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The influence of disordering of one-dimensional quasi-phase-matched structures in nonlinear-optical crystals
on the spectral characteristics of parametric processes is studied in the general form, taking into consideration
arbitrary spatial distribution of the second-order susceptibility, sum- and difference-frequency interactions in
the forward and backward directions, and continuous-wave and pulsed pumping. It is shown that, at the initial
low-gain stages of all processes, the impact of the medium spatial structure can be described in terms of a
single functional parameter, nonlinear transfer function �T-function�. Expressed in terms of dimensionless
phase mismatches, the T-function is considered as a universal characteristic of the structured medium. The
method of its direct measurement is proposed, based on spontaneous parametric down-conversion. Examples
of the T-function approach are demonstrated for short-pulse second harmonic generation, as well as for gen-
eration and detection of spectral-shaped terahertz signals.
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I. INTRODUCTION

Advantages of periodically structured nonlinear-optical
media have been known since the 1960s �1,2� and, starting
from the 1980 �3–5�, are widely used for quasiphase match-
ing �QPM� in various nonlinear frequency conversion pro-
cesses �6�. Now the concept of QPM enables one to provide
an effective energy exchange between almost any two mono-
chromatic waves from different spectral ranges, from tera-
hertz �7–10� up to ultraviolet �11,12� ranges. QPM structures
can be sorted according to whether it is the linear �13,14� or
nonlinear �1–12,15� optical inhomogeneity that is crucial for
their operation. At present, most efficient for applications are
structures of the second type—periodically poled crystals
with regular domain gratings, such as lithium niobate,
lithium tantalate, KTP, and others, in which the sign of the
second-order susceptibility periodically changes at ferroelec-
tric domain boundaries while the linear susceptibility is al-
most constant �16�. However, periodicity of such a nonlinear
grating enables one to phase match waves within a very nar-
row frequency band; the spectral interval of effective QPM
becomes narrower when the crystal length is increased. This
causes difficulties in the conversion of broadband cw or ul-
trashort pulsed radiation, conversion of images, cascaded
conversion processes. Recently it was proposed to solve the
problem for cascaded processes by using different orders of
QPM �17,18�, or special quasiperiodic domain gratings, such
as Fibonacci-like or Cantor-like fractal structures �19–21�.
Potentially, two-dimensional domain gratings in hexagonally
poled crystals �22,23� can be also advantageous from this
point of view. In any case, to control the frequency band of
conversion processes, an additional �in comparison with pe-
riodic structures� degree of freedom is necessary. From a
general viewpoint, disordering of optical QPM structures
gives a possibility to obtain this degree. Several special types
of disordered structures have already been studied previ-
ously, such as linearly chirped domain gratings for the fre-
quency doubling of chirped femtosecond pulses �24,25�,
reset-periodic structures �26� and totally disordered domain
gratings �27–29� for parametric generation, amplification and
frequency conversion.

In all previous works, using of aperiodicity promises to be
advantageous, but nonlinear interactions are considered sepa-
rately for each new type of the disordered structure. At the
same time, there should be quite general features in the be-
havior of all disordered nonlinear-optical structures in differ-
ent parametric processes at their initial low-gain stages,
when the nondepleted pump approximation is valid. If these
features were clearly recognized, the problem of primary
characterization of any disordered structure and its potenti-
alities would be made substantially easier, and there would
be a key to the engineering of an optimal nonlinear medium
for a given application. The main goal of this work was to
solve this problem for one-dimensional nonlinear-optical
QPM structures with arbitrary nonperiodic variation of the
second-order optical response. It was done by considering
wave equations for three-wave parametric interactions in
continuous �Sec. II� and pulsed �Sec. III� pumping regimes.
As a result, it was shown that, in all the diversity of non-
linear processes considered, the impact of nonlinear medium
spatial structure can be described in terms of a single func-
tional parameter. This is a nonlinear transfer function �the
“T-function”�, which depicts the spatial distribution of the
second-order susceptibility in a specific mode. Expressed in
terms of dimensionless phase mismatches, it can be mea-
sured once in some process convenient for measuring, and
further applied in another process, provided that the refrac-
tive indexes and dispersion of the medium are known. For its
characterization we propose a method based on spontaneous
parametric down-conversion �SPDC� �30�. The universal na-
ture of the T-function and the SPDC method for its measure-
ment are discussed in Sec. IV. Information on the T-function
may be important in various problems, such as engineering
the spectral shapes of terahertz-range signals, emitted via
non-linear optical processes, the optimal detection of spe-
cially shaped signals, generation of squeezed light �31� or
mode-structured quantum entangled states �32,33�, and so
on. Examples of possible applications of the T-function ap-
proach are considered in Sec. V. Finally, in Sec. VI, the con-
clusions are presented.
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II. THREE-WAVE PARAMETRIC INTERACTION

