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Mini black holes and the relic gravitational waves spectrum
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In this paper we explore the impact of an era—right after reheating—dominated by mini black holes and
radiation on the spectrum of relic gravitational waves. This era may lower the spectrum by several orders of

magnitude.
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[. INTRODUCTION cosmological modelsor to restrict themby comparing the

theoretical spectrum of RGWs produced with the maximum

Gravitational wave detection is a very topical subject andvalues allowed by the CMBR anisotropy data and primordial
a great effort is underway in that direction. There are fivenucleosynthesis.
cryogenic resonant-bar detectors of gravitational waves in The RGWs production has been usually linked to infla-
operation, sensitive ground-based laser interferometers wition, though inflation is not the only process leading to a
be operational soofiaser Interferometer Gravitational wave RGWs spectrun{5,6]. By contrast the recently proposed
observation(LIGO), GEO600, and VIRGP[1-3]; mean-  scenario of Khouryet al. [7] does not lead to a spectrum of
while TAMA300 is collecting data at their level of sensitivity RGWSs. The spectrum in an expanding universe with a de
and the space-based Laser Interferometer Space Antenfdtter inflationary era followed by a radiation dominated era
(LISA) is planned to be launched around the year 21 and finally by a dust dominated era was calculated by several
Plans for advanced ground-based interferometers are also bauthorg8,10,1] and a general expression for the creation of
ing developed. RGWs in a multistage model was derived by M4lHL].

The most serious hurdle in the detection arises from th&ther cosmological models can be used to obtain in each
very weak interaction of gravitational waves with matter andcase a spectrum of RGWs, e.g., an initial inflationary stage
other fields. Only at energies of the order of the Planck scaléifferent from the de Sitter ongl2], a model with an inter-
(~10* GeV) will gravitational interaction become as strong mediate additional era of stiff matter between a power law
as the electromagnetic one. Paradoxically this fact makekflation and the radiation efd3].
their detection so attractive, as it would give us information The aim of this paper is to calculate the power spectrum
about the epoch at which gravitational waves were decouef RGWs in a spatially flat Friedmann-Robertson-Walker
pled from the cosmological dynamics, i.e., the Planck time.universe that begins with de Sitter era, followed by an era

Gravitational waves can be produced by local sourcesgominated by a mixture of mini black holé#1BHs) and
such as coalescing stellar-mass black holes, compact binafgdiation, then a radiation dominated eedter the MBHs
stars, and supernovae explosions, or can have a cosmic ofivaporate and finally a dust dominated era. We will also
gin, such as the decay of cosmic strings and the amplificatiofee what constraints on the free parameters of the cosmologi-
of zero-point fluctuations due to the expansion of the Uni-cal model can be drawn from the CMBR.
verse. Waves of the latter type are usually called relic gravi- As it turns out, the era dominated by a mixture of MBHs
tational waves(RGWs and should form an isotropic sto- and radiation leads to a significantly reduced power spectrum
chastic background somehow similar to the cosmicof RGWs at presenttime. This may have implications in case
microwave background radiatiofCMBR), but without a  LISA does not detect a spectrum.
thermal distributior{5]. As is well known, RGWs are a un-  Except occasionally, we will use units for whidh=c
avoidable consequence of general relativity and quanturkg=1.
field theory in curved space-time.

From the point of view of cosmologists, obtaining data of
RGWSs spectrum will be extremely interesting as it would !I- RGW SPECTRUM IN AN EXPANDING UNIVERSE
make it possible to reconstruct the scale factor of the Uni- A. Basics of RGWs amplification
verse. Different cosmic stages of expansion with different

equations of estate for the matter content will produce a well e consider a flat FRW universe with line element

determined power spectrum of RGWSs. Even without data of _ 2 2T dqr24 12402

) : ; =—dt°+ +
the spectrum of RGWSs, we can still get useful information ds'=—dt*+a()*dri+r*d0?]
by analyzing their influence in well-known processes such as =a(n)’[—dn’+dr2+r2dQ?],

