
PHYSICAL REVIEW B 15 APRIL 1997-IVOLUME 55, NUMBER 15
Coupling between the transverse and longitudinal components
of an electron in resonant tunneling

Xue-Hua Wang, Ben-Yuan Gu, and Guo-Zhen Yang
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In this paper we present formulas for the transmission coefficient in multibarrier heterostructures when
taking into account the space-dependent electron effective mass and the coupling between components of the
motion of an electron in directions parallel and perpendicular to the interfaces. We find that the coupling leads
to a decrease of the effective barrier height seen by the electron. The numerical calculations are carried out for
the double- and triple-barrier heterostructures consisting of GaAs/Ga12xAl xAs. Our results show that the
coupling effect leads not only significantly to a shift of resonant peaks toward the low-energy region, but also
causes the broadening of resonant peaks and the reduction of the peak-to-valley ratio in the transmission
spectrum. The coupling becomes more pronounced for higher-lying resonant states. In addition, the variation
of the coupling strength with the concentrationx of Al is also investigated.@S0163-1829~97!08315-X#
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Since the pioneering work of Tsu and Esaki1,2 on the
resonant-tunneling problem in semiconductor heterost
tures, the relevant subject has attracted a great deal of a
tion owing to the advance in microfabrication technique a
potential applications to electronic devices. There mainly
ist two theoretical frameworks for dealing with resona
tunneling problems. One is the tight-binding mod
~TBM!.3–5The other is the parabolic-band effective-mass
proximation~PBEMA!. In the PBEMA, the coherent tunne
ing model ~CTM! ~Refs. 6–8! and the sequential tunnelin
model ~STM! ~Refs. 9–12! have been proposed and deve
oped for investigating resonant-tunneling characteristics
multibarrier heterostructures. In the CTM, an electron ke
its phase memory in the tunneling process, which is regar
as a coherent transmission process and described by
eigenstate of the electron in the total structure. In the ST
the electron loses its phase memory in the tunneling proc
which is regarded as a series of successive transition
cesses with phase incoherence. The CTM and STM in
PBEMA are restricted to the assumption that the compon
of the motion of the electron in the directions parallel~trans-
verse! and perpendicular~longitudinal! to the interfaces are
decoupled. However, this assumption is incorrect when
difference of the effective mass of the electron in the bar
and well materials is taken into account. It arises for
following reason. The conservation of the transverse m
mentum of the electron results in a breakdown of the con
vation for the transverse kinetic energy of the electron wh
considering the space dependence of the electron effe
mass. As a result, a coupling between the longitudinal
transverse components of the motion of the electron eme
for structures with a position-dependent electron effect
mass. The introduction of the coupling term is a mathem
cal price we have to pay, while the variable separation
proach is used in solving the Schro¨dinger equation to treat a
three-dimensional~3D! problem with a 1D equation. The
coupling leads to a significant dependence of the effec
barrier height ‘‘seen’’ by the electron on the transverse m
mentum of the electron. Thus the longitudinal partF(z) of
the electron wave function depends substantially on
transverse momentum of the electron, when there exis
550163-1829/97/55~15!/9340~4!/$10.00
c-
en-
d
-
-
l
-

in
s
ed
the
,
ss,
o-
e
ts

e
r
e
-
r-
n
ve
d
es
e
i-
-

e
-

e
a

large difference of the effective mass of the electron in
barrier and well materials. Recently, in the framework of t
TBM, Boykin studied the effect of the transverse wave ve
tor on the resonant tunneling in double-barrier heterostr
tures consisting of InAs/AlSb.13 In the framework of the
PBEMA, Paranjape calculated the dependence of the tun
ing time and transmission coefficient on the incident an
for an electron tunneling through a single-barri
heterostructure.14 These studies showed that the influence
the transverse component of motion of the electron on
longitudinal transport process is significant.

The aim of this work is to explore the effect of couplin
between the transverse motion and the longitudinal mo
of the electron on resonant-tunneling characteristics in mu
barrier heterostructures based upon the CTM in the PBEM
First, we present the form of an effective barrier height a
function of the transverse wave number of the electron
the electron-tunneling process in structures with a spa
dependent electron effective mass. Second, we derive
relevant formula for the transmission probability depend
on both the transverse wave number and the longitud
kinetic energy of an incident electron. Finally, we prese
numerical results for the double- and triple-barrier hete
structures consisting of GaAs/Ga12xAl xAs and give a brief
conclusion.