Consider parametric interaction between two plane waves
of frequencies �1 and �2 in a nonlinear medium with the
spatial modulation of second-order susceptibility along one
direction, ��2��x�. The interaction results in the generation of
the third waves E�� ,x�e−i�t, of difference frequency �=�1

−�2, or sum frequency �=�1+�2, according to the general
wave equation:

�2E��,x�
�x2 + ����

�2

c2 E��,x� = −
4��2

c2 P�nl���,x� , �1�

where ���� is the dielectric function of the medium,
P�nl��� ,x� is the nonlinear polarization, equal to P�nl��� ,x�
=��2��x�E1��1 ,x��E2��2 ,x��* in the case of difference
frequency generation or to P�nl��� ,x�=��2��x�E1��1 ,x�
�E2��2 ,x� in the case of sum frequency generation.

An arbitrary spatial variation of the second-order suscep-
tibility ��2��x� within the medium length L along the x direc-
tion can be written as a Fourier series,

��2��x� = �
m=−�

�

�meim�2�/L�x, �2�

where �m are the amplitudes of spatial Fourier harmonics,

�m =
1

L
�

−L/2

L/2

��2��x�e−im�2�/L�xdx , �3�

and �m=�−m
* .

In general, solution of the wave equation �1� yields two
different waves, E�� ,x�=Af�� ,x�exp�ikxx− i�t�
+Ab�� ,x�exp�−ikxx− i�t�, with the opposite projections kx of
the wave vectors k=k��� on the X axis. The amplitudes of
forward Af�� ,x� and backward Ab�� ,x� propagating waves
are calculated as �34�

Af��,x� =
2�i�2

kc2 �
−L/2

x

P�nl���,x��e−ikxx�dx�, �4a�

Ab��,x� =
2�i�2

kc2 �
x

L/2

P�nl���,x��eikxx�dx�. �4b�

Explicit expressions for the amplitudes Af�� ,x� and
Ab�� ,x� can be easily obtained in the low-gain approxima-
tion, where the incoming waves at frequencies �1 and �2
have almost constant amplitudes A1��1� and A2��2� within
the whole medium length. Nevertheless, there can be consid-
erable absorption at signal frequencies. In this case, k is com-

plex, kx=kx�+ ikx�, and the reduced amplitudes Āf�� ,L /2�
�A�� ,L /2�e−k�L/2 and Āb�� ,−L /2��Ab�� ,−L /2�ek�L/2 de-
scribe the output signals generated in the two opposite direc-
tions. With an account for the expression �2� for ��2��x�, so-
lutions for the reduced amplitudes take the forms

Āf��,L/2� =
i2��2L

kc2 e−�L/4Tf���C��1,�2� , �5a�

Āb��,− L/2� =
i2��2L

kc2 e−�L/4Tb���C��1,�2� . �5b�

Here, C��1 ,�2� are determined by the pump amplitudes,
C��1 ,�2�=A1��1��A2��2��* for difference-frequency genera-
tion and C��1 ,�2�=A1��1�A2��2� for sum-frequency gen-
eration, and ��2kx� is equal to the absorption coefficient at
the signal frequency � for collinear interaction. The func-
tions Tf��� and Tb��� describe the inhomogeneous distribu-
tion of the nonlinear susceptibility:

Tf��� � �
m=−�

�

�mf�	 f + 2�m� , �6a�

Tb��� � �
m=−�

�

�mf�	b + 2�m� . �6b�

Here, 	 f and 	b are dimensionless phase mismatches �DPM�
for the forward and backward generation processes, corre-
spondingly,

	 f � �k1x ± k2x − kx�L , �7a�

	b � − �k1x ± k2x + kx�L . �7b�

kx ,kjx�j=1,2� are the x projections of the wave vectors, “+”
stands for sum, and “−” for difference frequency generation.
The form-factor f�
� for any complex 
 is determined as
f�
���1/L��−L/2

L/2 eix
/Ldx; in a nonabsorptive medium it is re-
duced to f�
�=sinc�
 /2�.

As one can see from Eqs. �6�, the functions Tf��� and
Tb���, both for the sum- and difference-frequency processes,
depend on the signal frequency � via the same functional
dependency on DPM. Various dependencies on the frequency
� are due to the differences in the DPM dispersion. Thus, as
it follows from Eqs. �5� and �6�, in all low-gain three-wave
parametric interactions the influence of the spatial inhomo-
geneity of the nonlinear coefficient manifests itself in a very
similar way: via the same transfer function, the “T-function,”

T�	� � �
m=−�

�

�mf�	 + 2�m� . �8�

In the absence of absorption, the T-function turns into

T0�	� � �
m=−�

�

�m sinc		

2
+ �m
 . �8a�

Expression �8� for the T-function in terms of DPM has a
universal form and does not depend on the type of the three-
wave process.

