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Rate Equation Model for Nonequilibrium Operating
Conditions in a Self-Organized Quantum-Dot Laser

H. Huang and D. G. Deppe, Fellow, IEEE,

Abstract—A nonequilibrium rate equation model is presented
and analyzed for the self-organized quantum dot (QD) laser. The
model assumes the QD zero-dimensional levels are coupled to a
thermal electron distribution in the wetting layer through reser-
voir rate equations. By including the energy dependence of the wet-
ting layer reservoir versus temperature, the model accounts for the
spectral narrowing of the gain with increasing temperature, the
negative temperature coefficient of the lasing threshold, and a re-
duction of the spectral hole burning with increasing temperature,
all found experimentally in QD lasers.

I. INTRODUCTION

SINCE THEIR first demonstration [1], self-organized
quantum-dot (QD) lasers have rapidly advanced to become

a topic of important research [1]–[21]. Milestones include
demonstrations of long-wavelength (1.3m) QD lasers on
GaAs [5]–[10], QD vertical-cavity surface-emitting lasers
(VCSELs) [11]–[16], and 1.3-m QD VCSELs [17]. Novel
fabrication of short cavity edge-emitting QD lasers has also
been reported [18]. There is a strong theoretical interest in the
physics of the self-organized QD lasers since the zero-dimen-
sional quantum states dramatically alter the laser characteristics
from those of the better known planar QW lasers. These
differences include the minimum threshold current density [9],
[19], the temperature dependence of threshold [6], [21], and
spectral hole burning of the optical gain [4], [6], as well as more
subtle differences that change the linewidth broadening and
chirp. The temperature dependence is particularly interesting,
because a negative temperature coefficient can occur over
certain temperature ranges [21].

Although there are numerous past theoretical works now pub-
lished on the operation of QD lasers, few of these are capable of
rigorously calculating the negative temperature dependence of
the lasing threshold. Self-organized QDs sit “on top of” a wet-
ting layer, so that the QDs’ zero-dimensional levels are elec-
tronically coupled to the wetting layer’s 2-D density of levels.
The negative temperature dependence occurs for a range of in-
homogeneous broadening, for which quasi-equilibration of the
QD ground states with the wetting layer narrows the gain spec-
trum [21]. Therefore, a theoretical model must be capable of
describing both nonequilibrium carrier distributions in the QD
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zero-dimensional levels at low temperature, as well as a quasi-
equilibrium distribution for higher temperature operation. Re-
cently, we presented a rate equation analysis that is capable of
accounting for nonequilibrium and quasi-equilibrium carriers
within the QDs’ zero-dimensional levels [22], [34]. As we show
below, these thermal effects in the QD laser can be treated with
these rate equations in which the electronic levels are coupled
to a Boson reservoir so that the zero-dimensional ground state
achieves some steady-state carrier distribution due to carrier re-
laxation from and thermal escape to the wetting layer of the
self-organized QDs. The difference in our present analysis is
that the wetting layer is specifically included in the rate equa-
tions to globally couple the QDs. Rate equations are sufficient to
describe the temperature dependence, since phase information
between different quantum states is rapidly destroyed by reser-
voir coupling. On the other hand, quantum mechanics plays a
critical role in determining the correct form of the rate equa-
tions, since zero-point fluctuations in the reservoir modes must
be included to correctly relate the spontaneous emission, stimu-
lated emission, and absorption rates. In essence, the quantum
mechanical coupling of the Boson reservoir leads to the fa-
mous Einstein relations between spontaneous emission, stim-
ulated emission, and absorption [23].

Following our earlier work, two other publications also pur-
port to calculate the negative temperature dependence of the QD
lasing threshold [24], [25]. Unfortunately, a direct comparison
between the equations used below and these papers is not pos-
sible, since a mathematical treatment is not given. However, we
argue below that the form of the rate equations we present is re-
quired to correctly bring any electronic system into equilibrium.
Quasi-equilibrium models have also been presented previously
that account for the QD laser’s increasing threshold current with
increasing temperature [26]–[28]. Thermal excitation of charge
carriers leads to a greater fraction of these carriers occupying
higher energy levels, and the spontaneous light emission that
comes from these higher energy levels requires a greater injec-
tion current to maintain a fixed population in the QD ground
state. In this respect, quasiequilibrium models qualitatively ac-
count for the rapidly increasing threshold current above a given
temperature, but not the negative temperature coefficient.