primordial nucleosynthesis and the anisotropy they would

induce in the CMBR. It is possible to test the validity of _ _
wheret and » are, respectively, the cosmic and conformal

time[a(7)dnp=dt].
*Email address: german.izquierdo@uab.es By slightly perturbing the metric dj;=g;;+hj;,|hj]
"Email address: diego.pavon@uab.es <|gjj|.i,j=0,1,2,3) the perturbed Einstein equations follow.
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To first order, the transverse-traceless tensor solution which (
represents sourceless weak GWs can be expres$éd,as| - H_177 (—e<n<n<0)
haﬁ(ﬂ,x):f hi%(7.x)d%k, a(n={ 4 7]2(77—2771) (m1<n<1,) @)
1771
1 (p+m—4n)?
(k) _ um) 2 — (72<n<mnp),
haﬁ( 77!X)_ a( 7]) Gaﬁ(kvx)! (1) \ 4H17]1 772 2771

where the subindices 1,2 correspond to the sudden transitions
where greek indices run from 1 to 3, akds the comoving  from inflation to radiation era and from radiation to dust era,
wave vector. The function®,,s(k,x) and u(7) satisfy the  H, represents the Hubble factor at the end of the inflationary
equations era and the subindex 0 indicates the present time.
The exact solution to Eq3) for each era specifies to

Gh7=-KGE, GE,=Gi=0, 2 L
() mi(17)=C| cogkn+ d’l)‘@sm(k??"' 1)
a!/ 7]
" 2_ —

K (77)+(k a(n) #(m=0, ©) (inflationary era, (5)
where the prime indicates derivative with respect to confor- ur(1)=Cgsin(knr+ ¢;) (radiation erg, (6)
mal time andk=|k| is the constant wave number related to 1
tﬁe phy_S|caI wavelength and frequency k=2mal/\ 1o(7)=Cp| cosknp + dp) — ——sin(kyp+ bp)
=27af=a w. k7p

. IB . . . X .

The functionsG/, are combinations of exgf(ik - x) which (dust era, )

contain the two possible polarizations of the wave, compat-

ible with conditions(2). . .
. . . . where C , are constants of integratiomg=
Equation(3) can be interpreted as an oscillator parametri- ol ib'*R'D gratiome=7
=27, andypp=n+n—47; .

cally excited by the terma”/a. When k?>a"/a, i.e., for ; ; -
high-frequency waves, expressi®) becomes the equation Itis possible to expresSr, ¢r andCop, ép in terms of

: ) A 1, ¢, andCg, g, respectively, ag.(») must be continu-
of a harmonlc(k())scnlator. whose SOIUt'O.n 'S a free W,a;/?‘ Theous at the transition timeg= 7, and = 7,. Averaging the
amplitude ofh;3(#,x) will decrease adiabatically &~ in

. . ) ) solution over the initial phase, the amplification factor is
an expanding universe. In the opposite regime, wkén

X ) X L found to be

<a"/a, the solution to Eq(3) is a lineal combination of

wia(n) andu,xa(n)fdy a2 In an expanding universe 1 (k>—1/7,)
mq grows faster tharnu, and will soon dominate. Accord-
ingly, the amplitude ofh{%(7,x) will remain constant so
long as the conditiork’<a”/a is satisfied. When it is no
longer satisfied, the wave will have an amplitude greater than
it would have in the adiabatic behavior. This phenomenon is It is usual to consider that the initial vacuum spectrum of
known as “superadiabatic” or “parametric amplification” of RGWs h;(k) is proportional tok [8]. The rationale behind

C B
R(k)=?'\lﬂ~ k=2 [—Unp>k>1U(npo)]
k™3 [U(np2)>K].

gravitational wave$8,15). that is the following. One assimilates the quantum zero-point
For power law expansioas 7' (I=—1,1,2 for inflation- ~ fluctuations of vacuum with classical waves of certain am-
ary, radiation dominated, and dust dominated universes, rdlitudes and arbitrary phases; consequently it is permissible
spectively the general solution to E@3) is to equalizeh w/2 with the energy density of the gravitational
waves, c*h?/(GA?) times A3, Thereby the initial vacuum
M(77):(k77)1/2[K1JI71/2(k77)+K2J7(|71/2)(k77)]1 spectrum of RGWs is given bly(k) ok [8,9].

