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Droplet state in an interacting two-dimensional electron system
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It is well known that the dielectric constant of two-dimensional~2D! electron systems goes negative at low
electron densities. A consequence of the negative dielectric constant could be the formation of the droplet state.
The droplet state is a two-phase coexistence region of high density liquid and low density ‘‘gas.’’ In this paper,
we carry out energetic calculations to study the stability of the droplet ground state. The possible relevance of
the droplet state to recently observed 2D metal-insulator transition is also discussed.@S0163-1829~99!50944-2#
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The recent discovery of two-dimensional~2D! metal-
insulator transition~MIT ! by Kravchenkoet al.1 has chal-
lenged the scaling theory of localization2,3 in which a 2D
MIT is forbidden. A noticeable character of the electron s
tem in these experiments is thatr s , the parameter that mea
sures the strength of the Coulomb interaction, is fairly lar
We suspect that the electron system may be unstable ag
phase separation at these large values ofr s . We demon-
strated in our previous paper4 that this assumption alone i
sufficient to provide a theoretical description that is cons
tent with all the known experiments. For a two-dimension
~2D! electron system, there is believed to be two phase
high density Fermi gas phase and a low density insula
Wigner crystal phase. The dielectric constant of the liq
phase becomes negative whenr s.2,5 which indicates that
the liquid phase is unstable. At lower densities, the Wig
crystal phase appears aroundr s.37 in the absence o
disorder.6 This critical value ofr s appears to be reduced t
aroundr s.10 with disorders.7 In the intermediate values o
r s , we believe that there is aliquid phase which we think is
responsible for the observed MIT.

In this paper, we propose that a droplet state of the e
tron system resulted from the phase separation of the e
trons into this new liquid phase and a low density ‘‘ga
phase. Here we call the low density phase ‘‘gas’’ purely
the reason that its density is low. In fact, in the presence
impurities, the ‘‘gas’’ phase is disordered Wigner crystal.
investigate our proposal, we have studied the energetic
such a droplet state. We find that both electron-electron
teraction and potential fluctuations are crucial for the form
tion of the droplet state.

An obvious condition for the droplet state is that the ele
tron gas is unstable. To investigate what possibilities the
stability leads to, we study a simple but physically motivat
model. Let us consider electrons in the disc of radiusb with
a positive background. Imagine that the electron system
shrunk to a new radiusa,b while the positive background
remains intact. Clearly the charging energy due to the se
ration of the electrons from the positive background
PRB 600163-1829/99/60~20!/13950~4!/$15.00
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creases the energy of the system. However, there can als
energy gained~decreasing total energy!: since for a uniform
electron gas the ground state energyEg is at its minimum
whenr s.2,5 for r s.2 the system gains energy by shrinkin
the area occupied by electrons. Furthermore, in the pres
of disorder, electrons tend to occupy the valleys of the d
order landscape. Thus, a slowly varying disorder potentia
in favor for the formation of the droplet state. We calcula
the energy changes when the electron disc is shrunk frob
to a to determine whether a spontaneous shrinking can t
place.

For electron-electron or electron and positive backgrou
interaction, we use screened Coulomb potential.
Si metal-oxide-semiconductor field effect transisto
~MOSFET’s!, the image charge in the metal substrate
duces the screening and the interaction in the momen
space can be written as8

V~k!5
1

«

2pe2

k

12e22kD

12Ke22kD
,

whereD is the thickness of the Si2O insulating layer and«
5 1

2 («11«2), K5(«12«2)/(«11«2), with «1 and«2 being
the dielectric constants of Si and Si2O, respectively. For
other systems, such as GaAs/AlxGa12xAs, the screened in-
teraction can be well represented by the following form:

V~r !5
e2

«r
e2lr ,

and the corresponding moment space representation is

V~k!5
2pe2

«

1

Ak21l2
.