The application of the analysis below to multilevel QDs is
straightforward, but certainly more tedious. This is carried out
simply by additional rate equations for the additional levels. We
avoid this complication below, but note that an accurate treat-
ment of the QD laser modulation response, in fact, requires
the additional levels because of entropy effects that can arise
between the wetting layer and higher energy zero-dimensional
levels [29].
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Fig. 1. Schematic illustration of the energy levels of the wetting layer and the
ground state. The shaded area illustrates the inhomogeneity of the QD ensemble.

II. RATE EQUATIONS

The electron and hole levels of the wetting layer are assumed
to be driven by a current source, and the representative energy
level diagram illustrated in Fig. 1. Several assumptions are made
in order to simplify the analysis and clarify the relevant physics.
First, we assume that the wetting layer states contain only low
concentrations of electrons and holes. This is typical of most
operating conditions of QD lasers, especially for steady-state
operation. The wetting layer carriers are then treated using the
Boltzmann approximation, as discussed in [26], with the con-
tinuum of wetting layer states replaced by an effective density of
states. Like [26], we assume that each QD contains only single
electron and hole levels (ground state) with a degeneracy of two
due to spin. We also assume equal electron and hole relaxation
rates.

Using these assumptions, we are able to clearly address the
question of how the carrier distribution of a QD ensemble dif-
fers from quasiequilibrium, and how this difference can lead to
spectral narrowing and threshold reduction with increasing tem-
perature. The wetting layer electron population is given by its
degeneracy (related to the density of levels), multiplied by
its probability of occupation, taken as , so that its pop-
ulation is . The rate equation for the wetting layer
electron population is given by [23]

(1)

where
current injected into the laser through the wetting
layer;
electronic charge;
hole population of the wetting layer;
spontaneous recombination rate coefficient be-
tween electrons and holes in the wetting layer;
degeneracy of the electron ground state;

electron population in each of the two zero-dimen-
sional quantum states of a particular QD labeled
by ;
energy difference between the wetting layer elec-
tron and hole levels;
energy difference between the wetting layer elec-
tron states and a particular QD electron state.

The different energies of the QD ground states, labeled by
, lead to inhomogeneous broadening. The inclusion of

inhomogeneous broadening is the important difference between
the present work and [23], which also utilizes nonequilibrium
rate equations. The inclusion of stimulated emission and the
absorption of phonons is the important difference between
the present work and [30], which assumes only spontaneous
phonon emission and cannot, therefore, describe thermal
effects.

The summation in (1) accounts for electron transfer between
the wetting layer states and the zero-dimensional quantum states
of the individual QDs. Equation (1) has the form required by
quantum mechanics that results in the Einstein relations be-
tween spontaneous emission, stimulated emission, and absorp-
tion rates that lead to thermal equilibrium and the Fermi distri-
butions for electrons and holes. We assume that the rate coeffi-
cient for spontaneous phonon emission is independent of
the QD energy levels. However, the stimulated phonon emission
and absorption rates given by (1) do depend on the QD energy
levels through the term .

The electron population of each QD ground state satisfies a
rate equation similar to (1). The rate equation is given by

(2)

where
spontaneous emission rate coefficient between elec-
trons and holes in the QD ground state;
number of lasing mode photons;
fraction of spontaneous emission from QD emitter
that couples to the lasing mode.

The lasing mode photon number satisfies the well-known rate
equation given by

(3)
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where is the thermal photon number in the
lasing mode.

Equations (1)–(3) can be solved with the time derivatives
set equal to zero to find the steady-state operating conditions
of the QD laser. The differences in the results as compared to
a quasiequilibrium approach are interesting. The steady-state
electron population in QDis related to the wetting layer pop-
ulation by (4), shown at the bottom of the page. Under condi-
tions that either the relaxation rate from the wetting layer to the
ground state goes to infinity ( ), the second term on
the right in (4) is negligible, and a quasi-equilibrium distribu-
tion is obtained from the first term with

(5)

Equation (5) results in the Fermi distribution for the elec-
tron concentration in the wetting layer relative to the QD
ground state. Under the approximation that the second
term on the right in (4) is negligible, the equations then
become the same as quasiequilibrium models [26], [27].
If then (5) gives

. However, if the tem-
perature is sufficiently low, the relaxation rate sufficiently slow,
or the stimulated emission rate sufficiently large, (4) produces
a nonthermal distribution of carriers among the different QDs.
Under this other extreme, the electron population in QD
becomes set by (6), shown at the bottom of the page. The
current required to support the spontaneous and stimulated
light emission must account for the total emission due both to
the wetting layer and QDs. The steady-state current is found

from (1) to (3) to approximately be

(7)

The spontaneous coupling of a particular QDto the lasing
mode, given by , depends on QD’s center frequency, its ho-
mogeneous linewidth, and its position in the laser cavity [23].
Except in extreme cases, such as when the laser is driven far
above threshold, or for small volume, high Q cavities, the po-
larization of the gain can be assumed to follow the lasing field
adiabatically. Under this condition [23], the expression foris
found to be

(8)

where
volume of the optical mode;
frequency of the lasing mode (or spectral emission);
speed of light;
refractive index in the cavity;
homogeneous energy broadening of the QD (also as-
sumed equal for all QDs).