Accordingly, the spectrum of RGWs in the dust era will

be
whereJ,_1(k7), J_-12(kn) are Bessel functions of the
first kind andK , are integration constants. k (k>—1/7,)

hi(k)=R(K)hi(k)~{ k™' [=1n>ks>1(np,)] (8)

B. Spectrum K2 [ py)>K].
Here we succinctly recall the work of Grishch{&] to
obtain the RGW spectrum in a universe that begins with a de
Sitter stage, followed by a radiation dominated era and a dust
era till the present time. Transitions between successive eras The classical amplification mechanism may be seen as a

are assumed instantaneous. The scale factor is spontaneous particle creation by the gravitational field acting

C. Bogoliubov coefficients
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on the initial quantum vacuufi0,11,16,17. This is possible where x=k# and i, is an arbitrary constant phase and
as the GW equation is not conformally invariant whenH() (x) is the Hankel function of order 3/2. The proper

a”’/a#0 even in an isotropic backgroufd5]. modes of the radiation era are
The GW equation may be interpreted as the massless _
Klein-Gordon equatiofi10]. Its solution can be written as ur=(m/2)e "Rk~ U L2H () (xg), (12)

. — (k) + AL p® 3 wherexg=k(n—2%,) and ¢ is again a constant phase.
iy (7.%) f [Agohiy” (k) Agghi” (k) 1d%k, — (9) The two families of modes are related by

1 . pi(m)=a1pur(n) + Biur(7). (13
hi(jk)(er) = _eij(k)lgk()—(;’)e'k'x, i
\/; 7 From the continuity ofu (%) at the transition timerp; we
whereAy , A(Tk) are the annihilation and creation operators,Obtaln
respectivelyg;; (k) contains the two possible polarizations of i 1
the wave anduy(7) is a solution to Eq.(3), as in the a=—1+—+ — = (14)
. . . . 1 k 2! 1 P
classical approach, but with the additional condition 7 2(kmny) 2(km1)

where we have neglected an irrelevant phase. The modes
with frequency at the transition time=2mk/a(»,) larger
which comes from the commutation relations of the operathan the characteristic time scale of transition are exponen-
tors Ay, A{k) and the definition of the fielch;;(7,x) tially suppressed. The characteristic time scale is usually
[17,16]. taken to be the inverse of the Hubble factor at the transition,
Solution (9) can be expressed in terms of another familyHz * in this case. The coefficients will be,;=1 and 8,
of orthogonal modesugy(7) as, in contrast with the =O for RGWs with k>2ma;H; and Eq.(14) when k
Mikowskian space-time, in a curved space-time there is no~27a1H. ) )
privileged family. The two families of modes are related by a N the dust era¢> 7,) the solution for the modes is

Bogoliubov transformation S
pp=(ml2)e' "ok VxEH ) (xp), (15

M(k)M?k)‘MZ‘k)M(’k): i (10

K (1) = apgo( )+ Bulo (1), . -
(o where xp=k(7+ 7,—47,) and is related to the radiation

wherea, B are the Bogoliubov coefficients. The number of ©N€S bY
particles of the familyuy, Ny, contained in the vacuum

— = + Boup (7). 16
state of the modegy is given by #r(7) = azuo(n)+ Bop(7) (16

- _ Similarly one obtains
(0[N 0)=(0|AflyA|0)=|BI>.