Both forms of the interactions define an interaction rangej.
For Si MOSFET’s,j5(«/«2)D, and for the screened Cou
lomb potential,j51/2l. Outside the range the interaction
strongly screened.
R13 950 ©1999 The American Physical Society



ga
ria

d
ta

d
es

bl

pe-

tate
ergy

ri-
n-
rge

he

en

-

RAPID COMMUNICATIONS

PRB 60 R13 951DROPLET STATE IN AN INTERACTING TWO- . . .
To calculate the ground state energy of the electron
with the screened Coulomb interaction, we use the va
tional correlated-basis-function~CBF! method.9 This method
has been applied to the bare Coulomb interaction an
proved to provide rather accurate results for the ground s
energy of 2D electron systems.9 The accuracy of the groun
state energy is found to within 10% compared with the b
available quantum Monte Carlo results6 for densities down to
r s520. In the CBF approach, there is a variational varia
a for which the ground state energyEg has to be minimized:

Eg~r s ,a!5
A~a!

r s
2

2UcSAa

r s
D ~Ry!,

A~a!5A0
B~a!1A01

F ~a!1A02
F ~a!1A03

F ~a!1•••,

A0
B~a!5a2F (

n50

`
an

~n12!2
1

p2

6
2

5

4G ,

A01
F ~a!51,

A02
F ~a!52

16

p E
0

1

@2 arccos~y!2y~12y2!1/2#

3y3e22y2/ady,

FIG. 1. The ground state energy of electron system for differ
screening strengths.~a! For screened Coulomb interaction.~b! For
Si MOSFET’s.
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pE0

1

dy1E
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1

dy2E
0

1

dy3E
0

p

duy12
2

3$12exp@2y12
2 /2a#%exp@2~y1

21y2
2

12y3
2!/2a#I 0@a21~y1

2y3
21y2

2y3
2

12y1y2y3
2 cosu!1/2#,

where 1 Ry5e2/2«aB , aB5«\2/m* e2, and y125y12y2 .
Uc(Aa/r s) is the cohesive energy which depends on the s
cial form of the interaction,

UcS Aa

r s
D 5

1

2
E expF 2S k

2Aa

r s

D 2GV~k!
d2k

~2p!2
.

Figure 1 shows the calculated results for the ground s
energy. The screening effect raises the ground state en
because the electron correlation is suppressed.

The shrinking of the electron disc will cause the redist
bution of the charge, which will raise extra electrostatic e
ergy because the positive background is fixed. The cha
distribution can be written as

r~k!52NS J1~ka!

ka
2

J1~kb!

kb D ,

whereN is the total number of the electrons in the disc. T
charging energy is

t
FIG. 2. The shrinking distanceDb5b2a versus disc radiusb

for different screening strength.~a! For screened Coulomb poten
tial. ~b! For Si MOSFETs. The initial density parameterr s

515aB .
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Ec5
1

2NE d2k

~2p!2
V~k!ur~k!u2

5
1

paB
2r s

2E0

`dx

x
VS x

bD S J1~gx!

g
2J1~x! D 2

,

whereg5a/b is the ratio of the radii after and before shrin
ing the electron disc. The charging energy shows dist
forms for different interaction ranges. When the interact
rangej is much larger than the radius of the disk,j@b, the
electron-electron interaction can be roughly considered
the bare Coulomb interaction. In this case, the electrost
charging energy is

Ec'
4b

r s0
2 S 0.2905452

1

p
lnu12gu D ~12g!21••• ~Ry!.

In the other limitb@j, the interaction is well screened an
the electrostatic energy has the form

Ec54jU 1

r s
2

2
1

r s8
2U Ry,

where r s and r s8 are the inverse density parameters bef
and after the shrinking. The total energy difference can
written as

DEtot5Ec~g!1DEg .

FIG. 3. ~a! The shrinking distanceDb5b2a versus radiusb for
Si MOSFET’s withD510aB . Top curves are for larger disorde
potential V0’s. ~b! DEtot versus radiusb. Lower curves are for
larger disorder potentialV0’s. The initial electron density paramete
r s515aB .
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For a small initial radiusb!j, the energy gainDEg domi-
nates over the energy lossEc , thus, there is always finite
shrinking.

However, the above conclusion is not true in general
demonstrated in Fig. 2. Figure 2 shows the shrinking d
tance Db5b2a versus initial radiusb. Db approaches a
constant for largeb. However, the shrinking shown here ca
not be considered as a macroscopic shrinking because
typical Db is only about 2aB , which is far smaller than the
average distance between the electrons, which isr s515aB
for this calculation. Similar behavior has also been obser
for other values ofr s .

