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The effects of permanent dipole moments and those due to the randomness of molecular orientation in the
phase control of molecular excitation are discussed for the simultaneous one- and three-photon excitation of a
two-level model molecule. In this transition scheme both transitions can occur with or without the presence of
permanent dipoles and the results are contrasted to those corresponding to the one- and two-photon excitation
of a two-level molecule, which requires the presence of permanent dipoles. The dependence of the temporal
evolution of the excited state and the associated resonance profiles on the relative phase of the lasers is used to
monitor the control of the excitation process. Analytical perturbation theory, the rotating-wave approximation,
and exact Floquet results for those observables are used for this purpose. Both fixed molecule-laser configurations and situations where the absorbing molecules assume random orientations with respect to the laser
beams are considered.
PACS number~s!: 33.80.Wz

I. INTRODUCTION

The effects of a nonzero difference d, between the permanent dipole moments of the states involved in a transition, on
the dynamics, and the resonance profiles, associated with the
interaction of either one or two continuous wave ~cw! or
pulsed lasers with a molecule can be significant; see for example @1–11#, and references therein. Many of the investigations of the effects of permanent dipoles have involved using
analytical rotating-wave approximations ~RWA’s! and exact
Floquet techniques, as well as other methods. In general, for
two-color ~i.e., two-laser! excitation of a two-level model
molecule, the analytical RWA results @4# for the timedependent and steady-state populations of the molecular
states are applicable only when one two-color resonance
dominates the transition of interest @4#. Recently an extension of the original two-color RWA to the harmonic twocolor excitation problem, where the frequencies of the two
lasers are integer multiples of another frequency, has been
developed @10#. It is generally applicable to two-level, harmonic two-color, excitation problems, including the important case of competing resonances, and has been used @10# to
help investigate the control of molecular two-color excitation, through the interplay between competing one- and twophoton resonances, by variation of the relative phase of the
two lasers; both fixed molecule-laser configurations and the
effects of orientational averaging were considered in some
detail. The effects of dÞ0 are crucial in this case since for
two ~nondegenerate! levels the two-photon transition is forbidden unless dÞ0 @1–7,9–11#.
The purpose of this paper is to further investigate the
effects of permanent dipole moments and those due to randomness of molecular orientation with respect to the laser
beams, in the phase control @12–19# of molecular excitation,
by examining a two-level excitation scheme, in this case simultaneous one- and three-photon excitation, where both
transitions can occur both with ~dÞ0! and without ~d50! the
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presence of permanent dipole moments. Indeed the threephoton transition can depend markedly on the relative size of
the transition dipole m relative to d @7#. Both the temporal
evolution of the population of the states of the two-level
dipolar model molecule and the associated resonance profiles
are considered.
The methods used to study the problem, namely, the
recently developed harmonic many-resonance rotating-wave
approximation ~HMR RWA! @10#, semiclassical timedependent perturbation theory @6,7,11,20#, and exact Floquet
methods @2,4,21–25#, are discussed briefly in Sec. II. The
perturbative results are valid for short times, such that the
excited state of the system is far from saturation, and can
provide considerable insight into the phase control problem.
The HMR RWA is generally more appropriate for longer
times and for discussing resonance profiles, and also gives
physical insight due to the analytical nature of the RWA expressions for the time-dependent populations of the molecular states and for the resonance profiles. Both perturbation
theory and the HMR RWA can be used to estimate the field
strengths needed for optimal control of the two-color transition and their validity is tested using exact Floquet results.
Interestingly, the perturbative results for the required
molecule–electromagnetic-field ~EMF! couplings for the
three-photon transition are generally considerably more reliable than the RWA couplings.
The effects of the presence of permanent dipole moments
on the phase control of the two-color excitation process are
discussed in Secs. III A–III D for a fixed molecule-EMF
configuration corresponding to mid and also parallel to the
two polarization vectors of the two cw lasers. Model twolevel molecules are used for this purpose that vary from each
other by the choice of d relative to m . Comparisons between
simultaneous three- and one-photon excitation, with and
without permanent dipoles, are made as a function of relative
laser phase using perturbation theory for d50 and both perturbation theory and the HMR RWA for dÞ0 to estimate the
field strengths needed for optimal control; the validity of the
2571
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HMR RWA for the three-photon molecule-EMF coupling decreases markedly as (d/ m )→0. The effects of taking account of the randomness of molecular orientation with respect to the polarization directions of the lasers on these
results are discussed in Sec. III E. Section III includes a discussion of the model calculations in the light of the phase
control of the temporal evolution of the molecular states and
the effects of phase on the related resonance profiles as a
function of m, d, and the method used to select the optimal
control laser field strengths. The presence of permanent dipoles must be taken into account when choosing the laser
fields for optimal control; otherwise the phase dependence of
the dynamics and the resonance profiles will be largely lost.
The results for the one- and three-photon competition are
contrasted with the recent work @10# involving the phase
control of the simultaneous one- and two-photon excitation
of dipolar molecules. In both cases the results are very phase
dependent, for the proper choice of the laser fields, for fixed
molecule-EMF configurations, while upon orientational averaging the phase dependence is largely lost ~more so for the
one- and two-photon competition!. Some of the more relevant aspects of this work, including a discussion of some of
the more general implications of the results for the phase
control of molecular excitation, are summarized in Sec. IV.
Atomic units are often used in this paper. The units for
energy E, the transition and permanent dipole moments
m jk , the field frequencies v j , time t, and the field strengths
21
«0j are E H , ea 0 , E H \ 21 , \E 21
, respecH , and E H (ea 0 )
tively, where E H is the Hartree of energy, e is the absolute
value of the charge of an electron, a 0 is the Bohr radius, and
\ is the reduced Planck constant. The following conversion
factors will be useful in what follows: ea 0 '2.5415 D,
217
E H \ 21 '4.55631026 cm 21 , \E 21
s
H '2.4189310
12
(10 ps5s!, and the field intensity corresponding to a
continuous-wave electric field is I'3.50931016 ( «(0) au!2
W/cm 2 .
II. CALCULATIONAL METHODS

In the semiclassical electric-dipole approximation, the
time-dependent Schrödinger wave equation for the interaction of an N-level molecule with a sinusoidal electromagnetic field is given in matrix form by
i

] a~ t !
5 @ E2 m–«~ t !# a~ t ! .
]t

~1!

The square energy and dipole moment matrices are defined
by (E) jk 5E j d jk and ( m) jk 5 ^ c j u mu c k & , where m is the dipole moment operator for the molecule. The c j (r) are the
orthonormalized time-independent wave functions for the
stationary states having energy E j and the time-dependent
state amplitudes a j (t) are contained in the column vector
a(t) defined by @ a(t) # j 5a j (t). For the interaction involving
two linearly polarized continuous wave lasers, the electric
field is

«~ t ! 5ê1 « 01 cos~ v 1 t1 d 1 ! 1ê3 « 03 cos~ v 3 t1 d 3 ! ,

~2!

where êi , « 0i , v i , and d i are, respectively, the polarization
unit vector, field strength, circular frequency, and phase of
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the ith cw electric field. The convention (i51,3) is chosen
since the problem of interest involves the simultaneous onephoton and three-photon absorption for a two-level molecule, i.e., (E 215E 2 2E 1 .0); v 1 ;3 v 3 .
For two independent frequencies, the electric field is periodic in 2 p / v b , where v b , the beat frequency, is given by
@4,26#

v b5

v1 v3
5
m1 m3

~3!

and m 1 and m 3 are the lowest possible integers giving the
frequency ratio v 3 / v 1 . However, for the laser-molecule interaction involving the fundamental and its third harmonic,
i.e., the case considered here, the two frequencies involved
are not mutually independent but rather are harmonics of the
beat frequency and m 1 and m 3 are positive integers that
specify the harmonic relationship between v 1 and v 3 , i.e.,
m 1 53 and m 3 51. The fundamental frequency is denoted by
the subscript 3, while its third harmonic is denoted by the
subscript 1; v b 5 v 3 .
A. Perturbation theory „µ ii Þ0…

Following the standard procedures of semiclassical perturbation theory @7,20#, the time-dependent wave function
for the two-level molecule is transformed to an interaction
representation and written as
2

C5

(

j51

b j ~ t ! c j exp~ 2iE j t/\ ! .

~4!

The time-dependent coefficients b j (t) can then be expanded
perturbatively to obtain @7,20#
`

b j~ t !5

(

n50

b ~j n ! ~ t ! .

~5!

The b (n)
j (t) satisfy the coupled differential equations given
by
i
d ~n!
b j ~ t ! 52
dt
\

F

2

i

( mjk –«~ t ! b ~kn21 !exp \ ~ E j 2E k ! t
k51

G

.
~6!

