harmonic radiation by 4 orders of magni-
tude. The length over which NSPM occurs is denoted by
L. During the first step between 4 and 7 wm we find
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FIG. 2. Energy of the harmonic signal between N = 950 and
N = 1000 versus propagation distance for the parameters of
graph (b) in Fig. 1. The inset shows the growth of the harmonic
over the first uwm.

L,/L =~ 30, and the enhancement (L,/L)*> =~ 900 agrees
well with the observed signa growth by 3 orders of mag-
nitude, indicating the coherent nature of the emitted radia-
tion. Inspection of the temporal profile of the harmonic
spectrum between N = 950 and 1000 shows that during
the first 10 um a single pulse with a duration of 40 at-
toseconds (40 X 107 '8 s) grows. At longer interaction
distances the harmonic signal grows at other positions of
the laser pulse which results in the generation of an at-
tosecond pulse train extending over 5 fs.

The calculation in Fig. 2 was repeated for several other
spectral windows (i), peak intensities (ii), pulse durations
(iii), and noble gases (iv), from which the following gen-
eral conclusions can be drawn.

(i) As explained above, NSPM does not work close to
the single atom cutoff. Away from the cutoff, where sig-
nificant ionization takes place, we find that the NSPM
induced enhancement, determined by the ratio L,/L, in-
creases for higher harmonic orders. The reason for this
behavior is that L decreases, whereas our calculations
show that L, changes only weakly with increasing N. For
example, the harmonic range between N = 190 and 210
in Fig. 1(b) experiences an NSPM induced growth by
1 order of magnitude. The strongest increase in harmonic
efficiency (4-5 orders of magnitude) is observed in the
spectral range between N = 800 and N = 1200 in Fig. 1.
(ii) The NSPM induced gain is strongest for peak inten-
sities larger than the saturation intensity of ionization, at
which most of the first electron of helium (98%) is ion-
ized. In this parameter range the harmonic yield is found
to be rather insensitive to variations of the peak intensity
demonstrating that NSPM can take place in a significant
volume of the fundamental beam. (iii) The effect of NSPM
isstrongest for few-cyclelaser pulses and decreases rapidly
with increasing pulse duration. For a 20-fs pulse with a
peak intensity of 1.5 X 10'¢ W/cm? [for the other param-
eters see graph (b) in Fig. 1], the cutoff of the propagated
signal is found to be around N = 500. The signal gen-
erated by the 20 fs pulse between N = 390 and 410 is
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enhanced due to NSPM by a factor less than 10. (iv) Cal-
culations for noble gases with lower ionization poten-
tials yield a qualitatively similar behavior as found in He
demonstrating that NSPM does not depend on a particul ar
atomic species. This opensthe possihility to shift the spec-
tral window, where NSPM is most pronounced, to lower
harmonic orders by using a gas with a lower ionization
potential.

In the following, the mechanism for NSPM is identi-
fied by investigating the phase growth ¢y of a selected
harmonic N. Phase-matched growth occurs as long as the
harmonic phase does not change, i.e.,, dpy/dé = 0. A
schematic of the laser and harmonic fields generated at two
propagation distances &, and &, = &; + A¢ in aframe
moving at vacuum light velocity is depicted in Fig. 3. Ac-
cording to the quasiclassical interpretation of HHG [§],
the harmonic N is generated by an electron that is born by
tunnel ionization at atime 7, and that recombines to the
ground state at an instant 7. The evolution of the electron
between 7, and 7, is determined by the laser electric field.
The phase of the harmonic is obtained from aFourier trans-
form of the atomic dipole moment, as given by Eq. (4) in
Ref. [7], which yields

én = S(15(£), 7:(£)) — NeoT,(£). D

The quasiclassical action S [8,10] is determined by the
phase change of the electron wave packet (responsible for
generation of the Nth harmonic) during propagation in the
laser field between 7, and 7,.

The primary change in ¢y results from a shift of 7,
in Eq. (1). The laser field experiences a blueshift of
the frequency in the presence of ionization [11]. The
resulting phase shift grows linearly with propagation
distance, ¢;(£) = w,(1)¢/2cwo [56]. In the frame
propagating at the vacuum speed of light, which is
comoving with the harmonic wave, this phase change
shifts the time 7,, at which the harmonic is generated as
7,.(&) = 7.(&1) + d1(A€)/wy. By virtue of (1) the shift
of 7, causes a change of the harmonic phase.

In the adiabatic limit of many-cycle pulses the change
of free electron density during one laser cycle is neg-
ligible, hence An = n(r,) — n(r,) = 0. This implies
that 7. and 7, are shifted by the same amount with
increasing propagation distance A¢ and that the laser
electric field experienced by the electron between 7, and
7, remains unchanged, as illustrated in Fig. 3(a). As a
consequence, the quasiclassical action S remains constant.
Inserting the resulting phase change into the condition
dn(&2) — dn(€1) = Nop, = 7 yidds the coherence
length L as given above.

