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The magnetization of one- and two-electron quantum dots and a series of quantum rings with increasingly
larger inner radii is calculated using a three-dimensional model with realistic finite confining potential, includ-
ing strain and Coulomb effects. A change in topology leads to a sharp response in the calculated magnetization.
The magnetization is also extremely sensitive to changes in the length of the inner radius of the ring. These
results suggest the use of magnetization as a tool, complementary to far-infrared spectroscopy, for probing the
topology of nanocrystals. Our calculations also reveal that atomic Zeeman splitting and, more especially,
electron-electron interaction induce significant changes in the magnetic moment of a quantum ring of nano-
scopic size.
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Magnetization measurements provide direct access to the
quantum electronic structure of semiconductor nanocrystals,
often outperforming transport or far-infrared absorption
experiments.1,2 For example, in few-electron parabolic quan-
tum dots the generalized Kohn theorem prevents dipole-
allowed transitions from revealing many-body effects.3 In
contrast, magnetization studies have been useful to observe
some of these effects, such as the spin-singlet-spin-triplet
transitions of the ground state.4 In mesoscopic quantum
rings, magnetization has also been used to investigate the
electronic properties of these nonsimply connected quantum
systems.5,6

Recently, self-assembled InAs/GaAs rings, which are in
the nano-scale, have been synthesized.7 These nanocrystals
have been imaged by atomic force micrography,8 but the
question of whether they preserve the ring-like topology af-
ter being covered with GaAs or not is difficult to assess.
Far-infrared experiments of one- and two-electron nano-
scopic rings in a magnetic field have been carried out in
order to clarify this issue.9,10 Although the results seem to
agree well with theoretical predictions for ring structures,9–11

the low resolution of the reported absorption spectra makes
any complementary confirmation highly desirable. Very re-
cently it has been reported that magnetization can be used as
a tool for probing the reduction of symmetry in quantum
dots.12–14 In this work we show that magnetization also re-
veals the topology of a nanocrystal.

The predicted response of nanoscopic rings to homoge-
neous magnetic fields seems to be different to that of meso-
scopic rings,15 then the effect of electron-electron interac-
tions may also be different. In the case of mesoscopic few-
electron rings where only the lowest Landau level is
populated, electron-electron interactions do not play a sig-
nificant role in magnetization.6 Since, to our knowledge, the
only theoretical study on the magnetization of few-electron
nanoscopic rings that has been performed so far only consid-
ers independent particles,16 we include in this note the study
of the magnetization of two-electron rings and dots with and
without Coulomb interactions in order to assess the role of
electron-electron interaction in nanoscopic sized rings.

The model we use is that in Ref. 11. The one-band effec-
tive mass Hamiltonian for the electron states, including a

magnetic field perpendicular to the ring plane, can be written
in atomic units as
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wherem=0, ±1, ±2, . . . is thequantum number of the pro-
jection of the angular momentum onto the magnetic fieldsBd
axis, n is the main quantum number,Vcsr ,zd is the finite
confinement potential corresponding to the geometries
shown in the insets of Fig. 1, andm* sEn,m;r ,zd and
gsEn,m;r ,zd stand for the energy- and position-dependent
mass and Landé factor, respectively.16 ac denotes the hydro-
static deformation potential for the conduction band, and«hyd
is the hydrostatic strain, which we calculate within the
framework of the isotropic elastic theory.17,18 It should be
underlined thatVc must be a step-like, finite confinement
potential in order to achieve a realistic description of the
effect of the inner hole and the magnetic field penetration
into the ring region.15,19 Finally, since exchange and correla-
tion effects are known to have a strong influence on the
magnetization of quantum dots with interacting electrons,1,20

a configuration interaction procedure is used to calculate the
two-electron eigenstates and eigenenergies. The two-electron
states can be labeled by thez projection of the total angular
momentum M =m1+m2, total spin S=s1+s2, and main
quantum number N.11 The total magnetization of the nanoc-
rystals at zero temperature is defined by

M = −
]Etot

]B
, s2d

whereEtot is the total energy for a given N-electron system.
We investigate self-assembled InAs quantum dots and

rings embedded in a GaAs matrix. The dot is lens-shaped
and the shape of the rings is a cut torus. The cross sections of
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the dot and rings can be seen in the insets of Figs. 1(a) and
1(b), respectively. Following recent measurements,8 we take
the height at the inner edge of the cross section of the rings
to be 4.5 nm and then we let it decrease as a spherical casket.
The outer radius of the rings is fixed at the approximate
experimental value of 60 nm and the inner radiussRind is
varied from 0 to 10 nm. The same material parameters as in
Ref. 11 are used here. We have assumed the InAs/GaAs
band-offset,Vcsmatrixd=0.77 eV, to be the confinement po-
tential. Such a potential has successfully described the ex-
perimental far-infrared resonances of InAs rings.11 However,
its finite magnitude allows some electron density charge to
spread over the inner hole of the ring, so that introducing an
inner hole does not actually change the topology of the elec-
tronic density distribution from a simple to a twofold con-
nected one. Instead, it produces a rather gradual transition.
Assuming higher confinement barriers would lead to a fur-
ther enhanced quantum ring-like electronic structure,21 but
again it is worthwhile noting that our conclusions are ob-
tained for a realistic, finite, value of the confinement poten-
tial. Equation(1) is integrated numerically by employing fi-
nite differences in a two-dimensional gridsr ,zd. The