For initial conditions b j (0)5 d j1 , corresponding to the molecule being in the ground state at time t50, a third-order
perturbation treatment of the problem, which neglects the
off-resonance terms, yields results similar to the independent
one- and three-photon one-color work @7#, except for an important interference term. Here the one-photon perturbative
molecule-EMF coupling @ C(1) # pert is given by
@ C ~ 1 !# pert5 ~ « 01 !~ m•ê1 ! .

~7!

The three-photon perturbative molecule-EMF coupling
@ C(3) # pert is @7#
@ C ~ 3 !# pert5

~ « 03 /2 ! 3

2 v 2b

@ 2 ~ d•ê3 ! 2 2 ~ m–ê3 ! 2 #~ m–ê3 ! ,

~8!
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where d5m222 m11 , the difference between the permanent
dipoles of the excited and ground molecular states. The perturbative expression for the time-dependent population of the
excited state 2 is given by
P 2 ~ d 1 , d 3 ,t ! 5

t2
$ @ C ~ 1 !# 2pert1 @ C ~ 3 !# 2pert
4
12 @ C ~ 1 !# pert@ C ~ 3 !# pertcosd % ,

~9!

where the relative phase d 5 d 1 23 d 3 . This expression neglects small molecule-EMF coupling terms, varying as
(« 01 ) 3 and « 1 (« 03 ) 2 , and has the form usually associated with
competitive one- versus three-photon transitions @13,14,16 –
19#. However, perturbation theory is only valid for weak
perturbations ~weak molecule-EMF couplings! and for short
times so the excited state is far from saturation. On the other
hand, RWA’s can give closed-form analytical expressions for
both temporal and long-time averaged ~resonance profiles!
results for the populations of the molecular states that are
often valid under much less restrictive conditions ~see Sec.
II B!.
B. Harmonic many-resonance rotating-wave approximation
„µ ii Þ0…

Previously Kondo, Blokker, and Meath @4# have derived
analytical expressions, in the RWA, for the resonance profiles and the underlying temporal behavior of the molecular
states, associated with the two-color excitation of the twolevel dipolar molecule. This approximate solution is not applicable when there are significant competing resonances @4#,
except when a transition is exactly on resonance @4,27#.
More recently Brown and Meath @10# showed, for the more
specialized case when the frequencies of the two cw fields
involved in the two-color excitation process are both harmonics of another frequency, that the two-color problem can
be reduced to an effective one-color problem. In this HMR
RWA, analytical results for the time-dependent populations
of the molecular states and for the associated resonance profiles are available that are applicable in the case of competing
resonances and for both on- and off-resonance frequencies. A
detailed derivation of the harmonic many-resonance RWA
for the interaction of two continuous wave lasers with a twolevel molecule, including the effects of m ii , is given elsewhere; the relevant equations are given below.
The HMR-RWA expression for the phase-dependent timedependent population of excited state 2, subject to the initial
conditions a1 (0)51 and a2 (0)50, is
P 2 ~ d 1 , d 3 ,t ! 52 P̄ 2 ~ d 1 , d 3 ! sin2 $ 21 @ u z ~ d 1 , d 3 ! u 2 1D 2 # 1/2t % ,
~10!
where P̄ 2 ( d 1 , d 3 ) is the phase-dependent long-time averaged
~steady-state! excited-state population
u z~ d 1 , d 3 !u 2
P̄ 2 ~ d 1 , d 3 ! 5
2 @ u z ~ d 1 , d 3 ! u 2 1D 2 #

~11!

and D is the detuning of the two fields from the weak-field
resonance position

D5E 212N 1 v 1 2N 3 v 3 5E 212N b v b ,

~12!

where v b is the beat frequency defined by Eq. ~3! and
N b 5N 1 m 1 1N 3 m 3 . Unlike the one-color RWA @1#, where
there is only one resonance condition E 215N v , there are an
~infinite! number of frequency combinations that satisfy the
resonance condition (D50) in the two-color RWA @4#,
where N 1 and N 3 are integers that can be positive, negative,
or one of them zero.
For the harmonic (N 1 ,N 3 )-photon transitions defined by
Eqs. ~3! and ~12!, where v 1 and v 3 are such that m 1 and
m 3 have fixed values, the overall phase-dependent moleculeEMF coupling z ( d 1 , d 3 ) is given by @4#

z~ d1 ,d3!5

(

N 1 ,N 3

C ~ N 1 ,N 3 ! exp@ i ~ N 1 d 1 1N 3 d 3 !# ,
~13!

where the molecule-EMF coupling for the individual
(N 1 ,N 3 )-photon transition is

F S D
S DG

C ~ N 1 ,N 3 ! 52J N 1 ~ z 1 ! J N 3 ~ z 3 ! N 1 v 1
1N 3 v 3

m–ê3
d•ê3

m–ê1
d•ê1

~14!

and J k (z j ) is a Bessel function of integer order k and argument z j 5(d•ê j « 0j / v j ); the sum in Eq. ~13! includes all ~in
practice appreciable! individual molecule-EMF couplings.
Although Eq. ~13! contains an infinite sum, the damped nature of the Bessel functions in Eq. ~14!, as a function of
increasing order, generally ensures that lower-order multiphoton molecule-EMF couplings dominate the sum and the
others can be neglected @4,10#. Since the Bessel functions are
oscillatory in nature, increasing field strengths may actually
decrease the molecule-EMF coupling.
From Eq. ~10!, the resonance (D50) period of the timedependent excited-state population is

t5

2p
,
u z ~ d 1 , d 3 ! u res

~15!

where u z ( d 1 , d 3 ) u res is evaluated using Eq. ~13! at the resonance value of v b . P̄ 2 ( d 1 , d 3 ), as a function of v b , represents the phase-dependent absorption spectrum or resonance
profile for the two-level system in the HMR RWA. When
u z ( d 1 , d 3 ) u is approximately constant over a resonance profile, the resonance profile has a full width at half maximum
F of
F5

2 u z ~ d 1 , d 3 ! u res
.
Nb

~16!

In general, the HMR RWA is applicable if the overall phasedependent molecule-EMF coupling u z ( d 1 , d 3 ) u is much less
than the beat frequency v b @4#.
For the case of explicit interest for the applications considered in Sec. III, i.e., simultaneous one- and three-photon
excitation, the dominant individual couplings are C(1,0) and
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C(0,3). Therefore, from Eq. ~13!, the magnitude of the
HMR-RWA overall molecule-EMF coupling can be reduced
to
u z ~ d 1 , d 3 ! u 5 @ u C ~ 1,0! u 2 1 u C ~ 0,3! u 2

12C ~ 1,0! C ~ 0,3! cosd # 1/2.

~17!

When the HMR-RWA molecule-EMF couplings in Eq. ~17!
are replaced by their perturbative counterparts Eqs. ~7! and
~8!, one obtains the perturbative expression for the overall
molecule-EMF coupling that appears in Eq. ~9!, which can
be written as P 2 ( d 1 , d 3 ,t)5(t 2 /4) u z ( d 1 , d 3 ) u 2 . Note that
even though J 0 (z i ) in Eq. ~14! represents a zero-photon transition, for sufficiently large field strengths it can greatly
modify the molecule-EMF coupling as the field strength
changes @4,5#.
By expanding the HMR-RWA resonance result for the
time-dependent population of state 2, Eq. ~10! with D50, in
powers of t and retaining only terms through order (t) 2 ; then
expanding u z ( d 1 , d 3 ) u 2 , by expansion of the Bessel functions
J 0 (z), J 3 (z), and J 1 (z) in powers of z; and keeping terms
through sixth overall order in the fields, the third-order perturbative result for the time-dependent population of state 2,
Eq. ~9!, can be obtained, except for pure transition dipole
terms above first order @i.e., the term m 3 in Eq. ~8!#. In general, as with the previously derived two-level molecular
~dÞ0! one- and two-color RWA’s, the HMR RWA fails in the
limit that d50 when it only supports one-photon transitions,
i.e., the atomic RWA result corresponding to the absence of
permanent dipole moments @1,4,5#. It is well known, even
with d50, that a two-level model can support all oddphoton, N51,3,5,7, . . . , transitions. It is necessary to utilize
perturbative corrections @3# to the RWA, via the appropriate
Floquet secular equation, in order to obtain reliable representations of the N.2 transition probabilities when d is
‘‘small.’’ Therefore, the HMR RWA will be most applicable
when the permanent dipole mechanism is the dominant
mechanism for a given N.2 multiphoton transition. For
N51 and 2, small-time and low-field expansions of the
RWA results agree precisely with perturbation theory with
d50 or dÞ0 @10,28#.
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For molecular problems, it is often important to average
transition probabilities and related observables, with respect
to molecular orientations relative to the field directions
@2,7,10,11,33– 40#. Here free orientational averaging, where
all orientations are equally probable, will be carried out; this
corresponds to the situation where the absorbing molecules
are randomly oriented with respect to the laser beams and/or
to the classical limit of rotational averaging, which is more
appropriate for heavy molecules or higher temperatures. The
importance of orientational or rotational averaging has been
demonstrated for both the one-color and two-color excitation
of molecules @2,7,11,33–38#, including the phase control of
excitation processes @10,39,40#. Expressions for the free orientationally averaged time-dependent populations of molecular states, and the associated orientationally averaged resonance profiles, and discussions of their evaluation are
available in the literature @10,33,34#. Using 72-point Gaussian quadrature to perform the angular integrations numerically, the steady-state and temporal populations generally
converged to three or four figures.
III. RESULTS AND DISCUSSION