It is necessary to ascertain which of the solutions to Eq. a,=—i| 1+ ! — ! ,
(3) correspond to real particles. An approach to that problem 2k(m2=2m1)  8[K(m,—271)]°
is known as the adiabatic vacuum approximafi@6]. Basi-
cally, it assumes that the curved space-time is asymptotically i
Mikowskian in the limitk—ce. In that limit, the creation- B2= X
destruction operators of each family exactly correspond to 8lk(72=2m1)]

those associated with real particles and consequentiy. éor k<2ma(n,)H, and a,=1, B,=0 for k>2ma(n,)H,

and B8=0 as the two families of modes represent the sam . o
vacuum state in the Mikowskian space-time. This argumen‘f\’herm_'2 is the Hubble factor evaluatec_i at the transitipn
In order to relate the modes of the inflationary era to the

is identical to that made in Sec. Il A, solutions to E8). with ;

k>a'/a are free waves and they do not experience amplifi-mOdeS of the dust era, we make use of the total Bogoliubov

cation coefficientsat,, and B+, [10,11]. Fork>2ma;H4, we find
Following Allen[10] and Maia[11], we will now evaluate th";t aszztrl]' BTffr?:.O;t In thf rangc;je %31H1>|fj

the number of RGWs created from the initial vacuum state if ﬁ'a? 2{(<§ coe |C||_e|n S aragtrz_— Ct“ﬁ 6,:” Brrz=p1, an

an expanding universe. In the three-stage cosmological@"V Tor ma(72)H, we obtain tha

model we are considering with the scale factor given by Eq.

(4), the initial state is the vacuum associated with the modes Brip= — 2(72—2n)+m

of the infla’Fionary staggu,_(_n), which are a solution to Eq. re 8k377§( 7,2_2,71)2'

(3) compatible with conditior(10). Taking into account the

shape of the scale factor at this era the modes are Thus the number of RGWs at the present timgecreated
o from the initial vacuum state N ,,) = | Br,2| >~ o~ 8(7,) for
= (Vwl2)e ik YAIH ) (), 1) w(mg)<2m(a/agH,, o *(5y) for 2m(a,lag)H;
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>w(ng)>2m(alag)H,, and 0 for w(ng)>2m(ai/ag)Hy, the density of MBHSs is large enough to dominate the expan-
where we have used the present value of the frequencgion of the Universe, the=1. In the opposite case, the
w(ny)=kla,. Universe expansion is dominated by the radiatipr;4/3,
Assuming that each RGW has an energya ), it is  and the Universe undergoes the three stages of the previous
possible to express the energy density of RGWs with fresection. From the Einstein equations and Ef) one finds
guencies in the rangan(7),w(7n)+dw(7)] as a(n)<y', where |=2/(3y—2)(=1< |<2) during the
“MBHSs +rad” era. The MBHs eventually evaporate in rela-

() tivistic particles after some time span whose duration is
dpg(n)=2hw(7) mdw( 7) [{Ny)=P(w(n))dw(n), model dependent.
17
whereP(o(7))=[w3(7)/7*](N,) denotes the power spec- A. Power spectrum
trum. As the energy density is a locally defined quaniy, Assuming that the expansion of the Universalsinitio

loses its meaning for metric perturbations with wavelengtnrdominated by the vacuum energy of some scalar fidie

N=2mlw(n) larger than the Hubble radiud (7). The inflaton), then dominated by the mixture of MBHs and radia-

present power spectrum of RGWSs predicted by this model igion, later radiation dominatethfter the evaporation of the
MBHSs), and finally dust dominated up to the present time,

0 [w(mno)>2m(a;/ag)H,] the scale factor of each era is
P()~ o Hno) [27(az/ag)Ha<w(no) a(7)
<2’7T(a1/a0)H1]
w0~ ¥(79) [2mHo<w(n0)<2m(a,/apg)H,]. ——— (—w<yp<y;<0) (inflation)
(18 Hyn
[7IBH]|

We can compare these results with the classical ones of the _v/BRl
previous subsection. The energy density of created RGWSs in I"Hy(— )" *2
the classical approach is defined from the spectrufi®hs =

(m<n<m,) (“MBHSs +rad” era)

-1
~ 1, H(W_L)H.]_WR (72<7n<ms3) (radiation era
pg~f h?(k)kdk (19 1(=71)
#reatio (7r2)' "t
2 <9< dust era,
From Eqs.(17) and(19) it follows that 2H(— 771)'“7703[%] (m3<n<1m0) ( a