III. SUM- AND DIFFERENCE-FREQUENCY GENERATION
UNDER SHORT-PULSE PUMPING

In a lot of applications, instead of monochromatic one- or
two-wave pumping, a nonlinear medium is simply pumped
by a single laser source of short �femtosecond-range� pulsed
radiation. In particular, it takes place under frequency dou-
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bling of this radiation �24,25�, generation of terahertz-range
�THz� waves via optical rectification �7–10�, and THz waves
detection by optical sampling �35–37�. Irradiation of a non-
linear medium by short laser pulses can be considered as
pumping by a continuum of pairs of waves with various
frequencies �1 and �2, belonging to the spectrum of the
pulse. The wave equation �1�, as well as relationships for its
solution �4�, remains valid for each spectral component of
the generated wave. The only point that should be modified
is the expression for the nonlinear polarization. It takes the
integral form,

P�nl���,x� =
��2��x�

2�
�

−�

�

�Ep�x,t��2ei�tdt = ��2��x�

��
−�

�

Ep�x,�1�Ep�x,� − �1�d�1, �9�

for sum-frequency generation, and

P�nl���,x� =
��2��x�

2�
�

−�

�

�Ep�x,t��2ei�tdt = ��2��x�

��
−�

�

Ep�x,�1�Ep
*�x,�1 − ��d�1 �10�

for difference frequency generation. Here, Ep�x , t� is the
time-dependent electric field of the pumping pulse and
Ep�x ,�1� is its temporal Fourier transform: Ep�x , t�
=�−�

� Ep�x ,�1�e−i�1td�1.
Analogues of expressions �5� for the amplitudes of the

spectral components for the generated signals can be easily
obtained when the group velocity dispersion is negligible
within the spectral widths of the pump and signal pulses. In
this approximation, under a sum-frequency process, dimen-
sionless phase mismatches 	 f ,b� ± �k��0+�1�+k��0

+�2��k�2�0+�2+�1��L between each two spectral com-
ponents of the pump �at the frequencies �0+�1 and �0
+�2, detuned from the central pulse frequency �0� and one
spectral component of the signal �at the frequency �=2�0
+�, detuned from 2�0 by �=�1+�2�, are equal to

	 f = �2k��0� − k�2�0� + �� − 2�0��u−1��0� − u−1�2�0��
L ,

�11a�

	b = − �2k��0� + k�2�0� + �� − 2�0��u−1��0� + u−1�2�0��
L .

�11b�

Here, u−1��0� and u−1�2�0� are inverse group velocities of
the medium at the central frequencies of the pump ��0� and
its second harmonic �2�0�. In the same way, DPMs for a
difference-frequency process, 	 f ,b� ± �k��0+�1�−k��0

+�2��k��1−�2��L, take forms

	 f = ��u−1��0� − k���
L , �12a�

	b = − ��u−1��0� + k���
L , �12b�

describing the mismatches between each two spectral com-
ponents of the pump �at the frequencies �0+�1 and �0

+�2� and one spectral component of the signal �at the fre-
quency �=�1−�2�.

Within these approximations, the amplitudes Af�� ,L /2�
and Ab�� ,−L /2� of the forward and backward waves are
very similar to Eq. �5�,

Āf ,b��, ± L/2� =
i2��2L

kc2 e−�L/4Tf ,b���C��� . �13�

The only difference is in the C factor, which takes into ac-
count the pump amplitude distribution. For a sum-frequency
process, this factor depends on the Fourier transform of the
square of the time-domain envelope Bp�t� of the pump field
Ep�x , t��Bp�t�e−i�0t+ik��0�x:

C��� = Csum��� � �
−�

�

Ap�x,���Ap�x,� − 2�0 − ���d��

=
1

2�
�

−�

�

Bp
2�t�ei��−2�0�tdt . �14a�

For a difference-frequency process, it depends on the Fourier
transform of the pump pulse intensity:

C��� = Cdif��� � �
−�

�

Ap�x,���Ap
*�x,�� − ��d��

=
1

2�
�

−�

�

�Bp�t��2ei�tdt . �14b�

The transfer functions Tf ,b����T�	 f ,b� appear in Eq. �13� in
the same form as in the case of an ordinary three-wave pro-
cess. Thus, under short-pulse pumping, the influence of the
spatial variation of the material nonlinear coefficient is also
described by these functions, and again, only by them.

IV. T-FUNCTION AND ITS MEASUREMENT

The final expressions �5� and �13�, obtained in previous
sections, describe the spectral distributions of the waves gen-
erated in a nonlinear medium. It is of main importance for
this treatment that the contribution of the pump temporal
spectrum �via the C-function� and the contribution of the
spatial spectrum of the medium inhomogeneity �via the
T-function� always appear separately. Since these contribu-
tions can be separated, it is possible to make an independent
characterization of the medium inhomogeneity. The
T-function dependence on DPM characterizes potential ap-
plications of any given nonlinear sample and determines the
optimal structure of the pump spectrum for the engineering
of signal spectra in various applications. The inverse task is
also important, when the sample with a necessary T-function
is designed for any spectrum transformation required in a
non-linear parametric process.