The explicit examples considered in this section involve
the harmonic two-color simultaneous three- and one-photon
excitations between two energy levels. The molecular parameters are given by E 2150.1, m 53.0, and d56.5. These parameters, which are representative of a two-level configuration in substituted aromatic molecules @41#, have been used
in harmonic two-color simultaneous two- and one-photon
transition calculations @10# as well as other previous theoretical laser-molecule calculations @4,34,42,43#. In order to ascertain the role of permanent dipole moments in two-color
phase-control problems, two cases must be considered: ~a!
optimization of phase control for d50 and ~b! optimization
of phase control for dÞ0. Optimization of phase control involves, in part, choosing the field parameters so that the
three-photon and the one-photon laser-molecule couplings
are equal. Here the perturbation theory, Eqs. ~7! and ~8!, or
the HMR RWA, Eq. ~14!, expressions for the couplings are
used for this purpose; a discussion of the usefulness of each
for the problem of interest is contained in the following sections.

C. Numerical aspects

The validity of the HMR RWA can be investigated ~see
Sec. III and Ref. @10#! by comparison of the RWA results
with exact calculations, which, of course, include all possible
transition mechanisms. In the applications discussed here,
the phase-dependent time-dependent populations and the
phase-dependent long-time averaged ~steady-state! populations of the molecular states are determined utilizing a
Taylor-series method @29# and the Riemann product integral
method @2,30–32#, respectively, combined with the Floquet
formalism @2,4,21–25#, as discussed in detail by Kondo,
Blokker, and Meath @4# and Brown and Meath @10#. Utilizing
540 Riemann intervals and 90 integration points, the steadystate populations generally converged to four or five significant figures. Using a step size of 2 p /540 and a nine-term
Taylor series provides the evolution operators to 12-figure
accuracy and thus the time-dependent populations to four or
five significant figures for all times considered.

A. Optimization of phase control for d50

Although the effects of dÞ0 on the dynamics and the
resonance profiles arising from the interaction of one ~or
two! cw laser~s! with a molecule have been well demonstrated @1–11,27–29,33–35,42,43#, few studies involving the
control of molecular excitations have taken explicit account
of the presence of permanent dipole moments. Therefore, we
begin by choosing the field parameters in order to optimize
phase control assuming d50. If d50, the perturbative results
Eqs. ~7! and ~8! must be utilized in order to estimate the field
strengths that will optimize phase control in the exact calculations; the RWA does not support three-photon excitations
in this limit ~see Sec. II B!. The field strength for the onephoton transition is « 01 5131026 (3.513104 W/cm 2 ), while
the field strength for the three-photon transition is
« 03 51.25531023 (5.52731010 W/cm 2 ). These field
strengths are chosen such that the laser-molecule couplings
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using the HMR RWA and by using the exact Floquet technique. We will begin with a discussion of the d50 results
and then discuss and contrast to the dÞ0 results.
The exact resonance profiles exhibit a two-color BlochSiegert shift of 11.6 cm 21 to higher frequency for all
( d 1 , d 3 ) combinations ~see Fig. 1! relative to the perturbation
theory or weak field resonance frequency of v b 57315.667
cm21 @ D50 in Eq. ~12! with N 1 51, N 3 53, and N b 53#.
This shift is the same as that exhibited by the one-color
three-photon resonance profile for the same field strength
(« 03 51.25531023 ); the analogous shift for the one-color
one-photon resonance profile is insignificant. The BlochSiegert shift is very important since its magnitude is greater
than the full widths at half maximum ~FWHM’s! of the resonance profiles for all ( d 1 , d 3 ) combinations. Therefore, if the
weak-field resonance frequencies were assumed in the exact
calculation, the resonances would be missed entirely. The
Bloch-Siegert shift is much greater (;50 times larger! than
the Bloch-Siegert shift for the analogous two- and onephoton excitation for the same molecule-EMF coupling
strengths @10#. This agrees with the general trend for an increase in Bloch-Siegert shift with an increase in photonicity
of a transition as was exhibited previously in the one-color
case @3,33#.
The d50 results exhibit 99.99% phase control as the
FWHM’s vary from less than 0.001 cm 21 to 0.883 cm 21 as
the relative phase d 5( d 1 23 d 3 ) varies from 0 to p ~see Fig.
1 and Table I!. The percentage of phase control is defined as
~ % control! 5

FIG. 1. Fixed molecule-EMF orientation (ê1 i ê3 i mi d) resonance
profiles, the long-time averaged population of the excited state
P̄ 2 ( d 1 , d 3 ) vs the beat frequency detuning ( v b 2E 21 /3), calculated
in the HMR RWA (• • • •) and by exact Floquet methods, d50
~—! and d56.5 ~----!, for the simultaneous one- and three-photon
two-color excitation of the model two-level molecule, as a function
of the relative phase ( d 1 23 d 3 ) of the two lasers and with the field
strengths « 03 51.25531023 and « 01 5131026 chosen to optimize
control for d50.

are of the same magnitude as those in our recent study of
simultaneous two- and one-photon molecular excitation @10#.
The transition and permanent dipole moments are taken to be
aligned ~mid! and the electric fields are taken to be parallel
to each other and to the dipole moments ê1 i ê3 i mi d. The
field strengths are such that the magnitudes of the perturbative one-photon coupling Eq. ~7! and of the perturbative
three-photon
coupling
Eq.
~8!
are
equal:
u @ C(1) # pertu 5 u @ C(3) # pertu '3.00031026 . The sign of the
three-photon coupling is the reverse of the one-photon couplings: @ C(1) # pert is positive and @ C(3) # pert is negative.
The resonance profiles are illustrated in Fig. 1 for various
phases of the one-photon laser d 1 , with the phase of the
three-photon laser d 3 set to zero. Each part of the figure
contains three curves: the resonance profile for d50, the optimized phase control case calculated using the exact Floquet
technique, and the resonance profiles for udu56.5 calculated

F max2F min
,
F max1F min

~18!

which is analogous to the definition based on the intensity of
ionization signal used previously @16#. The FWHM’s of the
exact resonance profiles are in very good agreement with the
predictions based on the perturbative molecule-EMF couplings and Eqs. ~16! and ~17!; see Table I. The perturbative
predictions are essentially within 0.6% of the exact results.
This indicates the perturbative predictions for the moleculeEMF couplings are reliable even though perturbation theory
cannot be used to obtain the long-time behavior of the populations of the molecular states or the associated resonance
profiles. The reliability of perturbation theory in this regard
is also seen in that control of the combined one- and threephoton transition is obtained in the exact calculations for the
field strengths predicted via the perturbative molecule-EMF
couplings.
Phase control is also reflected in the exact temporal calculations for d50, which are carried out at the exact reso) res'7327.33 cm 21 for each relanance frequency ( v Floquet
b
tive phase @see Fig. 2, where P 2 ( d 1 , d 3 ,t) is shown for
d 1 23 d 3 50, p /4, p /2,3 p /4, p #. The period of the timedependent population decreases from ‘‘infinity’’ since the
molecule-EMF coupling increases from approximately zero
as the relative phase goes from zero to p, which is a consequence of the inverse relationship between the temporal period and the molecule-EMF coupling; see Eq. ~15!. The periods are ‘‘reliably’’ predicted using the perturbatively
calculated molecule-EMF coupling in Eq. ~15!.
We now consider the ~real! d56.5 molecule, bearing in
mind that the field strengths were chosen to optimize phase
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TABLE I. FWHM of the resonance profiles of Fig. 1 (d56.5 or
0! as a function of the relative phase, d 5 d 1 23 d 3 with d 3 50, of
the two lasers. PT denotes perturbation theory calculations of the
FWHM obtained using the perturbative molecule-EMF couplings,
Eqs. ~7! and ~8!, and Eqs. ~16! and ~17!.
Phase ( d )

FWHM ~cm 21 )

@ v b # res ~cm 21 )

HMR RWA
Floquet (dÞ0)
PT (dÞ0)
Floquet (d50)
PT (d50)

0

4.541
4.116
4.124
,0.001
,0.001

7315.667
7327.327
7315.667
7327.321
7315.667

HMR RWA
Floquet (dÞ0)
PT (dÞ0)
Floquet (d50)
PT (d50)

p /4

4.425
4.001
4.007
0.338
0.336

7315.667
7327.330
7315.667
7327.324
7315.667

HMR RWA
Floquet (dÞ0)
PT (dÞ0)
Floquet (d50)
PT (d50)

p /2

4.131
3.707
3.711
0.624
0.621

7315.667
7327.338
7315.667
7327.331
7315.667

HMR RWA
Floquet (dÞ0)
PT (dÞ0)
Floquet (d50)
PT (d50)