P(k)~khZ(k).
where  ngy=7n—(1+1)n1, #7r=7+[(1=1)/1]5~[(l
Thus both descriptions agree with regard to the dependencel)/11ny, np=n+73+2[(1—1)/1]np,—2[(1+1)/1] 7y,
on h; and the ranges of the wave number of the spectrum offjro=[7,— (1 +1)n,]/l, and npz=2{ns+[(1—-1)/1]n,
RGWs, as for a power law scale factor the Hubble factor is—[(I +1)/I1n.}. As in the previous section, the transitions

H(n) =1(na(y)) . between stages are assumed to be instantaneous.
The shape ofu(7) can be found by solving Eq3) in
lll. RGWs IN A FRW UNIVERSE WITH AN ERA each era. For the de Sitter et 7) is given by Eq.(11) as
OF MINI BLACK HOLES AND RADIATION above. For the “MBHs-rad” era the solution of3) is
In this section we evaluate the spectrum of RGWs using , P
the method of the Bogoliubov coefficients in a more general wen=(Val2)everk =V 2H2) (xg,),
model than the conventional three-stage model of the previ-
ous section.

As is well known, mini black holes can be created by Wheréxen=K 7g, anditis related to the modes of inflation
quantum tunneling from the hot radiatipbs]; some cosmo-  PY the Bogoliubov transformatiofi3) with ug replaced by
logical consequences of this effect have been studie®d. MBH - By evalu_atmg the Bogoliubov coefficients at the tran-
We shall assume that these MBHs are created right after trition we obtain
inflationary period(once the reheating is accomplisheohd
coexist with the radiation until they evaporate. During that 129!
era the total energy density can be approximated pby all, Igllz—k*(Prl),
=pgy+ pr and the total pressure is (—Ipy)'tt

P=pPeutPr=(y—1)p, (20 | |
whenk<2ma;H; anda;=1, 8;=0 whenk>27ma;H;.

where 1= y<4/3. MBHs follows the dust equation of state  The solution for the radiation era is agdih?) with xg
pgy=0 as they can be considered nonrelativistic matter. If=k zg. The coefficients that relate E(L2) with ugy are
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| 1 7T|XR2
@="3\"7

- Hl(-2+)1/2(|XR2)

1 ’7T|XR2
[
:32 2 2

2
- HI(+)1/2(|XR2)

1

Xon i ) Hl(g)1/2(|XR2)
R2

iX
e'*r2,

+i | HPIXgo)

XR2

—ix
e ¥Rz,

whenk<2ma,H, anda,=1, 8,=0 whenk>2ma,H,.
The modes of the dust era are given by Ebtb) with

Xp =Kk np and are related to the modes of the radiation era by

the coefficients

1
)1 :83:|_

2 1
2Xp3

i
agz= _| 1+
Xp3

whenk<2mazH; and a;=1, B3=0 whenk>2masHs.

2
2Xp3

In order to evaluate the spectrum of RGWs the total Bo-
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a;
P=0 | w>27—H,]|,
2N

2142

2-2152l
| 2 H%I+2w7(2lfl)

ai

dp

Pz
77_2

a az
27T_H1>Lt)>27T_H2 y
dp Qp

4 22/

a
=l

ai
a

12-4(212—-31+1)?
P=

HY g~ (41-3)
6412 !

a as
(277—H2>w>27T—H3),
dp dp

41+4 2

2-4l 512 _ 2
P:I (21°=31+1) HA+2 (@ -1)

1672

ai
Qo

Qp
as

a
(ZWa—3H3>w>27rHO). (23)
0

goliubov coefficients are needed. The coefficients relating
the initial vacuum state with the modes of the radiation state Comparing the power ofs in Eq. (18) and (23) for o

can be evaluated with the help of the relationships

R N I ol 1, I% gl
arp=azart+ By B, PBr=Brartay B,

and one obtains

1,0 (k>2ma;H,)
ay, BY (2maH;>k>2ma,H,)
|='2(212—-31+1)
8(—In) " nro)' "

