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We derive the appropriate form of the relative local density of states (RLDOS) for the two-dimensional

Helmholtz equation in a homogeneous lossy medium, and give the corresponding result for the three-

dimensional equation. The RLDOS enables the calculation of the enhancement or suppression of the

energy radiated in the form of transverse electromagnetic waves by a localized source in the medium,

and so would be useful in studies of either electromagnetic communication from inside a cloaking

system or detection of the cloaking system by radiation from thermally excited atoms within it.

& 2010 Elsevier B.V. All rights reserved.
1. Introduction

Much current research is devoted to the study of structured
systems such as photonic crystals (PC), plasmonic materials and
metamaterials. In the case of PCs, one of the first two papers
launching the field [1] argued that structured dielectric systems
could exhibit exciting new physics by creating band gaps for
photons in which spontaneous emission from atoms within the
system could be suppressed. Thus, there has been ongoing
interest in this field in the key quantity determining the dynamics
of radiative sources in photonic crystals: the spatially resolved, or
local, density of states (LDOS) denoted by rðrÞ [2]. In three-
dimensional problems, it quantifies the coupling of an atom, with
transition frequency o at position r, to the modes of the photonic
crystal and thus reveals how a photonic crystal affects the
emission rate of an atom. For infinite structures, the LDOS
vanishes inside a complete band gap, and thus an excited two-
level atom with a corresponding transition frequency cannot
decay, with a bound photon-atom state being formed instead [3].

In the case of lossy materials, there has been little or no
attention to date paid to the radiating properties of sources within
them. Accordingly, this paper is concerned with the development
of methods by which to calculate the radiation dynamics of
sources in lossy materials and, in particular, the characterization
of the enhancement or suppression of the local density of states.

It is well known that for lossless materials, the LDOS is
proportional to the imaginary part of the trace of Green’s function,
with the constant of proportionality determined by the frequency
and the phase velocity of radiation in the medium. The extension
of this Green’s function representation for the probability density
ll rights reserved.

cPhedran).
of electromagnetic states to dissipative materials is quite proble-
matic due to the complex permittivity.

Nevertheless, it is possible to define a quantity which has a
number of the required characteristics of the local density of
states, and which provides a mechanism by which to measure the
relative enhancement or suppression of the radiation from
embedded sources.

We thus introduce a quantity ~r which we term the relative

local density of states (RLDOS)—a quantity which is proportional to
the power emitted by an embedded source [4]—and which is
defined by

~rðrÞ ¼ lim
r-r0

ImðTr Gðr; r0ÞÞ; ð1Þ

where Tr denotes the trace operation and Gðr; r0Þ denotes the
electric Green’s tensor (or Green’s dyadic function) at a field point
r corresponding to a current source located at r0. In the case of
non-magnetic lossless materials, the RLDOS ~r and the LDOS r are
related by [5]

rðrÞ ¼ 2on2

pc2
~rðrÞ; ð2Þ

where n denotes the refractive index of the medium in which the
source is embedded.

The RLDOS, while not providing an absolute value for the local
density of states, is nevertheless able to characterize the
suppression or enhancement of emission from sources and thus
is a useful quantity for this purpose. For example, if one was to try
to communicate from within a cloaking structure to the external
medium, the RLDOS allows us to estimate the power require-
ments of the source. Correspondingly, the detection of an
electromagnetic cloak might require the detection of altered
radiation properties of atoms within the cloak, or adjacent to it,
with this method being particularly effective for resonant
cloaking [6]—since in this case the resonant interaction would
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generate local fields of very high intensity which would, in the
presence of ohmic dissipation, generate strong thermal emission,
detectable in the infrared.

In what follows, we consider the calculation of the RLDOS in
two-dimensional and three-dimensional uniform, isotropic med-
ia. While this might be thought to be an easy task, in fact it poses
considerable technical difficulties. These problems are resolved
using Fourier techniques and splitting Green’s functions into its
longitudinal and transverse parts (see Section 2), with only the
latter coupling to radiated transverse electromagnetic waves. The
result for two-dimensional case, derived in Section 3, is
appealingly simple, and is shown to be polarization independent,
even though the constructions of Green’s functions on which the
derivations rest are dependent on polarization.
2. Longitudinal and transverse parts of dyadic Green’s
function for two-dimensional problems

For an infinite, isotropic, and homogeneous medium with
relative permittivity erðoÞ and permeability mrðoÞ, we have to use
the Maxwell equations in the form

r �Hðr; tÞ ¼ jext
ðr; tÞþ

@

@t
Dðr; tÞ; ð3Þ

r � Eðr; tÞ ¼�
@

@t
Bðr; tÞ; ð4Þ

r � Bðr; tÞ ¼ 0; ð5Þ

r � Dðr; tÞ ¼ rextðr; tÞ; ð6Þ

where, for isotropic media,

D¼ e0erE; B¼ m0mrH: ð7Þ

Note that here, and in what follows, we will omit the argument o
for the functions erðoÞ, mrðoÞ, and nðoÞ, to simplify the notations.
However, our main interest in this paper is to study non-magnetic
materials so that mrðoÞ ¼ 1.