In the framework of the PBEMA, the Hamiltonian of a
electron in the multibarrier heterostructures is

Ĥ5
1

2m~z!
p̂xy
2 1 1

2 p̂z
1

m~z!
p̂z1U~z!, ~1!

where thez axis represents the growth direction of heter
structures,p̂xy and p̂z denote the electron momentum oper
tors parallel and perpendicular to the interface, respectiv
U(z) is the potential-energy function, andm(z) is the space-
dependent electron effective mass.U(z) andm(z) are, re-
spectively, defined as follows:

U~z!5H 0 ~ in the well!

U0 ~ in the barrier!,
~2!
9340 © 1997 The American Physical Society
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m~z!5Hmw* ~ in the well!

mb* ~ in the barrier!,
~3!

whereU0 is the offset of the conduction-band edge betwe
the well and the barrier, andmw* andmb* are the electron
effective masses for the conduction-band edge in the w
and the barrier regions, respectively. Therefore, the form
the Schro¨dinger equation governing the electron motion
the well and the barrier regions can be written, respectiv
as

2 \2/2mw* ¹2C5EC ~ in the well!,
~4!

2~\2/2mb* ! ¹2C1U0C5EC ~ in the barrier!,

where E is the total energy of an electron. Becau
[ p̂xy ,Ĥ]50, the transverse momentumpxy5(px ,py) of the
electron preserves conservation in the tunneling proc
Hence the wave function of the electron should be of
form

C5exp~ ikxy•r !F~z!, ~5!

wherekxy5(px/\,py/\) and r5(x,y), respectively, are the
transverse wave vector and the transverse coordinate o
electron in the plane parallel to the interface.F(z) satisfies
the 1D Schro¨dinger equation

2
\2

2mw*
d2F~z!

dz2
5Ez

wF~z! ~ in the well!,

~6!

2
\2

2mb*
d2F~z!

dz2
1U0F~z!5Ez

bF~z! ~ in the barrier!,

whereE z
w5E2E zy

w and E z
b5E2E xy

b are the longitudinal
energies of the electron in the well and barrier, respectiv
Here Exy

w 5\2kxy
2 /2mw* and Exy

b 5\2kxy
2 /2mb* are, respec-

tively, the transverse kinetic energy of the electron in
well and the barrier. Thus it can be seen that both the tra
verse kinetic-energy and longitudinal energy component
the electron no longer keep their conservation individua
when taking into account the difference of effective mass
the electron in the well and barrier materials. We introdu
an effective barrier heightU(kxy) for tunneling of electrons
along thez direction as

U~kxy!5U02~12g! ~\2kxy
2 /2mw* ! , ~7!

whereg5mw* /mb* . With the use of Eq.~7!, Eq. ~6! can then
be rewritten as

2
\2

2mw*
d2F~z!

dz2
5Ez

wF~z! ~ in the well!,

~8!

2
\2

2mb*
d2F~z!

dz2
1U~kxy!F~z!5Ez

wF~z!

~ in the barrier!.
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From Eqs.~7! and ~8!, it is evident that there exists a cou
pling between the components of the motion of the elect
in directions parallel and perpendicular to the interfaces
long as the difference of the effective mass of the electron
the well and barrier regions is taken into account, i.e.,gÞ1.
This coupling can be interpreted as meaning that the ef
tive barrier height ‘‘seen’’ by the electron is no longer
constantU0 , and that it depends on the transverse wa
number of the electron.

We now employ Eq.~8! to calculate the transmissio
probability of an electron tunneling throughN-barrier hetero-
structures. Assume that the wave vector of the incident e
tron is k5(kxy ,kz); the 1D wave functions in the inciden
and outgoing regions can be written as follows:

F I~z!5exp~ ikzz!1r exp~2 ikzz!

~ in the incident region!, ~9!

FT~z!5t exp~ ikzz! ~ in the outgoing region!, ~10!

wherekz5(2mw*Ez)
1/2/\, andEz is the longitudinal kinetic-

energy of the incident electron. The wave functions in thej th
barrier and thej th well regions are written as

Fb
j ~z!5Cb

j exp~kbz!1Db
j exp~2kbz!

~ in the j th barrier!, ~11!