3 p /4

3.815
3.387
3.389
0.816
0.811

7315.667
7327.345
7315.667
7327.337
7315.667

HMR RWA
Floquet (dÞ0)
PT (dÞ0)
Floquet (d50)
PT (d50)

p

3.676
3.246
3.246
0.883
0.878

7315.667
7327.348
7315.667
7327.340
7315.667

Calculation

control for d50. The d50 optimized field strengths are such
that for the dÞ0 molecule, the perturbative one-photon
coupling and the perturbative three-photon coupling, as
calculated using Eqs. ~7! and ~8!, respectively, are no
longer equal: @ C(1) # pert'3.00031026 and @ C(3) # pert
'2.51831025 and furthermore @ C(3) # pert is positive for
d56.5 versus negative when d50. The ten-fold increase in
the magnitude of the three-photon coupling with dÞ0 compared to d50, as well as the change in sign of @ C(3) # pert ,
indicates that permanent dipoles have a pronounced effect in
the three-photon transition.
The exact resonance profiles, calculated using Floquet
methods, analogous to the d50 results, but setting d56.5 in
the calculations, are included in Fig. 1. The choice of field
strengths, chosen to optimize the phase control of the d50
molecule, leads to little phase dependence in these resonance
profiles and what is present is in the opposite sense to the
d50 case; that is, for d56.5 the FWHM’s of the profiles
decrease with increasing d 5 d 1 23 d 3 ; see also Table I. The
lack of control @11.8% control based on Eq. ~18!# for
d56.5 is also clear from the temporal plots of Fig. 2, where
the period of the time-dependent population changes little

FIG. 2. Time-dependent population of the excited state 2,
P 2 ( d 1 , d 3 ,t), calculated in the HMR RWA (• • • •) and by exact
Floquet methods, d50 ~——! and d56.5 (----), as a function of
time and the relative phase of the two lasers, for the corresponding
v b 5 v res
b for each d and for the field strengths chosen to optimize
control for d50. For d 50, P 2 (t) is essentially zero over the time
scale shown for the exact d50 Floquet results.

with d . Relative to the d50 results, for d56.5 the threephoton excitation dominates the one-photon excitation process for all d , since the three-photon coupling is approximately ten times larger than the one-photon molecule-EMF
coupling. Phase control of the excitation process can be
achieved for the d56.5 molecule by proper selection of the
laser fields ~see Sec. III B!.
As discussed previously, the FWHM’s of the resonance
profiles and hence the related periods of the temporal evolution of the excited state, for d50, calculated using the perturbative expression for the molecule-EMF coupling and
Eqs. ~16! and ~17!, agree very closely with the exact Floquet
results and this is also valid for d56.5 where the perturbative and Floquet results for the FWHM agree to within 0.2%;
see Table I. On the other hand, while the one-photon HMRRWA molecule-EMF coupling C(1,0)'2.99531026 compares very well with the one-photon perturbative coupling
'3.00031026 , the three-photon HMR-RWA molecule-EMF
coupling C(0,3)'2.80831025 is approximately 10% higher
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than the perturbative three-photon molecule-EMF coupling
'2.51831025 since the HMR RWA does not include the
m 3 three-photon transition mechanism ~see Sec. II B!. Therefore, the FWHM’s of the HMR-RWA resonance profiles
(d56.5) are larger than those determined from the exact
calculations. This is illustrated in Fig. 1 ~see also Table I!,
where the HMR-RWA resonance profiles can be compared
with the exact results for dÞ0. As with the exact dÞ0 calculations, the HMR-RWA resonance profiles do not vary significantly with phase. Also, of course, the HMR-RWA profiles do not exhibit the Bloch-Siegert shifts seen in the exact
resonance profiles.
If the Floquet and HMR-RWA temporal calculations for
d56.5 are carried out at their respective resonance frequencies ( v Floquet
) res'7327.34 cm 21 and ( v WF
b
b ) res57315.667
21
cm ~see Table I for the exact resonance frequency for each
relative phase!, the two sets of results for P 2 ( d 1 , d 3 ,t) are
relatively independent of phase, but can differ significantly
over the time scale shown for a given relative phase ~see Fig.
2!. This arises because the HMR-RWA three-photon coupling
is larger than the correct result for all relative phases
d 5( d 1 23 d 3 ), which results in a reduced period in the RWA
relative to the exact temporal behavior @see Eq. ~15!#. Thus,
for t;25 ps, the RWA temporal behavior becomes completely out of phase with the exact results. For larger times
the two sets of results can agree rather well, for example, for
t;50 ps, before again becoming out of phase with each
other. This type of inversion of the temporal behavior of
Floquet versus RWA results and its consequences in the interpretation of ir multiphoton excitation processes has been
discussed previously @29,44#. If the exact temporal evolution
of the excited state is computed for the weak-field resonance
21
frequency ( v WF
, that is neglecting the
b ) res57315.667 cm
Bloch-Siegert shift, very large discrepancies between the exact and the HMR-RWA temporal results would be exhibited
since the difference in resonance frequencies between the
exact and the weak-field limits is much larger than the
FWHM’s of the resonance profiles for all relative phases d .
Thus the period of the exact temporal evolution for
v 5( v WF
b ) res will be very large compared to HMR-RWA period for this frequency.
As discussed above, the HMR-RWA result for the threephoton coupling neglects the m 3 contribution to the excitation mechanism and this causes disagreements between the
RWA and the exact results. It is interesting to note that if
RWA molecule-EMF couplings are replaced by the corresponding perturbatively determined couplings in the RWA
analytical expressions for the resonance profile and the timedependent population of the excited state, Eqs. ~11! and ~10!,
respectively, excellent agreement with the corresponding exact results will be obtained, aside from effects directly related to the absence of the Bloch-Siegert shift in the RWA
calculation. This comment applies for both the dÞ0 and the
d50 sets of results. Thus, for example, if the time-dependent
population of the excited state is calculated at the weak-field
resonance frequency v 5( v WF
b ) res , utilizing the HMR-RWA
expression Eq. ~10! but using the perturbative moleculeEMF couplings in place of the HMR-RWA couplings, the
result will be indistinguishable from the exact calculations
shown in Fig. 2.
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B. Optimization of phase control for dÞ0

When dÞ0, there is a choice of whether to utilize the
perturbation theory or the HMR-RWA expressions for the
molecule-EMF coupling to estimate the field strengths necessary to optimize phase control. Keeping the field strength
for the laser driving the one-photon transition at the value
used in Sec. III A, « 01 5131026 (3.513104 W/cm 2 ), the
field strength for the three-photon transition must be changed
to « 03 56.17531024 (1.33831010 W/cm 2 ) in order to optimize phase control utilizing perturbation theory. These field
strengths are such that the perturbative one-photon coupling
Eq. ~7! and the perturbative three-photon coupling Eq. ~8!
are equal: @ C(1) # pert5 @ C(3) # pert'3.00031026 . Unlike
when d50, @ C(1) # pert and @ C(3) # pert both have positive values. Using the HMR RWA, the laser field strength for the
one-photon transition is « 01 5131026 (3.513104 W/cm 2 ),
while the field strength for the three-photon transition must
be changed to « 03 56.00031024 (1.26331010 W/cm 2 ). The
field strengths are such that the HMR-RWA three-photon
coupling C(0,3) and the HMR-RWA one-photon coupling
C(1,0), as calculated using Eq. ~14!, are approximately
equal: C(0,3)'3.07731026 and C(1,0)'2.99031026 .
The resonance profiles are illustrated in Fig. 3 for various
relative phases d 5( d 1 23 d 3 ), with the phase of the threephoton laser d 3 set to zero. Each part of the figure contains
three curves: the exact resonance profile where the field
strengths are chosen in order to optimize phase control using
the perturbative molecule-EMF couplings Eqs. ~7! and ~8!
and the exact and the HMR-RWA resonance profiles where
phase control has been optimized using the HMR-RWA
molecule-EMF coupling Eq. ~14!. The exact resonance profiles for the perturbatively chosen fields exhibit a two-color
Bloch-Siegert shift of 2.8 cm 21 to higher frequency for all
( d 1 , d 3 ) combinations relative to the weak-field resonance
frequency of v b 57315.667 cm 21 , while the exact resonance profiles for the HMR-RWA selected fields exhibit a
two-color Bloch-Siegert shift of 2.7 cm 21 to higher frequency. These shifts are the same as those exhibited by the
one-color three-photon resonance profiles for the same field
strengths.
Phase control is exhibited for both sets of exact resonance
profiles. The FWHM’s for the exact profiles for the perturbatively chosen fields vary from 0.878 cm 21 for d 50 to less
than 0.001 cm 21 for d 5 p , while for the HMR-RWA fields,
they vary from 0.841 to 0.036 cm 21 as d varies from 0 to
p ~see Table II!: 99.8% and 91.8% control, respectively,
based on Eq. ~18!. The phase control of the combined oneand three-photon transitions is more complete for the perturbatively chosen field strengths since, as discussed previously,
the FWHM’s of the exact resonance profiles generally agree
very well with those calculated using the perturbative expression for the molecule-EMF coupling and Eqs. ~16! and
~17!; see Table II. On the other hand, the exact resonance
profiles for the HMR-RWA chosen fields do not exhibit as
complete phase control since the HMR-RWA expression for
the three-photon coupling, which neglects the m 3 transition
mechanism, underestimates the actual three-photon field
strength needed to optimize control. Therefore, the FWHM’s
of the HMR-RWA resonance profiles are 5.6%, 5.5%, 5.5%,
and 5.4% greater than those for the exact profiles for the
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TABLE II. FWHM of the resonance profiles of Fig. 3
(d56.5) as a function of the relative phase, d 1 23 d 3 with d 3 50,
of the two lasers. Floquet ~RWA! indicates that the exact calculations were performed using the HMR-RWA selected fields, while
Floquet ~PT! indicates that the perturbative fields were used. PT and
PT ~RWA! indicate using the perturbatively and the HMR-RWA
selected control fields, respectively, in the calculation of the
FWHM’s using Eqs. ~7!, ~8!, ~16!, and ~17!.
Calculation