configuration interaction calculations include all the single-
particle states up to 35 meV away from the ground state for
the ring structures and up to 50 meV for the quantum dot.
We have checked that the use of larger basis sets does not
significantly change the low-lying two-electron states within
the range of the magnetic field that is studied.

Figure 1 shows the electronic structure vs a magnetic field
for nanocrystals withRin=0 (a), and Rin=5 nm (b). Solid
lines are used for spin up and dotted lines for spin down
levels. It can be seen that the changes induced by the pres-
ence of the inner hole of the ring in the monoelectronic en-
ergy structure are dramatic. It significantly reduces the en-
ergy spacing between consecutive azimuthal levelssm
=0, ±1, ±2, . . .d at B=0. As a result, changes in thez com-
ponent of the ground state angular momentum, fromm=0 to
m=−1 and from m=−1 to m=−2, take place at 2.8 and
8.6 T, respectively, while the quantum dot ground state is
m=0 over the whole range under study, 0–20 T. Indeed,
these angular momentum changes in the ground state never
occur in the one-electron dot, where the low-lying levels
converge to the first Landau level without crossings.3 Al-
though differences between quantum dot and ring energy
structure were expected from the topological change of the
potential, their magnitude is worth highlighting. Typical
InAs self-assembled rings have an inner radius ranging be-
tween 10 and 15 nm.8,9 Therefore, the evolution of their en-
ergy levels with a magnetic field will show a behavior that is
clearly different to that of a quantum dot. This can be seen in
Fig. 2, where the magnetization curves of a quantum dot and
quantum rings with increasingly larger inner radii are de-
picted. The magnetization curves are offset by 1.0 meV/T
for clarity. In the quantum dot limitsRin=0d, magnetization
is smooth over the entire range of studied magnetic fields.
However, an inner radius as small asRin=1 nm already leads
to a discontinuity(or step) at 11.3 T. Such a step is related to
the change in ground state angular momentum in the quan-
tum ring, as described above. By increasing the inner radius,
the step shifts toward weaker magnetic fields and becomes
sharper. This is because the slope of the energy levels in a
magnetic field gets steeper as the ring becomes narrower.16

An inner radius ofRin=5 nm already yields two steps that
can be seen at 2.8 and 8.6 T. These steps correspond to the

FIG. 1. Energy levels vs magnetic field of one electron in a
quantum dot(a) and in a quantum ring withRin=5 nm (b). Solid
lines denote spina levels, and dotted lines spinb levels. The insets
show the cross section of the investigated dot(upper panel) and ring
(lower panel).

FIG. 2. Magnetization of one-electron nanocrystals with in-
creasing inner radius. From bottom to top the curves correspond to
Rin=0 nm, Rin=1 nm, Rin=2 nm, Rin=5 nm andRin=10 nm. The
curves are offset by 1.0 meV/T.
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level crossings in the ground state shown in Fig. 1(b). An
inner radius ofRin=10 nm yields three steps at about 2, 6.2,
and 10.6 T. It should be noted that the magnetization curves
are not periodic. This is due to the penetration of the mag-
netic field into the ring region.5,15 Finally, by increasing the
magnetic field the additionally arising steps gradually be-
come flatter due to the smaller changes in slope at the cross-
ing points (see Fig. 1(b)). It can be concluded from Fig. 2
that the magnetization of a one-electron quantum dot is
markedly different to that of any quantum ring. These differ-
ences can be traced at relatively low magnetic fields, even
for inner holes as small asRin=1 nm.

In quantum dots, electron-electron interaction pushes the
magnetization steps toward lower values of the magnetic
field.20 Hence, we calculate the magnetization of a two-