Thus, the intrinsic instability is not sufficient to overcom
the charging energy cost in order to form the electron drop
state. The system is in a marginally stable situation. Ho
ever, in real systems, there are always disorders. The
frequency component of a disorder potential forms the
tential landscape, and electrons tend to occupy the low
tential valleys. We assume that around each local minim
the disorder potential is isotropic and slowly varying. W
expand the disorder potential around the local minimum
to the quadratic term. Therefore, we adopt the followi
simple model for disorder potential:

W~r !5V0

r 2

b2
,

FIG. 4. The phase diagram in ther s2j plot. r s is the initial
density parameter of the electron disc.D or 1/l represents the in-
teracting rangej of the electron-electron interaction. Each value
V0 corresponds to a curve in the figure. On the right side of
curve, the electron disc will have a macroscopic shrinking.
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whereV0 is the potential depth from center to edge of t
disc. The energy gain by shrinking to a radiusa can be
evaluated as

DEW5D
1

NE W~r !r~r !dS5
V0

2
~g221!.

The total energy difference in the limitb@j can be written
as

DEtot52S V0

2
2

4j

r s0
2 D ~12g2!1DEg .

The effect of the electrostatic energy will be suppressed
the potential fluctuation. A large value ofV0 is favorable for
the disc to shrink.

Figure 3~a! plots theDb5b2a as a function of the initial
radius b for Si MOSFET’s with D510aB and r s515aB .
There exists a criticalV0

c (;0.08) above whichDb}b.
Thus, for largeb there is a macroscopic shrinking forV0

.V0
c . A similar result has also been obtained for t

screened Coulomb interaction with 1/l places the role ofD.
In Fig. 3~b! we plot the energy change as a function of t
initial radiusb. It is clear that larger value ofV0 gives rise to
larger energy gain. We have carried out the calculations
many values ofr s and the resulting phase diagrams are pl
ted in Fig. 4.

Figure 4 shows the phase diagram in ther s2j plot for the
case ofb@j. Each value ofV0 corresponds to a curve in th
figure. The curves for largerV0 are above those for smalle
V0. On the right side of the curve for a givenV0, the electron
disc will have a macroscopic shrinking, thus, an elect
droplet phase is stable. To form the electron droplet state
screening of the electron-electron interaction and the po
tial fluctuation are both crucial. The smaller the interacti
V.

V.
y

r
-

n
he
n-

range between the electrons and the lower the electron
sity, the easier it is to form the droplet phase.

Before summarizing, we would like to make several co
ments.~i! In this paper, we only consider one electron dis
corresponding to one drop in the droplet state. In real s
tems, electrons tend to occupy valleys of potential fluct
tions to give rise to many such drops. The size of each d
is determined by local potential depth.~ii ! We only consider
zero temperature effect in this paper such that the ‘‘ga
phase is empty. At a finite temperature, the ‘‘gas’’ phase
occupied by lower density electrons. Thus, a finite tempe
ture enhances the possibility for the droplet state since
density difference between the liquid and the ‘‘gas’’
smaller and the charging energy is less costly. However
order to form the droplet state, the temperature has to
below the cohesive energy~the energy cost to remove a
electron from the liquid phase to the ‘‘gas’’ phase4!. ~iii ! We
believe that the recently observed 2D metal-insulator tra
tion might be the percolation transition of the liquid phase
the droplet state.4 The percolation here is semiquantum
nature, different from the conventional classic percolation10

~iv! In order to have a percolation, the ‘‘gas’’ phase needs
have a much smaller local conductivity than the liquid pha
This requires that a typical length scale of the ‘‘gas’’ regi
is larger than the localization length of the ‘‘gas’’ phase. T
‘‘gas’’ phase is low in electron density which gives rise to
short localization length. Thus, one may not need a la
shrinking of electron drops to realize a percolation transiti
We suspect that in experimental samples, a typical drop
is of the order ofmm.

In summary, we have demonstrated that it is possible
have a droplet phase for 2D electron systems at low de
ties. Both electron-electron interaction and disorder poten
fluctuations are important for the formation of the drop
phase.
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