FIG. 3. Fixed molecule-EMF orientation (ê1 i ê3 i mi d) resonance
profiles, the long-time averaged population of the excited
state P̄ 2 ( d 1 , d 3 ) vs detuning ( v b 2E 21 /3), calculated by exact Floquet methods, for field strengths chosen to optimize control using
perturbative couplings « 03 56.17531024 and « 01 5131026 ~——!,
and by both exact Floquet methods (----) and in the HMR RWA
(• • • •), for field strengths chosen to optimize control using
HMR-RWA couplings « 03 56.00031024 and « 01 5131026 , for the
simultaneous one- and three-photon two-color excitation of the
model (d56.5) two-level molecule, as a function of the relative
phase ( d 1 23 d 3 ) of the two lasers.

HMR-RWA chosen fields as d varies for 0 to 3 p /4, while for
d 5 p it is 64% smaller. On the other hand, utilizing the
perturbative one- and three-photon couplings associated with
the HMR-RWA optimized field strengths @ C(1) # pert
'3.00031026 and @ C(3) # pert'2.75231026 and Eqs. ~16!
and ~17!, the FWHM’s agree to within 0.3%.
The HMR-RWA resonance profiles are included in Fig. 3
and they exhibit ‘‘complete’’ phase control for the optimal
laser fields based on the HMR-RWA laser-molecule couplings; in the calculations reported here, these fields were not
completely
optimized
in
the
RWA,
that
is,
C(0,3)'3.07731026 and C(1,0)'2.99031026 . Of course,
the Bloch-Siegert shifts, present in the exact Floquet results,
are absent in all RWA calculations. Aside from this and their
;6% too large FWHM’s, the HMR-RWA resonance profiles

Phase ( d )

FWHM ~cm 21 )

@ v b # res ~cm 21 )

HMR RWA
Floquet ~RWA!
PT ~RWA!
Floquet ~PT!
PT

0

0.888
0.841
0.842
0.878
0.878

7315.667
7318.329
7315.667
7318.486
7315.667

HMR RWA
Floquet ~RWA!
PT ~RWA!
Floquet ~PT!
PT

p /4

0.820
0.777
0.778
0.810
0.811

7315.667
7318.330
7315.667
7318.488
7315.667

HMR RWA
Floquet ~RWA!
PT ~RWA!
Floquet ~PT!
PT

p /2

0.628
0.595
0.596
0.621
0.621

7315.667
7318.334
7315.667
7318.492
7315.667

HMR RWA
Floquet ~RWA!
PT ~RWA!
Floquet ~PT!
PT

3 p /4

0.340
0.323
0.324
0.336
0.336

7315.667
7318.337
7315.667
7318.495
7315.667

HMR RWA
Floquet ~RWA!
PT ~RWA!
Floquet ~PT!
PT

p

0.013
0.036
0.036
0.001
,0.001

7315.667
7318.338
7315.667
7318.497
7315.667

model well the exact results. The modeling can be improved,
as discussed in Sec. III A, by simply replacing the HMRRWA molecule-laser couplings by the perturbative couplings
estimated for optimal combined one- and three-photon transition control. The resonance profiles obtained this way will
be graphically indistinguishable from the exact results once
the profiles are frequency normalized for the Bloch-Siegert
shift.
Phase control is exhibited in the exact temporal calculations for dÞ0, which are carried out at the exact resonance
frequency for each relative phase for both the perturbatively
PT
chosen fields, ( v Floquet
) res'7318.49 cm 21 , and for the
b
RWA
) res'7318.33 cm
HMR-RWA selected fields, ( v Floquet
b
21
; see Fig. 4. For both sets of calculations, phase control is
in the opposite sense to the d50 results of Sec. III A, that is,
the period of the time-dependent population increases, since
the molecule-EMF coupling decreases, as the relative phase
changes from zero to p . The phase control is in the opposite
sense for the two calculations because the three-photon cou-
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In the examples just discussed, the permanent dipole
mechanism, that is, the term in Eq. ~8! of the form d 2 m ,
tends to dominate the transition dipole mechanism ~the term
of the form m 3 ) in the total three-photon molecule-EMF coupling. Thus, for example, in the exact Floquet calculations,
phase control is more or less obtained if either perturbation
theory or the HMR RWA is used to estimate the optimal
fields for control of the simultaneous one- and three-photon
excitation process. For the model molecule studied, the difference between the permanent dipoles of the states involved
in the transition, d56.5, is quite large compared to the transition dipole, m 53. Often d and m can be of more comparable sizes.
C. Optimization of phase control for dÞ0 „d52.5…

FIG. 4. Time-dependent population of the excited state 2,
P 2 ( d 1 , d 3 ,t) for the model (d56.5) two-level molecule, calculated
by exact Floquet methods, for field strengths chosen to optimize
control using perturbative couplings ~——!, and by both exact Floquet methods ~----! and in the HMR RWA (• • • •), for field
strengths chosen to optimize control using HMR-RWA couplings,
as a function of time and the relative phase of the two lasers, for the
corresponding v b 5 v res
b for each d . For d 5 p , P 2 (t) is essentially
zero over the time scale shown for the field strengths for optimal
control estimated by perturbation theory.

pling is positive versus negative and therefore the sign of the
interference term in Eq. ~17! changes, for d56.5 versus
d50. Using either the perturbatively or the HMR-RWA chosen field strengths in the perturbative molecule-EMF couplings in Eqs. ~15! and ~17!, the respective periods of temporal evolution are ‘‘reliably’’ predicted. The perturbatively
chosen fields give more complete control and temporally this
is best seen for d 5 p , where the period is much greater than
for the HMR-RWA selected fields. Over the time scale depicted, the HMR RWA yields reasonable predictions of the
exact temporal behavior, although the periods for all d are
slightly too small ~a reflection of the couplings being approximately 6% too large!. However, over sufficiently longer
time scales, the HMR-RWA temporal behavior will become
completely out of phase with the exact results ~see Sec. III A
and Refs. @10,29,44#!.