By means of the spatial Fourier transform [7]

~VðkÞ ¼
Z

dr e�ik�rVðrÞ; VðrÞ ¼
1

ð2pÞ3

Z
dk eik�r ~VðkÞ; ð8Þ

for three-dimensional vectors, we can write the Maxwell
equations (3)–(6) in the form

ik� ~Hðo;kÞ ¼ ~j
ext
ðo;kÞ�ioe0er

~E; ð9Þ

k� ~Eðo;kÞ ¼o ~Bðo;kÞ ¼om0mr
~Hðo;kÞ; ð10Þ

k � ~Bðo;kÞ ¼ 0; ð11Þ

k � ~Dðo;kÞ ¼ ~rext
ðo;kÞ: ð12Þ

Note that, when the relative permittivity (er) and permeability
(mr) are piecewise constant, they are not affected by the spatial
Fourier transforms. Thus, the electric field will satisfy the
equation

o2

c2
n2 ~Eðo;kÞþk� ½k� ~Eðo;kÞ� ¼�iom0mr

~j
ext
ðo;kÞ; ð13Þ

where c2 ¼ 1=ðe0m0Þ and n¼ ffiffiffiffiffiffiffiffiffiermr
p

is the refractive index of the
medium. From Eq. (5) we also have Bðr; tÞ ¼r � Aðr; tÞ and
consequently ~Eðo;kÞ ¼ io ~Aðo;kÞ. Hence, the vector potential is
the solution of the equation

o2

c2
n2 ~Aðo;kÞþk� ½k� ~Aðo;kÞ� ¼ �m0mr

~j
ext
ðo;kÞ ð14Þ
or, in matrix form

o2

c2
n2�jkj2

� �
dijþkikj

� �
~Ajðo;kÞ ¼�m0mr

~j
ext

i ðo;kÞ: ð15Þ

Note that here, and in what follows, we use Einstein summation
convention that repeated indices are implicitly summed over. By
definition, Green’s function for Eq. (15) is the solution of the
equation

o2

c2
n2�jkj2

� �
dijþkikj

� �
~G jlðo;kÞ ¼ �dil ð16Þ

or, in matrix form,

M ~Gðo;kÞ ¼�I; ð17Þ

where ~Gðo;kÞ ¼ ½ ~G jlðo;kÞ� and I is the unit dyad. The matrix M in
Eq. (17) can easily be inverted and we may write Green’s function
for an infinite, isotropic, and homogeneous medium in the form

~Gjlðo;kÞ ¼�
kjkl�o2emdjl

emo2½jkj2�o2em�
: ð18Þ

In the case of two-dimensional problems all the physical
quantities are independent of x3, and we have k¼ ðk1; k2;0Þ and
r¼ ðx1; x2;0Þ. For this kind of problems the vector potential is the
solution of a particular form of Eq. (14) obtained by setting k3 ¼ 0.
Hence, the matrix of Eq. (16) takes the block diagonal form

M¼

o2

c2
n2�k2

� �
þk2

1 k1k2 0

k2k1
o2

c2
n2�k2

� �
þk2

2 0

0 0
o2

c2
n2�k2

2
666666664

3
777777775
; ð19Þ

where k¼ ðk2
1þk2

2Þ
1=2. The separation of matrix M into two blocks

corresponds to the two polarizations: HO (associated with the
two-by-two block) and EO (associated with the one-by-one block).
Also, the vector potential for the HO polarization is AH

¼ ðA1;A2;0Þ
while the vector potential for the EO polarization is AE

¼ ð0;0;A3Þ.
Now, Green’s function is obtained by inverting the matrix M.