In ferroelectric nonlinear crystals, accessible modulation
amplitudes of the second-order susceptibility ��2��x� are the
highest due to reversals of the sign of ��2� at the domain
boundaries �38�. There are various methods �39–43� for
structured poling of these materials, providing periodic or
any special nonperiodic ��2��x� dependence inside the
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sample. In a periodically poled crystal, all harmonics �m are
equal to zero except those whose numbers m0 satisfy
m0 / �L /d�=m�, where m� is integer and d is the structure
period. The shape of the ��2��x� distribution within the period
determines the spectrum of �m0

�38,44,45�. Usually it is step-
wise and there is no freedom for broad T-function engineer-
ing in periodically poled structures. The only possibilities are
changing the period or the duty cycle, which leads to optimal
quasiphase matching in a given nonlinear process, or, in
terms of current treatment, helps to match the maxima of C-
and T-functions. The situation is different in nonperiodically
poled structures. Selecting necessary sequences of positive
and negative domain thicknesses within the sample, one can
affect the �m spectrum and build structures with different
profiles of T-functions. It is possible, first of all, under post-
growth poling techniques. As-grown periodically poled crys-
tals, obtained directly under the growth procedure �46,47�,
usually have sufficiently lower periodicity. After a proper
characterization of their T-function they may also be selected
for a specific application.

For any sample with a nonuniform distribution of ��2�, the
T-function can be measured by using various available non-
linear processes. Nevertheless, under stimulated parametric
processes, as considered in the previous sections, the scale of
accessible DPMs is limited by the pump spectrum. One
needs to change the frequency of at least one pumping wave
to change DPM sufficiently. According to Eqs. �7�, it can be
done by varying the pump angle of incidence, but this
method is limited to a small range of DPM scanning and has
a number of other disadvantages �44�. Among all possible
low-gain three-wave parametric processes there is one that
does not require tuning of the pump parameters: It is spon-
taneous parametric down-conversion �SPDC�.

SPDC describes the initial under-threshold behavior of the
output signal under optical parametric generation. It consists
of the spontaneous decay of monochromatic pump photons
�of frequency �1� into pairs of signal �frequency �� and idler
�frequency �2� photons, so that �=�1−�2. This process has
a purely quantum origin �48� and is widely used now as a
source of quantum correlated pairs of photons �49�. In many
respects, it looks like a stimulated down-conversion process,
or a difference-frequency generation, as if the role of the
second �idler� pumping wave were played by zero vacuum
fluctuations of the electromagnetic field �48,50�. But instead
of the classical pump at the idler frequency �2 at the input of
the medium, there is a continuum of quantum vacuum states
of the electromagnetic field at all frequencies from 0 up to �1
everywhere inside the nonlinear medium, the generated sig-
nals occupy a broad spectral and angular range. Consistent
treatment of frequency-angular distribution for the SPDC
signals in periodically poled crystals was carried out previ-
ously �51�, taking into account the quantum nature of the
effect and possible absorption of the nonlinear medium. In
particular, for the case where absorption at the idler fre-
quency �2 is negligible, it was shown that the SPDC signal
intensity distribution is the same as in the case of difference-
frequency generation, when this stimulated process occurs
under pumping by a continuum of idler modes of the same
population: one photon per any idler mode at the input of the
nonlinear sample.

It is namely the case of negligible absorption that is im-
portant for measuring the universal T-function. In this case
the measurement can be done in terms of real-value DPM in
some spectral range, which is convenient for the registration
of the SPDC spectra, and, after that, recalculated into another
spectral range, in which the sample will operate. The infor-
mation on the refractive index dispersion
n��� ,n1��1� ,n2��1−�� should be known in both ranges. As
to absorption coefficients �corresponding to the imaginary
parts of DPM�, they have to be taken into account only if the
working parametric process takes place in the range of con-
siderable absorption losses. Then absorption effects will lead
to a homogeneous broadening of all line components of the
basic �“lossless”� T-function structure.

Generalizing the results of �51� for media with arbitrary
spatial distributions ��2��x�, and using the T-function formal-
ism, for the SPDC intensity in transparency ranges we obtain

I��,
� =
��4��1 − ��2L2

nn1k2xc
6 I1�T0�	 f��2. �15�

Here, I�� ,
� is defined as the signal energy emitted at mean
angle 
 and frequency � by a unit surface area into a unit
solid angle per unit spectral interval per unit time, and I1
stands for the pump intensity; the DPM 	 f and its depen-
dence on � ,
 are determined according to Eq. �7a� for dif-
ference frequency generation, taking �1, �2, and � as the
frequencies of the pump, idler, and signal waves, correspond-
ingly. Thus, according to Eq. �15�, one can tune the fre-
quency � and/or the angle of observation 
 of the SPDC
signal, and this way study the T-function distribution without
changing the pump parameters. The experimental setup for
the observation of frequency-angular SPDC spectra within
large intervals of � ,
 was discussed previously �for ex-
ample, see �30,38��.