[ L
atrps Prre=

k=2 (k<2mayH,).
(21)

Finally, the total coefficients that relate the inflationary

modes with the modes of the dust era evaluated from

L * ol I * ol
atiz= azart B3 Pz Bris=Baaryt az B

are found to be

ripy By (K>2magHs)

—1+2 2_
TIP3 g

| |
Qroa, =~
T3: Fiea 8(—171) "M 7r)' 103
2

<2m(a;/ag)H¢, we conclude that the four-stage scenario
leads to a higher number of RGWs created at low frequen-
cies than the three-stage scenario. This fact can be explained
intuitively with the classical amplification approach. In the
three-stage scenario the RGWs are parametrically amplified
as long ak®<a’(n)la(n). For n=mn,, a"(y)/a(y) van-
ishes and there is no more amplification. On the other hand,
in the four-stage scenario the RGWs witho
<2m(a;/ag)H, are amplified untily, by the same term
a"(n)la(n)=2/7? than in the three-stage model and from
71 to 7, by the terml (1 — 1)/7723H. Consequently they have

a larger amplitude in the radiation era.

Figure 1 shows spectruii23) for [=2 andl=1.1. As is
apparent, the four-stage scenario gives rise to a much lower
power spectrum than the three-stage scenario assuming that
in each case the spectrum has the maximum value allowed
by the CMBR bound. The higher the MBHSs contribute to the
energy density, the lower the final power spectrum.

In this four-stage cosmological scenario, the Hubble fac-
tor H(#) decreases monotonically, while the energy density
of the RGWs for »> 73 can be approximated by,(7)
~H~4%2( ), thereby it increases with expansifiil]. Ob-
viously this scenario will break down befopg(7) becomes
comparable to the energy density of matter and/or radiation
since from that moment on the linear approximation on
which our approach is based ceases to be valid. The param-

We are now in a position to calculate the current spectruneters of our model will be constrained such that this cannot

of RGWs. Taking into account that
—m=(aH) "t 7re=(az/a)(a;Hy) 7Y,

7p3=2(as/az)(az/ay) M (agHy) 7t

and w=k/a,, the power spectrur®(w) can be written as

happen before the current era.

B. Evaluation of the parameters

At this stage it is expedient to evaluate the parameters
occurring in Eq. (23). The redshiftag/as, relating the
present value of the scale factor with the scale factor at the
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Biiad” era for certain values df =, andH,. The spectrum predicted

for the three-stage model of the previous section is plotted for compatisdn, It is assumed that each spectrum has the maximum value

allowed by the CMBR anisotropy data at the frequeacy 27Hy=2
I=2 is excluded as it yields a CMBR anisotropy larger than that

transition radiation-dust may be taken as*1@1]. The
Hubble factorH, is connected to the density at the inflation-
ary era by

_E3m,23| 2
P1 %87 1

where we have restored momentarily the fundamental co

stants. In any reasonable model the energy density at tha
density

time must be larger than the nuclear
(~10*® erg/cn?) and lower than the Planck density
(~10"5 erg/en?) [22], therefore

10° s i<H; <108 s 1. (24)

.24x10 ¥ s, In the bottom-right panel the power spectrum with
observed.

[+1 \M0+1)

a
2:(1+H1

ai

T (25)

where 7 is the time span of the “MBHs$rad” era which
depends on the evaporation history of the MBHs. The sim-
plest model assumes that the MBHSs are all created instanta-
nr_1eous|y at some given time with the same mass and termi-
nfate their evaporation simultaneously. If the MBHs
evaporated freely, their mass would evolve according to
(dM/dt) free= — 9, Mp/(3M?) [23], whereg, is the num-

ber of particles for the black hole to evaporate into. How-
ever, it is natural to assume that the MBHSs are surrounded by
an atmosphere of particles in quasi thermal equilibrium with
them. Therefore we haJ¢d M/dt) ;| <<|(dM/dt)¢,.¢ for a
comparatively long period whence the span of the “MBHs

Using the expression of the scale factor at the “MBHs +rad” era is larger than if the MBHs evaporated freg?].