In order to more clearly understand the possible effects of
permanent dipoles in the phase control of molecular excitation processes, we now consider a model where d' m . For
this purpose we consider a ‘‘pseudomolecule’’ with the same
molecular parameters as before except d52.5. The laser
field strength for the one-photon transition is kept at the
d56.5 value; « 01 5131026 (3.513104 W/cm 2 ) for both the
perturbative and HMR-RWA choices of optimal control field
strengths. In order that the perturbative one- and threephoton couplings are equal for d52.5, again at
@ C(1) # pert5 @ C(3) # pert'3.00031026 , the field strength for
the three-photon transition must be increased to
« 03 51.71931023 (1.03731011 W/cm 2 ) from 6.17531024
(1.33831010 W/cm 2 ) for d56.5. Using the HMR-RWA
couplings, the field driving the three-photon transition must
be increased from 6.00031024 (1.26331010 W/cm 2 ) to
« 03 51.12031023 (4.40231010 W/cm 2 ), so that the threephoton coupling C(0,3)'2.96231026 is approximately
equal to the one-photon coupling C(1,0)'2.99531026 .
For all relative phases d 5( d 1 23 d 3 ), the exact resonance
profiles for the perturbatively chosen fields exhibit a twocolor Bloch-Siegert shift of 21.9 cm 21 to higher frequency
relative to the weak-field resonance frequency of
21
( v WF
, while the exact resonance prob ) res57315.667 cm
files for the HMR-RWA selected fields exhibit a two-color
Bloch-Siegert shift of 9.3 cm 21 ; see Fig. 5 and Table III.
The Bloch-Siegert shifts for the two-color process are the
same as those exhibited by the one-color three-photon resonance profiles for the same field strengths and therefore the
large difference in Bloch-Siegert shifts between the perturbatively and HMR-RWA chosen fields profiles is due to the
difference in the three-photon field strengths for the two calculations (1.71931023 versus 1.12031023 , respectively!.
Unlike for d56.5 ~Fig. 3!, there is no overlap between the
resonance profiles for the perturbatively and the HMR-RWA
chosen fields. The profiles overlap for d56.5 because the
three-photon field strengths are much more similar,
« 03 56.17531024 (1.33831010 W/cm 2 ) for perturbatively
chosen fields and « 03 56.00031024 (1.26331010 W/cm 2 )
for the HMR-RWA chosen fields, relative to the corresponding fields for d52.5.
The FWHM’s for the exact resonance profiles for the perturbatively chosen fields vary from 0.878 to 0.010 cm 21 ,
97.8% control, while for the HMR-RWA fields they vary
from 0.562 to 0.320 cm 21 , 27.4% control, as d varies from
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TABLE III. FWHM of the resonance profiles of Fig. 5
(d52.5) as a function of the relative phase, d 1 23 d 3 with d 3 50,
of the two lasers. Floquet ~RWA! indicates that the exact calculations were performed using the HMR-RWA fields, while Floquet
~PT! indicates that the perturbative fields were used. PT and PT
~RWA! indicate using the perturbatively and the HMR-RWA selected control fields, respectively, in the calculation of the FWHM’s
using Eqs. ~7!, ~8!, ~16!, and ~17!.
Calculation

FIG. 5. Fixed molecule-EMF orientation (ê1 i ê3 i mi d) resonance
profiles, the long-time averaged population of the excited state
P̄ 2 ( d 1 , d 3 ) vs the beat frequency detuning ( v b 2E 21 /3), calculated
by exact Floquet methods, for field strengths chosen to optimize
control using perturbative couplings « 03 51.71931023 and
« 01 5131026 ~——!, and by both exact Floquet methods ~----! and
in the HMR RWA (• • • •), for field strengths chosen to optimize
control using HMR-RWA couplings « 03 51.12031023 and
« 01 5131026 , for the simultaneous one- and three-photon twocolor excitation of the model (d52.5) two-level molecule, as a
function of the relative phase ( d 1 23 d 3 ) of the two lasers.

0 to p , respectively; see Table III. Almost complete phase
control is exhibited for the perturbatively chosen field
strengths, but these results do not exhibit as much phase
control ~99.8%! as when d56.5.
Compared to the d56.5 molecule, the FWHM’s for the
exact resonance profiles for the HMR-RWA selected fields
agree poorly with those for the HMR-RWA calculations
since the neglected m 3 transition mechanism is now much
more dominant in the three-photon molecule-EMF coupling.
Therefore, although the HMR-RWA one-photon coupling
C(1,0)'2.99531026 agrees very well with the perturbative
one-photon coupling @ C(1) # pert'3.00031026 , the HMRRWA three-photon coupling C ~0,3!'2.96231026 is much
larger than the perturbative three-photon coupling
@ C(3) # pert'8.29831027 , for the HMR-RWA chosen fields.

Phase ( d )

FWHM ~cm 21 )

@ v b # res ~cm 21 )

HMR RWA
Floquet ~RWA!
PT ~RWA!
Floquet ~PT!
PT

0

0.872
0.562
0.560
0.878
0.878

7315.667
7324.950
7315.667
7337.541
7315.667

HMR RWA
Floquet ~RWA!
PT ~RWA!
Floquet ~PT!
PT

p /4

0.805
0.533
0.532
0.812
0.811

7315.667
7324.952
7315.667
7337.545
7315.667

HMR RWA
Floquet ~RWA!
PT ~RWA!
Floquet ~PT!
PT

p /2

0.616
0.456
0.455
0.619
0.621

7315.667
7324.958
7315.667
7337.554
7315.667

HMR RWA
Floquet ~RWA!
PT ~RWA!
Floquet ~PT!
PT

3 p /4

0.334
0.364
0.363
0.334
0.336

7315.667
7324.965
7315.667
7337.565
7315.667

HMR RWA
Floquet ~RWA!
PT ~RWA!
Floquet ~PT!
PT

p

0.005
0.320
0.318
0.010
,0.001

7315.667
7324.967
7315.667
7337.568
7315.667

Hence the FWHM’s calculated in the HMR RWA are much
larger for the positive ( d 50,p /4) and zero ( d 5 p /2) interference profiles @the interference term in Eq. ~17! is positive#
and much smaller for the negative ( d 53 p /4, p ) interference
profiles than those for the exact calculations based on the
RWA selected three-photon field strength; see Table III.
However, the FWHM’s of the exact resonance profiles for
the HMR-RWA selected field strengths agree, within 0.6%,
to the results calculated using the perturbative moleculeEMF couplings and Eqs. ~16! and ~17! and these field
strengths. Since the HMR RWA incorrectly predicts the optimum control three-photon molecule-EMF coupling, the exact resonance profiles for the HMR-RWA selected fields exhibit little phase control ~27.4%!.
Since the period of the temporal evolution of the excited
state is related to the FWHM of the resonance profiles via
Eqs. ~15! and ~16!, the exact temporal behavior ~not shown
explicitly here! of the excited state for the perturbatively
chosen field strengths carried out at the exact resonance fre-
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PT
quency ( v Floquet
) res'7337.55 cm 21 will exhibit essenb
tially complete phase control. Conversely, for the HMRRWA selected field strengths, the exact temporal behavior
carried out at the exact resonance frequency
RWA
) res'7324.96 cm 21 will exhibit little phase con( v Floquet
b
trol. Thus, for d52.5 (d' m ) and for the field strengths considered here, the perturbatively chosen field strengths provide control while the HMR-RWA selected fields do not
provide adequate results for the three-photon molecule-EMF
coupling and therefore little control is exhibited in either the
exact resonance profiles or the associated exact temporal behavior. In contrast, for d56.5 (d@ m ), either the perturbatively chosen or the HMR-RWA selected field strengths provide almost complete phase control.

D. Optimization of phase control for d50 „‘‘real’’ d52.5…

For comparison purposes, let us consider the d50 calculations, analogous to those of Sec. III A for d56.5, for the
pseudomolecule with d52.5. Since the field strengths are to
be chosen assuming the perturbative one- and three-photon
couplings are the same for d50, they are the same as those
in Sec. III A, i.e., for the one-photon transition
« 01 5131026 (3.513104 W/cm 2 ) and for the three-photon
transition « 03 51.25531023 (5.52731010 W/cm 2 ). Exact
resonance profiles for d50 and analogous results for
d52.5 as a function of relative phase are illustrated in Fig. 6.
While the d50 results exhibit phase control ~99.99%! ~see
the discussion in Sec. III A and Table I!, the analogous
d52.5 results exhibit less phase control ~38.5%! as the
FWHM’s vary from 0.612 to 0.272 cm 21 as d varies from 0
to p and the phase control that is exhibited is in the opposite
sense to that for d50; compare Tables IV and I. The exact
(d52.5) FWHM’s are greater than those for d50 for d 50
and p /4 while they are smaller for d 5 p /2, 3 p /4, and p @see
Fig. 6, Tables IV (d52.5) and I (d50)#; for d56.5 ~see
Fig. 1 and Table I! the FWHM’s are greater for all relative
phases. The exact FWHM’s for d52.5 are reliably predicted
from the overall perturbative molecule-EMF coupling and
Eq. ~16!. When d52.5, the perturbative three-photon coupling @ C(3) # pert'1.16731026 is of the same magnitude as
the one-photon coupling @ C(1) # pert'3.000 31026 and
therefore, if one assumes d50, when, in fact, d52.5, there is
still 38.5% control, based on Eq. ~18!. Conversely, for
d56.5, the three-photon coupling @ C(3) # pert'2.51831025
is approximately ten times larger than the one-photon coupling and there is only 11.8% control ~see Sec. III A!.
The behavior of the FWHM’s for the exact resonance profiles for d52.5 relative to d50 is also reflected in the temporal calculations, where are carried out at the exact resonance frequency for each relative phase ( v Floquet
) res
b
'7327.33 cm 21 ~see Fig. 7!. As the relative phase varies
from zero to p , the period of the time-dependent population
increases from 33 to 80 ps when d52.5, while it decreases
from infinity to 25 ps for d50 since the field strengths have
been chosen to optimize phase control for d50. The period
for d52.5 is shorter than that for d50 for d 50 and p/4
while it is longer for d 5 p /2, 3 p /4, and p . However, for
d52.5 neither the longest period is as long nor the shortest
period as short as that for d50, so obviously there is less