Fw
j ~z!5Cw

j exp~ ikzz!1Dw
j exp~2 ikzz!

~ in the j th well!, ~12!

wherekb5$2mb* @U(kxy)2Ez#%
1/2/\.

Current flux density conservation requires the continu
for bothF(z) andF8(z)/m(z) at each interface. This lead
to relationships between the coefficientsr and t:

S 1r D 5
1

2 S 1 2 ikz
21

1 ikz
21 D M̂ S 1 1

ikz 2 ikz
D S t0D , ~13!

whereM̂ is the global transfer matrix with 232 dimensions,
and it can be expressed as the cascading of a series o
individual barrier and well transfer matrices in sequence,

M̂5F )
j51

N21

M̂b~bj !M̂w~aj !G M̂b~bN!, ~14!

wherebj andaj are the widths of thej th barrier andj th well,
respectively;M̂b(bj ) andM̂w(aj ) correspond to the transfe
matrices for thej th barrier andj th well, respectively:

M̂b~bj !5S cosh~kbbj ! 2~gkb!
21sinh~kbbj !

2gkbsinh~kbbj ! cosh~kbbj !
D ,
~15!
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M̂w~aj !5S cos~kzaj ! 2~kz!
21sin~kzaj !

kzsin~kzaj ! cosh~kzaj !
D . ~16!

From Eq.~13!, it is readily found that the transmission am
plitude t is determined by

t5
2

M111M221 i ~kzM122kz
21M21!

, ~17!

whereMi j is the elements of the global transfer matrix. F
nally, the transmission probabilityT is given by

T~kxy ,Ez!5t* t. ~18!

It is evident from these expressions that the transmiss
probability of an electron tunneling through multibarrier he
erostructures depends upon both the transfer wave num
and the longitudinal kinetic energy of the incident electro

To gain a quantitative feeling about the effect of the co
pling between the transverse motion and the longitud
motion of the electron on resonant tunneling, it is necess
to carry out numerical calculations for the specific cases.
consider double- and triple-barrier heterostructures con
ing of GaAs/Ga12xAl xAs, wherex represents the concentra
tion of Al. In this system, the offset of the conduction-ba
edge and the effective mass of the electron are approxima
evaluated by the expressions15

U05H 0.75x ~eV! ~0,x<0.45!

0.75x10.69~x20.45!2 ~eV! ~0.45<x<1!
~19!

and

Hmb*5~0.06710.083x!me ~0,x<1!

mw*50.067me,
~20!

whereme is the free-electron mass. In the following calc
lations, the value ofme is taken by 9.1094310231 ~Kg!.

The dependence of the transmission probabilityT on the
longitudinal kinetic energy and the transverse wave num
of the electron is shown in Figs. 1~a! and 1~b! for the double-
barrier heterostructures with an Al concentration ofx50.45
~yielding an offset of the conduction-band edge to
U05337.5 meV!, a barrier width ofb15b2565 Å, and a
well width of a1550 Å. From the three-dimensional plot i
Fig. 1~a!, log10(T)2(Ez ,kxy), it can be found that two shar
peaks shift toward the low-energy region with the increase
the transverse wave numberkxy . Moreover, the shift of the
second peak is much greater than that of the first peak.
shift can be more clearly observed from the two-dimensio
plot in Fig. 1~b!, log10(T)2Ez , for four different values of
kxy . Curvesa–d correspond to differentkxy50.00, 0.02,
0.04, and 0.06 Å21, respectively. The relative shifts of th
resonant peak position in curvesb, c, andd are21,24, and
28 meV for the first resonant peak, and24, 217, and242
meV for the second resonant peak, comparing with the c
responding resonant peak positions in curvesa with kxy50.
In addition, it is also seen that with an increase ofkxy the
width of resonant peaks broadens, and the peak-to-valley
tio in the transmission spectrum reduces. It is evident that
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influence of the transverse motion of the electron on highe
lying resonant states for resonant tunneling is more remar
able than on the lower-lying resonant states.