+rad” era in terms of the proper time, one obtains

Other possible model consists in considering that MBHs are
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2

created according to some nucleation rate during the era, a; |\ 4" a,

instead of being all nucleated instantaneously. These possi- ~ 1>(2m)~*1274(212—3| +1)? a_> P

bilities give us some freedom on evaluating 0 3
However, the “MBHSstrad” era span should be longer H, 3 H, |41

than the duration of the transition gt (as the transition is X (ﬁ) (H_) '

assumed instantanequsn calculating the spectrum of 3.72<10" s 0

RGWs. To evaluate the adiabatic vacuum cutoff for the fre-

quency we have considered that the transition between wha@d consequently
ever two successive stages has a duration of the same order

as the inverse of the Hubble factor. This places the additional

constraint f(I,Hy,7)=—107.69+I

1 l 1

T>H (26)

—(21—2)log,q +(—41+2)

[+1
1+ l_Hl’T

Finally, a, /ag can be evaluated from the evolution of the

2_
Hubble factor until the present time xlogyo(1) 2 logyo( 217 =31 +1)<0. (29

2 (-1 2 We next consider different values fbiand 7.
= ) a2 a1 . (i) Whenl=1.1, relation(29) reads
o \a; a ap)
. . Hy
The current value of the Hubble factor is estimated to be f(1.1H,,7)=—76.71+2.20logo| ——
2.24x10 8 s 1 [25] and 1s
—0.2logg( 1+1.91H,7)<0, (30
a, 2_ as| 2 o I+1 |\ @D+ Dy , 910( 17) (30)
ag) lag T H, @) see Fig. 2. From it we observe the following.

(1) For 7< 7 11=1.22x10"% s, condition(30) is satis-

The only free parameters considered here lare, and ~ fied if H,<8.13<10*'s™* and conflicts with Ea.(26),

H,, with the restrictions ¥1<2, Eq.(26), and Eq.(24). Wh'CIh_'lnlthe most favorable caselit, =8.13x 103_ s~ for
The two first free parameters depend on the assumptiofi=7¢ . Forl=1.1, there is no compatibility with the ob-

made on the MBHs, although it is possible to obtain rigorousserved CMBR anisotropy when<r, . Thus, this range

constraints orH, and 7 from the density of the RGWs. of 7 is ruled out.
(2) For 7>7--11, one obtaingH,<H.~>%7) from con-
C. Restrictions on the “MBHs+rad” era dition (30). H."*%(7) is always larger tham—* in the range

considered, e.gH. (7=10"%5)=2.40x10° s . Tak-

It is obvious thafp, cannot be arbitrarily large, in fact the ing into account Eq(26) one obtains that conditiof80) is
RGWs are seen as linear perturbations of the metric. Thgatisfied forr*1<H1<H'=1'1(r)
c .

linear approximation holds only fqiy(7)<p(7), p(7) be-

ing the total energy density of the Universe. Several obserr-1
vational data place constraints pg. The regularity of the
pulses of stable millisecond pulsars sets a constraint at fre- H
quencies of order 10 Hz [26]. Likewise, there is a certain f(2H — _51.89+4]
maximum value forp, compatible with the primordial nu- (2H1,7) ' OG0 1571