Figures 1–3 present the result of such SPDC characteriza-
tion of the basic T-function, made for a crystal of Y:LiNbO3
with the as-grown domain structure. The primary study of
the sample by selective chemical etching has shown that the
domain thicknesses in the sample vary within 30–34 �m
�47�. The SPDC spectrum in Fig. 1 was obtained under
pumping by an ordinarily polarized Ar laser at a wavelength
of 488 nm, directed along the X axis of the crystal, normally

FIG. 1. A part of the photographic SPDC spectrum of
Y:LiNbO3 crystal with a nonregular domain grating. Arrows indi-
cate the basic phase-matched tuning curve corresponding to m=0.
The dashed line outlines the round area in which there are the
quasi-phase-matched curves corresponding to the orders m between
−500 and −700.
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to domain layers. The spectrum was recorded by a photo-
graphic film at the output plane of a spectrograph �30�. The
vertical angle sweep corresponds to the angle 
 between the
pump and signal waves emitted from the crystal. The hori-
zontal spectral sweep is given in terms of signal wavelengths
and represents the part of the whole spectrum in the trans-
parency region. Since the data on the refractive index disper-
sion for this crystal is available �52–54�, we can calculate the
DPM 	 f for each point in the plane � ,
. We find that the
narrow bright line corresponds to the zero-order quasiphase
matching in the crystal, m=0. The group of low-intensity
curves �outlined by a dashed line in Fig. 1� are attributed to
quasiphase matching at higher orders of m, so as −500�m
�−700. It is necessary to recall that these values of m cor-
respond to Fourier series expansion �2�, which accounts for
the whole crystal length instead of one period. In a perfect
periodic structure with some constant period d, there should
be only one tuning curve, numbered by the certain m=m0.
The corresponding value of m��m0 / �L /d�, which usually
denotes the order of quasiphase matching in a periodic QPM
structure, has to satisfy m�=−1. The appearance of a number
of smoothed curves in this region of the spectrum directly
indicates a nonperiodic character of the domain grating. Fig-

ure 2�a� shows the SPDC intensity distribution measured as a
function of the signal wavelength at the zero angle 
 for this
group of quasi-phase-matched tuning curves. Precise inten-
sity measurements were made by a Jobin Yvon T64000 spec-
trometer �47�. In principle, any intensity dependence of this
type, measured by scanning the position of a small-area de-
tector in the output plane of a spectrograph along any appro-
priate direction, parallel or inclined toward the spectrum
axes, can be used as a starting point for subsequent charac-
terization of the T-function. At the next step, the scale of
signal frequencies is recalculated to the scale of DPM ac-
cording to Eq. �7a�. The scale of SPDC intensities is also
recalculated into �T0�	 f�� in relative units, taking into ac-
count other frequency-dependent factors in Eq. �15�. Finally,
Fig. 2�b� presents the result of SPDC characterization of the
sample in terms of the T-function.It is made in the range of
the most effectively quasiphase matched DPM. As it can be
estimated from the photographic spectrum in Fig. 1, other
areas of non-phase-matched interactions with 	 f �0 corre-
spond to much lower values of �T0�	 f��.

V. APPLICATIONS OF T-FUNCTION ENGINEERING

A. Terahertz wave generation via optical rectification

Equation �13�, taking into account Eq. �14b�, describes
directly the amplitudes of THz waves generated under opti-
cal rectification of a short-pulse pump at the input
�x=−L /2� and output �x= +L /2� of a crystal sample,

ĀTHz, f��,L/2� =
i2��2L

kTHzc
2 e−�THzL/4T�	 f�Cdif��� ,

ĀTHz,b��,− L/2� =
i2��2L

kTHzc
2 e−�THzL/4T�	b�Cdif��� , �16�

at a THz frequency � /2�, where kTHz=k���. Usually, for
periodically and quasiperiodically poled crystals and femto-
second pump pulses, the pump spectrum Cdif��� is much

FIG. 2. �a� Intensity of collinear quasi-phase-matched SPDC
signal as a function of the signal wavelength �47�. �b� Distribution
of the module of the crystal transfer function, calculated according
to the SPDC data.