The longitudinal part of Green’s function becomes (see Eq. (A.7))

~G
L
ðo;kÞ ¼ ~G

H L
ðo;kÞ � ~G

E L
ðo;kÞ; ð20Þ

where the symbol � denotes the direct sum of matrices, and

~G
H L
ðo;kÞ ¼ �

kikj

k2emo2

� �
i;j ¼ 1;2

; ~G
E L
ðo;kÞ ¼ ½0�:

Note that the longitudinal part of the spectral form of Green’s
function, for EO polarization is equal to zero. Therefore, the
longitudinal part of the spatial form of Green’s function, for EO

polarization, is also equal to zero. Also, the transverse part of
Green’s function is (see Eq. (A.8))

~G
T
ðo;kÞ ¼ ~G

H T
ðo;kÞ � ~G

E T
ðo;kÞ; ð21Þ

where

~G
H T
ðo;kÞ ¼

dij�kikj=k2

em½k2=ðemÞ�o2�

" #
i;j ¼ 1;2

and

~G
E T
ðo;kÞ ¼ 1

em½k2=ðemÞ�o2�

� �
:

To find the spatial form of the transverse and longitudinal
parts of Green’s tensor, we will use here a method based on the
raising and lowering operators for the Bessel functions [8] which,
expressed in terms of Cartesian and polar coordinates, have the
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forms

R7
¼ 8

1

q

@

@x1
7 i

@

@x2

� �
¼ 8

eiy

q

@

@r
7 i

1

r

@

@y

� �
; ð22Þ

where q¼on=c¼ ðo=cÞ
ffiffiffiffiffiffiffiffiffiermr
p

¼o ffiffiffiffiffiffiemp . These operators satisfy the
relations

ðR7
Þ
nH0ðqrÞ ¼H7nðqrÞ e7 iny: ð23Þ

Starting with the integral representation of the Hankel function of
order zero [9]

H0ðqrÞ ¼ �
i

p2

Z
R2

dk
eik�r

k2�q2
; ð24Þ

and the relations

ðR7
Þ
2H0ðqrÞ ¼H2ðqrÞ e72iy ¼�

i

p2q2

Z
R2

dkðk2
1�k2

272ik1k2Þ
eik�r

q2�k2
;

ð25Þ

and taking into account that

r
2H0ðqrÞ ¼ �q2H0ðqrÞþ4idðrÞ ¼

i

p2

Z
R2

dkðk2
1þk2

2Þ
eik�r

k2�q2
; ð26Þ

we deduce that

1

ð2pÞ2q2

Z
R2

dkk2
1

eik�r

q2�k2
¼

i

8
½�H0ðqrÞþH2ðqrÞcosð2yÞ��

1

2q2
dðrÞ

ð27Þ

and

1

ð2pÞ2q2

Z
R2

dkk2
2

eik�r

q2�k2
¼�

i

8
½H0ðqrÞþH2ðqrÞcosð2yÞ��

1

2q2
dðrÞ:

ð28Þ

Here, we have also made use of the longitudinal delta function [10]

dL
ijðrÞ ¼

1

ð2pÞ2

Z
R2

dk
kikj

k2
eik�r: ð29Þ

Thus, the spatial form of the transverse part of Green’s function for
the HO polarization is

GH T
ðo; rÞ ¼ 1

ð2pÞ2

Z
dk eik�r ~G

H T
ðo;kÞ ¼ 1

q2
½dL

ijðrÞ��
1

2q2
dðrÞ

1 0

0 1

� �

þ
i

8

H0ðqrÞþH2ðqrÞ cosð2yÞ H2ðqrÞ sinð2yÞ
H2ðqrÞ sinð2yÞ H0ðqrÞ�H2ðqrÞ cosð2yÞ

" #
;

ð30Þ

It is easy to recognize in Eq. (30) expressions similar to the
components of the dyadic Green’s function GTE for the free space
[11]. Note that the superscript ‘‘TE’’ stands for ‘‘transverse electric’’
which is the same as ‘‘H parallel’’ polarization.

The longitudinal delta function in two dimensions has the form

dL
ijðrÞ ¼

1

2
dijdðrÞþ

r2dij�2xixj

2pr4
: ð31Þ

Consequently, the spatial form of the transverse part of Green’s
function for the HO polarization is

GH T
ðo; rÞ ¼ 1

q2

r2dij�2xixj

2pr4

" #

þ
i

8

H0ðqrÞþH2ðqrÞ cosð2yÞ H2ðqrÞ sinð2yÞ
H2ðqrÞsinð2yÞ H0ðqrÞ�H2ðqrÞ cosð2yÞ

" #
;

ð32Þ

where the first term is a two-by-two matrix.
3. RLDOS for a homogeneous lossy medium