(i) Whenl =2 (expansion dominated by the MBHwe
ave

cleosynthesis scenario. But the most severe constraints come
from the high isotropy degree of the CMBR. We will focus —2logo( 1+ 1.5H;7) <0, (32)
on the latter constraint. Metric perturbations with frequencies
between 106 and 10 *® Hz at the last scattering surface see Fig. 2. Inspection of Eq31) and Fig. 2 reveals the
can produce thermal fluctuations in the CMBR due to thefollowing.
Sachs-Wolfe effecf27]. These thermal fluctuations cannot (1) For < 7-2=6.75<10 s, one obtains H;
exceed the observed value 8f/T~5x10 6. <10 s ! which is totally incompatible with conditio(26),
A detailed analysis of the CMBR bound yielfs, 28| H,>1.48< 10 s ™! for 7= 7.2 in the most favorable case.
RE: Thus, the regionr< 7'|C:2 is ruled out as predicts an excess of
Qgh§00<7>< 1011( TO) (Ho<f<30xHgy), (29 anisotropy in t?:eZCMBR. . , _
(2) For 7>7, <, one obtaindH;<H_ “(7) from condi-
tion (31). H.=%(7) is always larger than 1.4810'% s™* for 7
whereQq=fP(f)/po, po=3 cnpHZ/ (8w#) andHo=hyo, in the range considered, e.gHg *(r=10°s)=1.35
X 100 km/(3< Mpc), h;05=0.7. The CMBR bound for spec- X 10'® s71. Conditions(26) and (31) are both satisfied in
trum (23) evaluated at the frequeney=2H, reads[30] this range forr 1<H;< H'sz(r).
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FIG. 2. The left panel depicti(1.1H,,7) vs logH, for (@) 7=10"*°s, (b) 7=7.-*!'=1.23x10 % s, and(c) =10 s. The right
panel depictsf(2,H,,7) for (8 7=10"%s, (b) =1, °=6.75x10 *s, and(c) =10 '°s. Conditions(29) and (26) are satisfied for
certain ranges of andH; in each case.

We may conclude that conditio®9) leads to different spectrum of RGWs than the conventional three-stage sce-
allowed ranges foH,; and 7 for eachl considered, although nario. We may therefore conclude that if LISA fails to detect
their interpretation is rather similar. FeK 7-'C the condition a spectrum at the level expected by the three-stage model,
of minimum duration of the “MBHs-rad” era (26) and the  rather than signaling the recycle model of Khoetyal. [7]
upper bound given by the CMBR anisotropy are incompatshould supersede the standard big-bang inflationary model, it
ible. However, forr> Tlc these two conditions are compat- may indicate that a MBHsradiation era between inflation
ible for 7~ 1<H,;<H.(7). and radiation dominance truly took place. Likewise, once the
spectrum is successfully measured we will be able to learn
from it the proportion of MBHs and radiation in the mixture
phase.

We have calculated the power spectrum of RGWs in a In reality the current epoch is not dust dominated as the
universe that begins with an inflationary phase, followed byrecent supernovae type la data seem to suggest that the Uni-
a phase dominated by a mixture of MBHs and radiation, theryerse is dominated by a dark energy component and cold
a radiation dominated phagafter the MBHs evaporat¢d dark matter implying an epoch of accelerated expanis2dh
and finally a dust dominated phase. The spectrum dependdlis implies a new transition in the scale factor shape at
just on three free parameters, namély, the Hubble factor some timen, with 73<7,<7,. The spectrum of RGWs
at the transition inflation-“MBHs-rad” era, 7 the cosmo-  With ko<<k<<k, is changed. Thus, the constraints ldn and
logical time span of the “MBHs-rad” era, and the power, 7 obtained from the CMBR bound stay unchanged as the
a(n)= 7' being the scale factor of the “MBHsrad” era ~RGWs created at the transition dust-accelerated era were not
with 1<1<2. present at the last scattering.

The upper bound on the spectrum of RGWs obtained
from the CMBR anisotropy places severe constraintdign
and 7. For each value of considered, there is a minimum
value of r, r'c, compatible with the CMBR anisotropy. There  G.I. acknowledges support from the “Programa de For-
is a range ofr, 7> TIC, for which 7 1<H;< H'c(r) satisfies  maciod’Investigadors de la UAB.” This work was partially
the CMBR upper bound. supported by the Spanish Ministry of Science and Technol-

The four-stage scenario predicts a much lower powepgy under grants BFM 2000-C-03-01 and 2000-1322.

IV. CONCLUDING REMARKS
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