FIG. 3. Intensity of the backward generated THz signal as a
function of THz frequency, calculated for a Y:LiNbO3 crystal using
SPDC data from Figs. 1 and 2.
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wider than the spectrum of the crystal transfer function T�	 f�
or T�	b�. In this case, the width of Cdif��� specifies only the
maximal THz frequency, which is accessible using given
pump pulse parameters. On the contrary, the peaks of the
crystal functions T�	 f ,b� are considerably narrower in the
THz frequency scale. They determine the width and details
of spectra of both THz signals generated in forward and
backward directions.

As an example, consider THz signals that can be gener-
ated in a Y:LiNbO3 crystal with the T-function presented in
Fig. 2�b�. Substituting values of DPM from Fig. 2�b� into the
basic relations �12a� and �12b�, and taking into account dis-
persion parameters of undoped LiNbO3 in THz �55,56� and
optical �52–54� ranges, we calculate THz frequencies acces-
sible for forward and backward generation in eee geometry.
The forward generation gets into the range 2.8–3.2 THz,
where the crystal absorption strongly reduces the THz out-
put. At the same time, the backward signal corresponds to
the range 1.2–1.5 THz, where absorption is rather small.
Figure 3 presents the spectral distribution of backward THz

signal intensity, estimated as �ĀTHz,b�� ,−L /2��2, for the case
of Gaussian pump pulses of 100 fs duration. The backward
THz signal has a complex structure, following the structure
of �T0�	��, with an account for other frequency-dependent
factors in Eq. �16�. Thus, due to the universal character of the
crystal transfer function, SPDC measurements in the visible
frequency range enable one to predict the spectral shape of
signals generated in the THz range.

It should be mentioned that such spectral transformations
can be made directly if absorption is negligible, �L�1, for
any absorption coefficients � at optical or THz frequencies
involved into the processes. Otherwise, 	 becomes imagi-
nary, 	=	�+ i	�, and �T�	�� is smoothed �in comparison
with �T0�	� � ��T0�	����. Due to the large spectrum of quasi-
phase-matched SPDC, it is not difficult to find spectral inter-
vals where absorption of the pump, signal and idler waves is
negligible and to measure �T0�	���. This information will be
quite precise for predicting the spectral characteristics for
applications in transparency ranges, but will be not able to
describe the widths of “fine structure” maxima in the ranges
of considerable absorption.

B. Terahertz wave detection via frequency mixing

Nonlinear parametric processes can be used not only for
the energy transfer from optical to terahertz ranges, but also
for the reverse energy transfer from the terahertz to optical
range. This reverse transfer is useful for the detection of
terahertz radiation by means of various sensitive methods,
developed for visible and near-visible frequency ranges.

In the general scheme of terahertz detection via frequency
conversion, mutually coherent terahertz and optical pulses,
delayed from each other, are incident to a crystal. An optical
registration system, placed after the crystal, measures the
changes of the probe beam transmittance induced by the tera-
hertz field, as a function of the time delay between terahertz
and optical pulses. Properly oriented polarizer and analyzer
may be placed before and after the crystal, respectively, to
control the working point of the measurement. In well-

known schemes of electro-optical sampling �35,36,57�, this
point may be made close to zero owing to a special selection
of the type of nonlinear interaction, ooe: The polarizer and
analyzer are crossed, and the transmitted optical radiation
appears only due to the parametric interaction between opti-
cal and terahertz pulses. Fundamentally, this is not necessary,
and eee types of nonlinear interaction in periodically �or ape-
riodically� poled crystals are also possible for the THz wave
detection. The technical problem of measuring relatively
small THz-induced changes of the probe beam transmittance
against a strong background is solved by using a lock-in
amplifier �10,37�.

To calculate the spectral sensitivity of these terahertz
detectors of up-conversion type, consider a nonlinear
interaction between some spectral component
ATHz���exp�i�kTHz���x−�t�
 of the input THz pulse and the
whole spectrum Apr�� ,x�exp�i�kpr���x−�t�
 of the probe op-
tical pulse inside the crystal. Variation of the probe amplitude
Apr�� ,x� during its forward propagation along the X axis is
determined according to Eq. �4a�, where nonlinear polariza-
tion consists of two terms,

P�nl���,x� = ��x��Apr�� − ��ATHz���exp�ikpr�� − ��x

+ ikTHz���x� + Apr�� + ��ATHz
* ���

�exp�ikpr�� + ��x − ikTHz���x�
 . �17�

The first term is due to a sum-frequency conversion process
between a THz component at the frequency � and an optical
component at the frequency �−�, and the second one is due
to a difference-frequency process between a THz component
at the frequency � and an optical component at the fre-
quency �+�. To a high accuracy, the wave vectors kpr��
+�� and kpr��−�� can be written as kpr���+� /u��� and
kpr���−� /u���, respectively. Also, the probe amplitude
Apr�� ,x� can be estimated as Apr�� ,x�=Apr���
+	Apr�� ,� ,x�, where the nonlinear term 	Apr�� ,� ,x�, ap-
pearing due to the mixing with the THz wave of frequency �
is much smaller than the constant part Apr���. Variation of
the THz amplitude in the course of its propagation in the
crystal can also be neglected in Eq. �17�. Possible absorption
of the THz wave is taken into account in the imaginary part
of its wave vector. Within these realistic approximations, the
expression for the amplitude change 	Apr�� ,� ,L /2� at the
output of the crystal is obtained in terms of the T-function as