electron dot and rings with various inner radii to investigate
whether it is possible to distinguish them by means of fields
that are even weaker than in the one-electron case. The cor-
responding results are plotted in Fig. 3, the curves being
offset by 1.0 meV/T. A major difference with respect to one-
electron magnetization can be found in the magnetization
curve of the quantum dot: whereas in Fig. 2 no step was
present in theRin=0 curve, in Fig. 3 a step shows up at
11.15 T. The origin of this new step is the spin-singlet-spin-
triplet transition that the exchange energy induces in the
ground state of two-electron dots.22 Such spin oscillations
are also present in the ground state of two-electron quantum
rings,11 and thus a step can be also seen in theRin=1 nm
curve, but at a magnetic field that is much lower than that of
the dot. Further steps appear when the size of the inner hole
increases. In general, the steps of the two-electron quantum
ring magnetization show up at weaker fields than in the one-
electron case. This is mostly due to the exchange interaction.
Our results highlight the fact that low-field magnetization
measurements unambiguously reveal the topology of cov-
ered InAs/GaAs nanocrystals with one or two electrons. It
should be stressed that ring morphology is evidenced by the
presence and the position of the magnetization steps. This
probe can be complemented with estimates of the circular
symmetry also performed using magnetization data, since
asymmetry leads to variations in the size of the steps, rather
than in their positions.12,13

In order to study the influence of Coulomb interaction on
the magnetization of nanoscopic rings, in Fig. 4 we illustrate
the magnetization curves of a one- and two-electron quantum
ring with Rin=5 nm, and those of the one- and two-electron
quantum dots, which are shown for comparison. Figures 4(a)
and 4(b) show the magnetization of the one-electron dot and

FIG. 3. Magnetization of two-electron nanocrystals with in-
creasing inner radius. From bottom to top the curves correspond to
Rin=0 nm, Rin=1 nm, Rin=2 nm, Rin=5 nm andRin=10 nm. The
curves are offset by 1.0 meV/T.

FIG. 4. Magnetization of a one-electron quantum dot(a), a one-electron quantum ring withRin=5 nm(b), a two-electron quantum dot(c)
and a two-electron quantum ring withRin=5 nm (d). In (c) and (d), solid lines represent interacting electrons and dashed lines non-
interacting electrons.
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ring, and Figs. 4(c) and 4(d) and show the magnetization of
the two-electron dot and ring, respectively. In Figs 4(c) and
4(d), solid lines are used for interacting electrons and dashed
lines for non-interacting electrons. The two-electron magne-
tization without Coulomb interaction can be constructed
from the single-particle levels of Fig. 1 assuming single oc-
cupancy of the two lowest one-electron spin-orbitals(which
are not degenerated exactly due to Zeeman splitting) at each
value of the magnetic field. Therefore, for the quantum dot
the magnetization of non-interacting electrons is the same as
that of the one-electron case but about twice as big in mag-
nitude. Only when Coulomb interaction is included a step
can be found in the magnetization curve. This originates
from the possibility of spin oscillations, which is in turn
induced by the electron-electron interaction. Moreover, it can
be seen that the electron-electron interaction increases the
magnitude of magnetization in the field regionB,11 T. The
underlying reason is that the repulsive Coulomb interaction
makes the ground state of interacting electrons be more ex-
tended than that of non-interacting ones.20 For the quantum
ring, the two-electron magnetization is clearly different than
that of the one-electron case even in the absence of Coulomb
interaction. This can be explained in terms of the contribu-
tion of the atomic Zeeman term to the one-electron energy
structure. In the absence of an atomic Zeeman term,s=a
and s=b states in Fig. 1(b) would be degenerate and the
magnetization of the non-interacting electrons should be
similar to that of the one-electron case but with sharper steps.
However, the atomic Zeeman term lifts the degeneracy of
s=a ands=b states atBÞ0. This originates short magnetic
field domains where the two-electron ground state is a triplet
(around 2 and 8 T in Fig.1(b)), and such triplet ground states

give rise to the additional magnetization steps which do not
appear in the one-electron case. Moreover, the triplet states
domains’ grow wider as the magnetic field increases because
of its larger Zeeman contribution to the energy. On the other
hand, when the Coulomb interaction is considered very im-
portant changes take place in the quantum ring magnetiza-
tion: the position of the steps is very different than that of the
non-interacting picture due to variations in the electron inter-
level spacing and to exchange interactions, which in turn
favor the triplet ground state configuration. The exchange
interaction also accounts for the sharper steps coming from
the triplet ground state. It is therefore concluded that both
atomic Zeeman splitting, which is often neglected in InAs
rings calculations(on the grounds that it makes a relatively
small contribution to the energy),9,23 and the Coulomb inter-
action are essential for a realistic description of the magnetic
properties of nanoscopic rings. The role of electron-electron
interaction in few-electron nanoscopic rings is thus remark-
ably different to that predicted for mesoscopic rings using a
two-dimensional model with parabolic-like confinement.6

In summary, we have studied the magnetization of one-
and two-electron nanoscopic dots and rings with different
inner radii. Magnetization is very sensitive to the presence
and size of an inner hole. Thus, it can be used to probe the
topology of a nanocrystal using relatively weak magnetic
fields. We have also found that atomic Zeeman splitting and
electron-electron interaction cannot be neglected in calcula-
tions of magnetic properties of few-electron nanoscopic
rings.
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