FIG. 6. Fixed molecule-EMF orientation (ê1 i ê3 i mi d) resonance
profiles, the long-time averaged population of the excited state
P̄ 2 ( d 1 , d 3 ) vs the beat frequency detuning ( v b 2E 21 /3) calculated
in the HMR RWA (• • • •) and by exact Floquet methods, d50
~——! and d52.5 ~----!, for the simultaneous one- and threephoton two-color excitation of the model two-level molecule, as a
function of the relative phase ( d 1 23 d 3 ) of the two lasers and with
the field strengths « 03 51.25531023 and « 01 5131026 chosen to
optimize control for d50.

temporal phase control when d52.5. When d56.5, the period of the temporal behavior of the excited state is shorter
for all relative phases ~see Fig. 2!. Thus, as is reflected both
temporally and in the associated resonance profiles, neglecting the permanent dipole moments in determining the field
strengths for optimal control will inevitably lead to a loss of
control, although the exact amount of control lost depends
upon the relative values of d and m .
E. Orientational averaging

Only one example, where phase control has been optimized for the fixed orientation ê1 i ê3 i mid when d56.5 ~see
Sec. III B!, will be considered since it will illustrate the main
effects of orientational averaging for the harmonic simultaneous three- and one-photon excitation. Orientationally averaged temporal behavior and associated resonance profiles are
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TABLE IV. FWHM of the resonance profiles of Fig. 6 (d52.5
or 0; see Table I for d50 results! as a function of the relative phase,
d 5 d 1 23 d 3 with d 3 50, of the two lasers. PT denotes perturbation
theory calculations of the FWHM obtained using the perturbative
molecule-EMF couplings, Eqs. ~7! and ~8!, and Eqs. ~16! and ~17!.
Phase ( d )

FWHM ~cm 21 )

@ v b # res ~cm 21 )

HMR RWA
Floquet (dÞ0)
PT (dÞ0)

0

1.047
0.612
0.610

7315.667
7327.324
7315.667

HMR RWA
Floquet (dÞ0)
PT (dÞ0)

p /4

0.970
0.575
0.573

7315.667
7327.326
7315.667

HMR RWA
Floquet (dÞ0)
PT (dÞ0)

p /2

0.751
0.472
0.471

7315.667
7327.333
7315.667

HMR RWA
Floquet (dÞ0)
PT (dÞ0)

3 p /4

0.432
0.342
0.340

7315.667
7327.340
7315.667

HMR RWA
Floquet (dÞ0)
PT (dÞ0)

p

0.171
0.272
0.268

7315.667
7327.344
7315.667

Calculation

characteristic of molecules randomly situated in the gas or
solution phase rather than with a specific orientation relative
to the laser fields.
The free orientationally averaged @10,33,34# perturbatively determined temporal behavior is given by
t2
P rot
2 ~ d ,t ! 5
8

E$
p

0

@ C ~ 1 !# 2pertcos2 b 1 @ C ~ 3 !# 2pertcos6 b

12 @ C ~ 1 !# pert@ C ~ 3 !# pertcos4 b cosd % sinb d b
5

t2 1
$ @ C ~ 1 !# 2pert1 71 @ C ~ 3 !# 2pert
4 3
1 52 @ C ~ 1 !# pert@ C ~ 3 !# pertcosd %

5

t 2 pert
@ z ~ d , d !# 2
4 av 1 3

~19!

where here the molecule-EMF couplings @ C(1) # pert and
@ C(3) # pert now depend only on the magnitudes of the permanent and transition dipole moments since the angular dependence on b ~the angle between the fields and the dipoles! has
been factored out; see Eqs. ~7! and ~8!. There is an obvious
loss of phase control if one uses the fixed orientation optimal
control field strengths since the orientationally averaged
overall molecule-EMF coupling in Eq. ~19!, z pert
av ( d 1 , d 3 ), no
longer approaches zero as the relative phase d approaches
p . In fact, if the one- and three-photon molecule-EMF couplings are set equal, @ C(1) # pert5 @ C(3) # pert5C, as done for
the fixed orientation problem ~Sec. III B!, the minimum
value of the overall molecule-EMF coupling that can be ob-

FIG. 7. Time-dependent population of the excited state 2,
P̄ 2 ( d 1 , d 3 ,t) calculated by exact Floquet methods, d50 ~——! and
d52.5 ~----!, as a function of time and the relative phase of the two
lasers, for the corresponding v b 5 v res
b for each d and for the field
strengths chosen to optimize control for d50. For d 50, P 2 (t) is
essentially zero over the time scale shown for the exact d50 Floquet results.

tained is (8/105) 1/2C compared to a maximum value of
(92/105) 1/2C. However, if the orientationally averaged
molecule-EMF coupling is utilized to maximize control, i.e.,
to minimize u z pert
av ( p ,0) u , the new relationship between the
one- and three-photon coupling is 1.4@ C(1) # pert
5 @ C(3) # pert . Using this result, the minimum value of the
overall molecule-EMF coupling that can be obtained is
(4/75) 1/2@ C(1) # pert as compared to a maximum value of
(88/75) 1/2@ C(1) # pert . Based on the orientationally ‘‘optimized’’ control, the new three-photon field strength is
« 03 56.90831024 (1.67531010 W/cm 2 ) when the onephoton field strength is fixed at the value used in Sec. III B,
« 01 51.00031026 (3.513104 W/cm 2 ).
The orientationally averaged resonance profiles
P̄ rot
2 ( d 1 , d 3 ) versus ( v b 2E 21 /3) calculated using the perturbative overall molecule-EMF coupling in the HMR-RWA expression Eq. ~11! and by using the exact methods are illustrated in Fig. 8 for the parallel fixed orientation optimized
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FIG. 8. Orientational averaged resonance profiles, the orientationally averaged long-time averaged population of the excited state
P̄ rot
2 ~d1,d3! vs beat frequency detuning ( v b 2E 21 /3), for the
d56.5 parallel configuration optimal control field strengths
« 03 56.17531024 and « 01 5131026 , calculated in the HMR RWA
~••••! and by exact Floquet methods ~-••-••! and for the orientationally ‘‘optimized’’ field strenghts « 03 56.90831024 and «015131026
calculated in the HMR RWA ~——! and by exact Floquet methods
~----!, as a function of the relative phase of the two lasers. In the
HMR-RWA calculations the RWA molecule-EMF couplings are replaced by the appropriate perturbative molecule-EMF couplings
~see the main text!.

field strengths ~Sec. III B! « 01 51.00031026 (3.5093104
W/cm 2 ) and « 03 56.17531024 (1.33831010 W/cm 2 ) and
for the orientationally averaged optimized field strengths.
The orientationally averaged resonance profiles are very dissimilar to their fixed orientation ê1 i ê3 i mid counterparts ~see
Fig. 3!. We begin with a discussion of the exact resonance
profiles and then follow with a discussion within the HMR
RWA ~using the perturbative overall molecule-EMF coupling, however!.
Upon orientational averaging, many fixed molecule-laser
configurations contribute to the resonance profile and the exact resonance frequencies vary considerably @33#, corresponding to Bloch-Siegert shifts of 2.6 cm 21 ~for
ê1 i ê3 i mi d! to zero ~for ê1 i ê3' mi d! and, further, the Bloch-
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Siegert shifts can often be larger than the FWHM’s of the
corresponding fixed configuration resonance profiles. Thus,
in contradistinction to the simultaneous two- and one-photon
excitation situation discussed previously @10#, where the
maximum Bloch-Siegert shift was small, 0.2 cm 21 , the orientationally averaged exact resonance profiles shown in Fig.
8 are ‘‘smeared out’’ over a large frequency range and therefore no resonance frequency can be defined that corresponds
to a ‘‘maximum’’ in the resonance profile @33#. On the other
hand, the HMR-RWA orientationally averaged profiles do
not exhibit the same behavior since the HMR RWA does not
include Bloch Siegert shifts and therefore the resonance frequencies, for all molecule-laser configurations contributing
to the orientationally averaged resonance profile, are the
same.
Although the exact orientationally averaged resonance
profiles exhibit phase dependence, their corresponding exact
temporal populations are not discussed further since they are
extremely low: P rot
2 ( d 1 , d 3 ,t),0.01 for all relative phases
over the time scale shown in Fig. 9. This behavior agrees
with the fact that the resonance profile, at a given v b , is the
long-time average of the temporal behavior of the excitedstate population for that v b and all the exact orientationally
averaged resonance profiles have small heights @e.g., maximum P̄ rot
2 ( d 1 ,0)'0.08#. Therefore, in what follows, we will
consider the HMR-RWA temporal results, which will illustrate some effects of orientational averaging on the dynamics
of the system in the absence of Bloch-Siegert shift effects.
The FWHM’s for the HMR-RWA resonance profiles for
the parallel configuration optimal control fields vary from
0.248 to 0.100 cm 21 , 42.5% control, while for the orientationally optimized fields they vary from 0.270 to 0.082
cm 21 , 53.4% control, as d varies from 0 to p , respectively.
Therefore, by optimizing the laser fields using the orientationally averaged expression for the overall perturbative
molecule-EMF coupling, one can achieve a 10% increase in
control within the HMR RWA.
The orientationally averaged temporal population of the
excited state, for various relative phases, evaluated using the
HMR RWA with the perturbative couplings, with the frequency set at the weak field resonance frequency
21
v b 5( v WF
, for the parallel orientation
b ) res57315.667 cm
optimized field strengths and for the orientationally optimized field strengths are illustrated in Fig. 9. For the shorttime behavior in the HMR RWA, a slight increase in control
can be seen for the orientationally ‘‘optimized’’ field
strengths relative to the parallel configuration case. However,
over the time scale of the figure, for d 50, p /4, and p /2, the
longer-time behavior becomes relatively independent of
phase. This behavior is very similar to the recently studied
orientationally averaged temporal behavior for the simultaneous two- and one-photon excitation. In contrast to the twoversus one-photon competition behavior, where phase control is lost for all phases, the three- versus one-photon temporal behavior shows more significant phase dependence for
d 53 p /4 and p ~over the scale of the figure!. If the orientational average ~again with ê1 i ê2 and mid! of the perturbative
temporal behavior @10# for the simultaneous one- and twophoton excitation is considered,
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FIG. 9. Orientationally averaged HMR-RWA time-dependent
populations of the excited state 2, P̄ rot
2 ~d1,d3,t!, for the d56.5 parallel configuration field strengths « 03 56.17531024 and
« 01 5131026 (• • • •) and for the orientationally ‘‘optimized’’
field strengths « 03 56.90831024 and « 01 5131026 ~——!, as a
function of time and the relative phase of the two lasers, for
v b 5( v WF
b ) res .