	Apr��,�,L/2� =
2�i�2

kprc
2 L�Apr�� + ��ATHz

* ���T�	 f
*�

+ Apr�� − ��ATHz���T*�	 f
*�� . �18�

The optical registration scheme measures the THz-
induced additive to the probe pulse energy, 	P�

=�dt�I�t ,�del�− I0�t��, where I�t ,�del�= ��−�
� d��Apr���

+	Apr�� ,� ,L /2��e−i�t�2 is proportional to the probe pulse
intensity measured in the presence of the THz pulse and
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I0�t�= ��−�
� d� Apr���e−i�t�2 corresponds to the same intensity

in its absence. Integration runs over the probe pulse duration;
�del is the delay time of the probe pulse. Taking into account
Eq. �18�, the registration scheme readout should be related to
the THz amplitude as

	P� = c0L� Im�Cdif���ATHz
* ���T�	 f�ei��del� , �19�

where c0 is a constant, Cdif��� is the Fourier transform of the
undelayed probe-pulse intensity �see Eq. �14b��. Generally,
the THz amplitude, the crystal transfer function, and the
probe pulse Fourier transform have complex values: ATHz
= �ATHz �ei�THz, T�	 f���T��� �ei�T���, and Cdif���
= �C��� �ei�prob���. In terms of their absolute values and
phases, the registration scheme readout is

	P���del� = c0L��T�	 f�� � �C���� � �ATHz�sin���del − �THz

+ �0���� , �19a�

where �0�����T���+�prob���. As it follows from Eq.
�19a�, the variation of 	P� under the time delay change has
a sinusoidal character with the THz-wave period. Since the
amplitude of this variation is linearly dependent on the ab-
solute value of the THz amplitude, �ATHz� can be determined
by analyzing the 	P���del� dependence. The product S���
�� �C��� �L �T�	 f�� comes out as a spectral sensitivity func-
tion for the whole THz-measurement device. Normally, a
THz pulse consists of a lot of spectral components at differ-
ent THz frequencies �, ETHz�t ,x�=�ATHz���e−i�t+ikTHzxd�,
and the registration system measures the integral sum
	P��	P�e−i��deld�. The sensitivity function S��� ob-
tained above describes the genuine relation between the

spectral components of the THz pulse and the transmittance
changes 	P��del�.

In bulk crystals, periodically poled ones, or any other
crystals with a given regular variation of ��2��x�, the distri-
bution of the T-function phases is known in advance. For
example, in bulk crystals, T�	 f�=�0 sinc�	 /2�, and �T���
=0. In these cases one can easily determine from Eq. �19a�
not only the modules �ATHz�, but also the phases of THz wave
components, �THz���. For crystals with stochastic domain
structures, the phase dependencies �T��� can be very com-
plicated, and the possibility of measuring for THz phases
�THz��� remains under question. Nevertheless, the modules
�ATHz� can be determined if the T-function module is mea-
sured via SPDC method. The use of crystals with stochastic
domain structures provides a possibility of THz measure-
ments in a wide spectral range. The spectral sensitivity of
such detectors will be lower than in the case of bulk or pe-
riodically poled crystals, but they will operate in larger spec-
tral intervals. In comparison with applications of non-phase-
matched parametric processes in crystals with the same value
of bulk nonlinear coefficients, which also can provide the
increase of the spectral range for THz detection, this method
is substantially more efficient.

Nonlinear interactions involved into pump-probe mea-
surements of the THz response, used in �10� for the charac-
terization of periodically poled crystals, can be regarded as
cascaded processes, consisting of generation and internal de-
tection of THz waves inside one and the same crystal. Made
in terms of the T-function, subsequent treatment of these
processes in a crystal with an arbitrary modulation ��2��x�
yields

	P� = �C����2�3L2� 1

kTHz� �
m=−�

�

�m�
T�− 	 f�exp��i	 f/2���− 1�m − �m

*

	 f − 2�m

−
T�− 	b�exp�− �i	b/2���− 1�m − �m

*

	b − 2�m
��� . �20�

In case of negligible absorption, this expression takes the
form

	P� � �C����2�3L2 �T�	 f��2 + �T�	b��2

kTHz
. �20a�

As an example, for one of the crystal samples studied previ-
ously in the pump-probe scheme �10�, we have calculated the
spectral components 	P� for the induced probe beam trans-
mittance according to Eq. �20a�, at that using the results of
�T�	�� measurements by the SPDC method. As it is seen
from Fig. 4, calculated and directly measured dependencies,
taken in the range of a well-pronounced experimental peak
of forward generation, are in a good agreement. SPDC mea-
surements of the T-function together with the reliable data

�52–56� on the crystal dispersion properties in the optical and
THz ranges were able to predict the shape and position of the
measured line with a high accuracy.