The nonadiabatic behavior originates from a strong sub-
cycle variation of the free electron density An and from
the resulting subcycle changes of the laser electric field.
As a consequence, the trgjectories of the freed electrons
are governed by dlightly different electric field evolutions
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FIG. 3. Schematic of the fundamental field £, and of the har-
monic field E, (generated) at &; (full lines) and at &, (dotted
lines) in the limits of (a) adiabatic evolution (many-cycle laser
pulse) and (b) nonadiabatic evolution (few-cycle laser pulse).
Thetimes 7, and 7, are the birth and recombination times of the
electron that generates a particular harmonic N. The electric
fields are plotted in a retarded frame propagating with vacuum
light velocity, in which the harmonic field does not change with
propagation. The phase difference of harmonics generated at
different propagation distances &, and &, comes from the ion-
ization induced modification of the fundamental field. In the
adiabatic limit (a), the change in free electrons An = n(r,) —
n(7,) = 0 and the laser field experiences a phase shift that is
approximately constant in the time interval between 7, and 7,.
Asthe electrons at ¢, and &, experience the same electric field,
the phases of the harmonics generated at 7,(£;) and at 7,.(&;)
are equa [S(&,;) — S(&)) = 0]. The adiabatic phase mismatch
is introduced by a shift of the time 7,.(£;) — 7,.(&;) a which
the harmonic signal is generated. The nonadiabatic behavior (b)
originates from a rapidly changing ionization profile (An # 0)
causing a subcycle variation of the laser electric field. Asacon-
sequence, the trajectories of the freed electrons are governed by
slightly different electric fields. Therefore, the phases of the har-
monic E, (&) generated at 7,.(£;) and of E,(&;) at 7.(£;) are no
longer equal. The resulting nonadiabatic harmonic phase change
[S(&) — S(&)) # 0] is opposite in sign to the adiabatic phase
contribution and can cancel it (b) leading to phase-matched
growth.

(intime) at different positions along the propagation direc-
tion, asillustrated in Fig. 3(b). Therefore, the quasiclassi-
cal action S changes with £. The nonadiabatic [S(£;) —
S(&1)] and the adiabatic phase changes are opposite in
sign reducing growth of the harmonic phase ¢ . For few-
cycle laser pulses the nonadiabatic contribution can be-
come strong enough to compensate the adiabatic change
of the harmonic phase giving rise to NSPM; see Fig. 4.
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FIG. 4. The evolution of the phase change of the harmonics
N = 975 (full line) and N = 1250 (dotted line) versus propa-
gation distance for the parameters of Fig. 2. The phase change
of the harmonic order N = 975 is zero exactly at the position
at which NSPM takes place in Fig. 2. For the harmonic order
N = 1250, NSPM does not take place within the first 15 um.
For distances larger than 15 um, NSPM cannot take place, as
the single atom cutoff is shifted below N = 1250; see the inset
of Fig. 1. This explains the difference between the cutoff posi-
tions of the single atom dipole response and of the propagated
harmonic spectrum in Fig. 1.

Between 4 and 7 um, d¢n/d& = 0 (for N = 975), and
NSPM takes place in accordance with Fig. 2.

Finally, our model of HHG does not take account of
the v X B (Lorentz) force that becomes significant at
high laser intensities. Here, v is the velocity of the elec-
tron and B is the magnetic field of the laser pulse. The
Lorentz force shifts the electron trajectory during con-
tinuum propagation in the direction of the laser wave vec-
tor [12]. The influence of this contribution on HHG can
be determined by a semiclassical estimate. We assume
that the electron is born at zero velocity. Then a solu-
tion of the classical (relativistic) equations of motion for
the 975th harmonic in Fig. 1 yields an offset x; = 1 nm,
when the electron returnsto the nucleus. This shift must be
compared to the transversal width of the returning electron
wave function, x, = v, (7, — 73), in order to determine
the influence on HHG. Here, 7, — 7, = 2.2 fsisthein-
terval between birth and return time of the electron, and
v, is the width of the velocity distribution of the electron
wave packet at its birth. To estimate a lower limit for x,,
it isassumed that the initial spatial distribution of the elec-
tron wave packet at its birth is equal to the Bohr radius,
xp = 5.3 X 107° cm. By virtue of the uncertainty rela-
tion (x,v, = h/2m) we obtain the initial transversal ve-
locity spread v, =~ 10® cm/s and from that x, =~ 2.5 nm.
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As x, > x;, neglect of the Lorentz force in our cacula
tions is justified.
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