The transverse part of Green’s function is singular for

jkj2�o2em¼ 0, while the longitudinal part is non-singular. This
is interpreted in terms of the emission of electromagnetic
radiation [7]. Electromagnetic waves satisfy a dispersion relation

o2 ¼ jkj2=ðemÞ, so that they correspond to the singular (trans-
verse) part. The longitudinal part of the Fourier transformed field
is not involved in the emission of radiation and has no singularity
when the transverse dispersion relation is satisfied. It is
associated with the inductive (non-radiative) part of the field
(a static field is purely longitudinal in Fourier space). The
radiation field is associated with the singular terms in the
transverse part of the field. Consequently, to calculate the RLDOS

we need the inverse Fourier transform of ~G
T
ðo;kÞ spectral form,

into coordinate space, via Eq. (8).
3.1. HO polarization

The trace of Eq. (32) has the form

Tr GH T
ðo; rÞ ¼ i

4
H0ðq rÞ; ð33Þ

so that the RLDOS for HO polarization is1

~r0 ¼

�����Im lim
r-0

i

4
H0ðqrÞ

� �������
�����Im i

4
�

1

2p logðqrÞ

� ������¼
�����14� 1

2p argn

�����:
ð34Þ

3.2. EO polarization

For the EO polarization the transverse part of the spectral form
of Green’s function is

~G
E T
ðo;kÞ ¼ 1

em½k2=ðemÞ�o2�
¼

1

k2�q2
ð35Þ

so that, the transverse part of the spatial form of Green’s function
is

GE Tðo; rÞ ¼ 1

ð2pÞ2

Z
R2

dk eik�r ~G
E T
ðo;kÞ

¼
1

ð2pÞ2

Z
R2

dk eik�r 1

k2�q2
¼

i

4
H0ðqrÞ: ð36Þ

Hence, the RLDOS for EO polarization is the same as for that of HO

polarization

~r0 ¼

�����14� 1

2p argn

�����: ð37Þ

This result has an appealing connection with a figure of merit
sometimes used for metamaterial systems which have been
characterized by an effective refractive index. The figure of merit
is simply the real part of the effective index divided by the
imaginary part, so that from Eq. (37), as the figure of merit
increases the RLDOS tends to its free space value. This means that
this figure of merit acts in an appropriate way in characterizing
the degree of ‘‘tacitude’’ of a cloaking system, because the closer
the RLDOS is to that of free space, the lower the chances of
detection of the cloaking system through examination of radiation
from atoms in its environment.
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4. The three-dimensional case

For an infinite, isotropic, and homogeneous medium with
relative permittivity er and permeability mr, the spectral domain
electric Green’s function satisfies Eq. (16) and has the form (18).
Now, the longitudinal part of Green’s function is (see Eq. (A.7))

~G
L

ijðo;kÞ ¼ �
kikjklkm

jkj4
~G lmðo;kÞ ¼ �

kikj

jkj2emo2
: ð38Þ

The transverse part can be easily obtained from

~G
T

ijðo;kÞ ¼ ~Gijðo;kÞ� ~G
L

ijðo;kÞ ¼
dij�kikj=jkj

2

em½jkj2=ðemÞ�o2�
: ð39Þ

Then, we have the spatial form of the transverse Green’s function
[12]

GT
ijðo; rÞ ¼

1

ð2pÞ3

Z
dk eik�r ~G

T

ij

ðo;kÞ ¼ 1

4po2em
dij�

3xixj

r2

� �
1

r3

�

þq3 1

qr
þ

i

ðqrÞ2
�

1

ðqrÞ3

 !
dij�

1

qr
þ

3i

ðqrÞ2
�

3

ðqrÞ3

 !
xixj

r2

" #
eiqr

)
;

ð40Þ

where q¼on=c¼ ðo=cÞ½ZðoÞþ ikðoÞ� and n¼ ffiffiffiffiffiffiffiffiffiermr
p

¼ c
ffiffiffiffiffiffiemp is the

refractive index of the medium. Also, q¼on=c¼ ðo=cÞffiffiffiffiffiffiffiffiffiermr
p

¼o ffiffiffiffiffiffiemp .
The spatial form of the longitudinal Green’s function can be

obtained in terms of the three-dimensional, longitudinal delta
function [10], that is [10,12]

GL
ijðo; rÞ ¼�

1

4po2em
4p
3
dijdðrÞþ dij�

3xixj

r2

� �
1

r3

� �
ð41Þ

so that, the spatial form of Green’s function is

Gijðo; rÞ ¼
1

4po2em
�

4p
3
dijdðrÞþq3 1

qr
þ

i

ðqrÞ2
�

1

ðqrÞ3

 !
dij

"(

�
1

qr
þ

3i

ðqrÞ2
�

3

ðqrÞ3

 !
xixj

r2
�eiqr

)
: ð42Þ

By substituting n¼ ZðoÞþ ikðoÞ in Eq. (40), we obtain the trace of
the transverse Green’s function in the form