C. Pulse shaping under ultrashort-pulse second harmonic
generation

In the general case, the frequency doubling of ultrashort-
pulse laser radiation may lead to a modification of the pulse
spectrum. According to the results of the previous sections,
the spectral distribution of the second-harmonic �SH� ampli-
tude is described as

A��,L/2� = i�2��2L/kc2�T�	 f�Csum��� , �21�

being determined not only by the pump field spectrum
Csum���, but also by the crystal T-function. This means that
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by choosing a sample with a properly wide T-function, one
can provide frequency conversion for all spectral compo-
nents of the pump. It may be important for the frequency
conversion of broadband continuous-wave radiation. Conver-
sion of the whole frequency band can be simultaneously ac-
cessible under the same orientation of the nonlinear element.
As for ultrashort-pulsed laser radiation, usually there is a
necessity to keep a pulse duration no longer than that before
frequency doubling. This also necessarily requires a suffi-
ciently wide spectral distribution for the T-function.

As it follows from Eq. �21�, the time-domain envelope of
the SH field depends on the T-function of the crystal sample
as

B2�t� = 2�i
L

n2c
� ��̃ + 2�o�T�	 f�Csum��̃�

�e−i�̃�t−�u−1�2�o��L/2
d�̃ , �22�

where �̃=�−2�o is frequency detuning, and dependency of

	 f on ��2�o+�̃ is given by Eq. �11a�. To preserve the time
duration of the SH pulse, or to make it even slightly shorter,
bulk or ideal periodically poled crystals are used as a rule,
but their length L has to be small enough—about hundreds of
microns for femtosecond pulses �58�. Indeed, the shape of
T�	 f� is given by �m sinc�	 f��� /2+�m�, where m=0 in the
case of a bulk crystal, or m= ±L /d in most cases of periodi-
cally poled crystals. The widths of bulk and quasi-phase-
matched maxima are the same for regular structures, corre-
sponding to the condition �	k � �2� /L. So, the simplest way
to provide T�	 f��0 in a broad spectral range is to make L

small. However, this reduces the overall conversion effi-
ciency. It may be more favorable to increase the width of
T�	 f� by taking aperiodically poled crystals, in which T�	 f�
consists of a large sequence of neighboring sinc-functions.
As it is clear from Eq. �22�, this possibility can be realized
only when the overlap function Bp�t� is complex. Then a
narrow �B2�t�� can be obtained by a special choice of the
phases of complex �m.

VI. CONCLUSIONS

We have studied the influence of nonregular spatial distri-
bution of the second-order susceptibility on the spectral char-
acteristics of nonlinear optical signals generated in inhomo-
geneous structures. General expressions were obtained for
the amplitudes of the waves emitted in sum- and difference-
frequency parametric processes both in forward and back-
ward directions, under continuous and short-pulse pumping
regimes.

It is shown that in the simplest approximation of constant
pump and linear amplification, the spatial inhomogeneity of
nonlinear properties determines the spectral shape of the gen-
erated signals via the crystal transfer function, the
T-function. Expressed in terms of dimensionless phase mis-
matches 	, this function T�	� has a universal character and
appears in various optical parametric processes. The type of
the process determines only the dependence of 	 on the fre-
quencies involved. A method for the prior measurement of
T�	� is proposed, based on spontaneous parametric down-
conversion in the visible range. The results of such charac-
terization of crystals with stochastic domain structures, de-
signed for applications in terahertz range, are presented.

Various profiles of the T-function can be designed in
ferroelectric multiply domained crystals. In periodically
poled crystals, T-functions consist of series of isolated
maxima, the shape of each line repeating the shape of the
T-function of a bulk uniform crystal. In aperiodically poled
crystals, special design of the T-function shape is possible.
This opens a valuable possibility to control the spectral shape
of quasi-phase-matched parametric signals. Frequency con-
version processes can proceed with equal efficiency in large
spectral and angular ranges simultaneously, for the same ori-
entation of the nonlinear element. Different applications of
this effect, possible under short-pulse pumping, are consid-
ered: designing the spectral shapes of generated and detected
THz signals, as well as pulse shaping under second harmonic
generation.
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FIG. 4. Spectral components of the pump-probe signal as func-
tions of THz frequency for a periodically poled Mg:Y:LiNbO3

crystal, measured directly �dashed line �10�� and predicted accord-
ing to SPDC data on the crystal transfer function �solid line�.
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