P rot
2 ~ d ,t ! 5

H

J

t2 1
1
@ C ~ 1 !# 2pert1 @ C ~ 2 !# 2pert ,
4 3
5

~20!

the interference term averages out to zero and thus the orientationally averaged results are independent of phase in the
perturbative approximation in contrast to the phase dependence occurring in the analogous three- versus one-photon
result of Eq. ~19!.
IV. CONCLUDING REMARKS

A nonzero difference d in the permanent dipole moments
between two molecular states involved in a two-color transition, involving simultaneous single- and multiphoton transitions, can have significant effects, relative to d50, on the
control of the state populations through the variation of the
relative phase of the two lasers inducing the transitions. In
this paper a two-level molecular model is used to investigate
the effects of dÞ0, in this context, for the simultaneous one-
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and three-photon excitation of the ground state. In contrast to
simultaneous one- and two-photon excitation @10#, where
dÞ0 is required for the two-photon transition to occur, competition between the one- and three-photon excitations can
occur both when d50 and when dÞ0. The control of excitation, that is, of the population of the excited state, is investigated both for a fixed laser-molecule orientation
(ê1 i ê3 i mi d) and for situations where the absorbing molecules are randomly orientated with respect to the laser field
directions. The effects of the relative phase of the two lasers
are discussed using both the temporal evolution of the
excited-state population and the resonance profiles associated with the one- and three-photon simultaneous excitation
process to monitor the effects of phase control.
For the fixed molecule-laser orientation studies, the role
of permanent dipoles is investigated by choosing the laser
fields to optimize phase control both with and without taking
explicit account of the permanent dipoles when choosing the
optimal field strengths. Sections III A and III B investigate
phase control for a ‘‘giant dipole’’ molecule where d@ m
(d56.5 and m 53). Using the field strengths that lead to
100% phase control assuming d50 yields little phase control
in the ‘‘real’’ d56.5 molecule. Keeping the one-photon field
strength fixed, phase control can be achieved by markedly
reducing the laser field strength associated with the threephoton molecule-EMF coupling so that the one- and threephoton couplings, including the effects of permanent dipoles,
are equal in magnitude. Relative to d50, the three-photon
coupling C(3) changes sign when d56.5 since C(3)
}(2d 2 2 m 2 ) m , that is, the permanent dipole and the pure
transition dipole three-photon transition mechanisms contribute to the three-photon coupling in opposite senses. Thus the
phase control changes ‘‘sense’’ as a function of the relative
phase d for d56.5 relative to d50; for example, the population of the excited state is maximized ~minimized! for
d 5 p ~0! versus d 50 ( p ) for d50 and 6.5, respectively.
Often d and m are of more equal magnitude and the phase
control of simultaneous one- and three-photon excitation in
this situation is considered in Secs. III C and III D, where
d52.5 and m 53. In this example, relative to d50, the threephoton laser field strength must be increased significantly to
obtain phase control.
In these calculations reliable estimates for the optimal
choices for the field strengths for phase control were provided by time-dependent perturbation theory predictions for
the required molecule-EMF couplings even through perturbation theory results for the time dependence of the populations of the molecular states cannot be used for long times or
to obtain resonance profiles. Indeed the RWA result for the
three-photon coupling @ C(0,3) # }2d 2 m neglects an important term (2 m 3 ) relative to the more reliable perturbation
theory expression @ C(3) # pert}(2d 2 2 m 2 ) m . Thus, in the
choice of laser field strengths for optimal phase control only
the perturbation theory molecule-EMF couplings could be
employed when d50, whereas for d56.5 and 2.5 the RWA
couplings were also tested. When d56.5 (2d 2 m @ m 3 ) the
optimal control field strengths predicted by the RWA lead to
almost complete control of the excited-state population while
for d52.5 (2d 2 m ; m 3 ) the corresponding RWA predictions
are not at all reliable. In general, the correct analytical tools
must be used to help estimate the field strengths for optimal
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control of the excitation process and while perturbation
theory performed well in the examples considered here, it
will fail for more intense laser fields ~larger molecule-EMF
couplings!.
The HMR RWA was also used to model the exact Floquet
calculations of the temporal behavior of the molecular states
and the related resonance profiles, for dÞ0. When the optimal control laser fields are chosen using the RWA, complete
phase control of the excited state is achieved within the
RWA. For common field strengths, the HMR-RWA calculations model well the exact calculations except for effects
related to the absence of the two-color Bloch-Siegert shift in
the resonance frequency in the RWA results. Discrepancies
can also arise because of disagreements between the threephoton molecule-EMF couplings in the RWA versus the exact calculations. These affect the FWHM’s of the resonance
profiles and the period of the temporal evolution of the excited state, and while they are small for d56.5
(2d 2 m @ m 3 ), they are more significant for d52.5
(2d 2 m ; m 3 ). These non-Bloch-Siegert effects, in all the
dÞ0 calculations, can be removed by replacing the RWA
molecule-EMF couplings by the perturbative expressions for
the couplings ~at the same laser field strengths! in the HMRRWA analytical expressions for the resonance profiles and
the time-dependent populations of the molecular states. It
should be emphasized that the effects of the Bloch-Siegert
shift are important. Very often these are larger than the
FWHM of the resonance profiles and therefore if the weakfield resonance frequency is assumed in the laser excitation
process, as would occur in both the RWA and perturbation
theory analyses of the problem, the resonances can be missed
completely. However, once these shifts are taken into account, the analytical HMR-RWA expressions, augmented by
the perturbative molecule-EMF couplings, can be very effective in analytically and reliably representing the phase control of molecular excitations for the laser-molecule couplings
of the magnitude studied in this paper, without recourse to
exact Floquet calculations.
The control of the combined one- and three-photon exci-

tation process, for the situation where the absorbing molecules are randomly orientated with respect to the laser field
directions, is discussed in Sec. III E. Since the moleculeEMF couplings required for control change with relative
molecule-field orientations, effective control of the excitation
process is lost relative to the fixed molecule-EMF configuration examples discussed earlier. Upon orientational averaging, both the temporal evolution of the excited-state populations and the resonance profiles show little dependence on
the relative phase of the lasers. However, in agreement with
the predictions of time-dependent perturbation theory, the
phase dependence for the one- and three-photon competition
studied here is more significant than that for the previously
studied @10# one- and two-photon simultaneous excitation
process. When random orientational averaging effects become important, the loss of phase control is inevitable in
such competitive excitation processes. However, such phase
control is observable in rotationally resolved excitation
schemes @14 –19#.
The phase control of molecular excited-state populations,
through two-color laser excitation and the interference between two optical excitation paths to the same final state, is a
problem of considerable interest @12–19#. The magnitude of
the interference is related to the relevant molecule-EMF couplings for the competing transitions and to the relative phase
of the two lasers controlling the excitation paths. However,
until recently, little explicit attention has been given to the
effects of permanent dipoles and to those associated with the
random orientation of the absorbing species in phase control
studies. As illustrated here, for two-level dipolar molecular
models, these effects are important in such problems since
they both influence molecule-EMF couplings.
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