Tr½GT
ijðo; rÞ� ¼

1

2p
cos½oZðoÞr=c�þ isin½oZðoÞr=c�

r
e�okðoÞr=c : ð43Þ

The imaginary part of the trace of transverse Green’s function is

ImðTr½GT
ijðo; rÞ�Þ ¼

1

2p
sin½oZðoÞr=c�

r
e�okðoÞr=c ; ð44Þ

and we have the formula

~rðrÞ ¼

�����limr-0
ImðTr½GT

ijðo; rÞ�Þ

�����¼
�����oZðoÞ2pc

�����; ð45Þ

for the RLDOS. In vacuum Eq. (45) becomes

~rvacuumðrÞ ¼
o

2pc
: ð46Þ

A curious feature of the result (45) is that it does not depend on
the imaginary part of n, kðoÞ. There is thus a clear difference
between the two-dimensional case and the three-dimensional
case. A corresponding result has been given by Guérin et al. [13],
while Narayanaswamy and Chen [14] have presented their
formula in an implicit expression.
5. Conclusions

One feature of the results derived here may be puzzling to readers.
We have treated an infinite, homogeneous and lossy material, and
discussed the coupling of sources to electromagnetic waves. However,
those waves would all be absorbed in such a medium before reaching
infinity. Nevertheless, in any treatment involving a finite lossy
material, or a finite material incorporating any heterogeneities, the
results obtained here are useful. Any corrections to Green’s functions
involving boundaries away from the source point will entail fields
which are finite there, and are thus readily taken into account. The
only exception to this statement would be encountered with a source
point situated exactly on a boundary between different media, but
such boundary points should be treated through the limit of ordinary
points lying to one side or the other of the boundary.

Green’s functions we have evaluated can be used as the starting
point for the treatment of more general situations, e.g., the study of
the radiation of sources embedded in structured media, with the
difficulties encountered in handling field divergences around a source
point having been dealt in this article.

For non-magnetic materials the RLDOS is always positive, and
so possesses a key characteristic of the genuine local density of
states. However, for structures such as metamaterials, in which
the permeability can have a negative imaginary part, the
imaginary part of Green’s function can also become negative
and so is neither a reasonable measure of source emissivity nor a
relative density of states. The extension of this work to encompass
metamaterials is thus a delicate matter, requiring careful
conceptualization from first principles.
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Appendix A. Projection operators

To solve Eq. (15) it is convenient to separate the vector ~A into
longitudinal (parallel to k) and transverse (perpendicular to k)
parts. The longitudinal part is

~A
L
¼ ðk � ~AÞ

k

jkj2
¼�

m0c2

o2
ðk � ~JÞ

k

jkj2
; ðA:1Þ

having the components

~A
L

i ¼
kikj

jkj2
~Aj: ðA:2Þ

The transverse part can be obtained from

~A
T
¼�

k� ðk� ~AÞ

jkj2
¼ ~A�ðk � ~AÞ

k

jkj2
¼ ~A� ~A

L
; ðA:3Þ

and has the components

~A
T

i ¼
~Ai�

kikj

jkj2
~Aj ¼ dij�

kikj

jkj2

� �
~Aj: ðA:4Þ

Accordingly, using the projection operators2

PL
¼ ½PL

ij� ¼
kikj

jkj2

� �
and PT

¼ ½PT
ij� ¼ dij�

kikj

jkj2

� �
; ðA:5Þ
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we may also separate Green’s function into longitudinal and
transverse parts

~G ijðo;kÞ ¼ ~G
L

ijðo;kÞþ ~G
T

ijðo;kÞ; ðA:6Þ

where

~G
L

ijðo;kÞ ¼ ðP
L ~GPL

Þij ¼
kikjklkm

jkj4
~Glmðo;kÞ; ðA:7Þ

~G
T

ijðo;kÞ ¼ ðP
T ~GPT

Þij ¼ dil�
kikl

jkj2

� �
djm�

kjkm

jkj2

� �
~G lmðo;kÞ; ðA:8Þ

Note that Eq. (A.6) is satisfied by Eqs. (A.8) and (A.7) only by dyads
of the form ðdij�akikjÞ, where a is an arbitrary constant.
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