These effects above can also been observed in the trip
barrier heterostructures. The 3D plot of the transmissio
probability as functions of the transverse wave number an
the longitudinal kinetic energy of the incident electron is
shown in Fig. 2 for the triple barrier structure with an Al
concentration ofx50.45 ~yieldingU05337.5 meV!, barrier
widths ofb15b3565 Å andb2520 Å, and a well width of
a15a2550 Å. In this figure, as expected, four sharp reso
nant peaks emerge, owing to the splitting of original resona
levels generated from the coupling between the quasibou
states residing in two adjacent quantum wells. As observe
in the double-barrier heterostructures, with the increase
kxy these resonant peaks move toward the low-energy regio
and moreover the shifts of two higher-lying resonant peak
are much larger than that of two lower-lying resonant peak
In addition, the variations of the resonant peak width and th
peak-to-valley ratio withkxy are the same as that observed in
Figs. 1~a! and 1~b!.

FIG. 1. Base-10 logarithm of the transmission probabilityT as a func-
tion of the longitudinal kinetic energyEz , and the transverse wave number
kxy of an incident electron for a symmetric double-barrier heterostructur
The relevant physical and geometric parameters for the system have b
addressed in the text.~a! Three-dimensional~3D! plot; ~b! log10(T) Ez plot
for four different values ofkxy . Curvesa–d correspond to the cases of
kxy50.00, 0.02, 0.04, and 0.06 Å21, respectively. For clarity, two consecu-
tive curves are vertically offset.
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The physics of all the results above can be easily und
stood. From the expression of the effective barrier heig
‘‘seen’’ by electrons in Eq.~7!, it can be seen that the in-
crease of the transverse wave number leads to a decrea
the effective barrier height. Consequently, effects such as
shift of resonant peaks toward the low-energy region, t
width broadening of the resonant peaks, and the reduction
the peak-to-valley ratio are natural consequences owing
the decrease of the effective barrier height.

To obtain insight into the influence of different concen
tration x of Al on the strength of the coupling between th
longitudinal motion and the transverse motion of the ele
tron, the relative shifts of the resonant peak position for t
case ofkxy50.04 Å21 comparing with that ofkxy50 in the
double-barrier heterostructure are shown in Fig. 3 as a fu
tion of the concentrationx of Al. DE1 andDE2 represent,
respectively, the magnitudes of the relative shift of resona
peak position for the first and second resonant peaks in
transmission probability spectrum. The solid and dash
lines are for theDE12x andDE22x curves, respectively. It
can be seen thatDE1 decreases monotonically with the in
crease of the concentrationx of Al. However, there exists a
maximum in theDE22x curve ~dashed line! at x.0.37.
Equations~19! and~20! show that the increase ofx results in
both a lift ofU0 and an increase ofmb* . From Eq.~7! it can
be found that the lift ofU0 leads to an increase of the effec

FIG. 2. Three-dimensional~3D! plot of the base-10 logarithm of the
transmission probabilityT as functions of the longitudinal kinetic energyEz

and the transverse wave numberkxy of an incident electron for a symmetric
triple-barrier heterostructure. The relevant physical and geometric par
eters for the system are described in the text.
:

r-
ht

e of
he
e
of
to

-

c-
e

c-

nt
he
d

tive barrier height, while the increase ofmb* plays an oppo-
site role, leading to a decrease of the effective barrier heig
In other words, the lift ofU0 should weaken the coupling
effect, while the increase ofmb* should strengthen this cou-
pling effect. Hence the appearance of the maximum in th
DE22x curve is reasonable. The monotonic decrease
DE1 might be attributed to the fact that the effect of the lif
of U0 is much stronger than the other, and completely dom
nates the coupling effect for the lower-lying resonant state

In conclusion, our studies have shown that coupling b
tween components of the motion of the electron in direction
parallel and perpendicular to the interfaces can substantia
affect resonant-tunneling characteristics in the multibarri
heterostructures. In particular, for higher-lying resona
states this coupling effect becomes more important for o
taining the correct tunneling spectrum.

The authors wish to thank the reviewers for their valuab
suggestions and recommendations for revising our man
script. This study was supported by the National Natural Sc
ence Foundation of China.

m-
FIG. 3. Magnitude of the relative shift of resonant peak position i

tunneling spectrum as a function of the concentrationx of Al in the double-
barrier heterostructure with the same structural parameters as Fig. 1 fo
given value ofkxy50.04 Å21. The shift amount of the peak position is
evaluated with respect to the corresponding peak position in the case
kxy50.00 Å21. The solid curve describes the relative shift for the first reso
nant peak, and the dashed curve the second resonant peak.
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