In QD lasers studied to date, the inhomogeneous broadening due
to the different QD sizes results in an approximately Gaussian
lineshape for the distribution of with a full-

(4)

(6)
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width-at-half-maximum (FWHM) that greatly exceeds the ho-
mogenous FWHM given by . Spectral hole burning can
then be observed, with the result of highly multimode laser op-
eration [4]. Note that this is predicted by the nonequilibrium
steady-state expression (4) whenvaries significantly for dif-
ferent QDs, and the photon number is sufficiently large so that
the second term in (4) dominates and approximately becomes
(6).

The spontaneous spectrum is proportional to
, which is nearly independent of for low

temperature but becomes dependent on this energy difference
at higher temperatures. The dependence at higher temperatures
is due to the larger rate of thermal excitation out of the QDs for
larger . The gain spectrum is proportional to

where is the frequency of interest in the gain spectrum. Again
thermal effects come into the gain spectrum due to the tempera-
ture dependence of the population for QDs with
different photon emission energies, .

Debate exists in the literature as to the cause for the reduc-
tion in the number of lasing modes with increasing temper-
ature. Although it has been suggested that quasiequilibration
through the wetting layer leads to the reduction of the number
of lasing modes [6], it has also been argued that such spec-
tral narrowing can only be explained by an increase in the ho-
mogeneous linewidth, [31]–[33]. The calculations below
show that even with an unchanging homogeneous linewidth,
quasiequilibration of the QD ensemble’s ground state with the
wetting layer decreases the population inversion across the en-
tire gain spectrum. Because of this reduction, the number of
modes brought above threshold once one mode lases will also
be decreased, thus reducing the total measured spectral width of
lasing modes. Therefore, either quasiequilibration of the QD en-
semble or an increase in the homogeneous linewidth can reduce
the total spectral width of the QD laser with increasing temper-
ature. More detailed calculations than those presented here are
required to determine the true contributions from either mecha-
nism.

III. CALCULATED RESULTS

The steady-state solutions to the rate equations given above
are used to calculate the population characteristics, and thus the
gain characteristics, of a QD ensemble. Although, in general,
we should consider that the electrons and holes have different
electronic structures and different relaxation rates, the assump-
tion of a symmetrical electronic structure and equal relaxation
rates for electrons and holes results in and this
considerably simplifies the calculations. While this assumption
greatly simplifies the math and discussion, it still fully illustrates
the importance of the nonequilibrium rate equation approach in
calculating key features of QD lasers that are found experimen-
tally.

The characteristics of 1.3-m QD emitters are now fairly
well-known, and to illustrate the nonequilibrium approach, we

Fig. 2. Spontaneous emission spectrum at transparency for three different
temperatures of 40, 140, and 400 K. The energy separation between the wetting
layer and the ground state is 100 meV.

use their parameter values for the inhomogeneous broadening,
QD density, and spontaneous decay rates (or dipole strengths)
to calculate the light emission characteristics for QD lasers
from the equations given above. These QDs have a density
of cm , spontaneous decay rate of
s , and a Gaussian full-width-at-half-maximum of 30 meV
[23]. For laser characteristics, we consider a QD edge-emitter
with cavity length of 3 mm and stripe width of 10m. As
for the relaxation rate and the degeneracy of the wetting
layer, we choose sec
and . The cavity length is chosen so that
the threshold occurs at 40% of the maximum gain. The
average energy difference between the wetting layer and QD
electron (and hole) levels, , is varied in some of the
calculations to determine how this energy influences the QD
laser’s temperature dependence.

Fig. 2 shows how the spontaneous emission spectrum changes
for different temperatures as predicted by the rate equations pre-
sented in Section II. Consistent with most experimental results,
the shape of the spontaneous spectrum is only weakly depen-
dent on temperature. A small red-shift in the peak emission fre-
quency occurs with increasing temperature. This red-shift is due
to a stronger thermal excitation out of the QDs into the wetting
layer for those QDs with higher energy emission. This stronger
thermal excitation out of the QDs decreases the electron occu-
pation of the higher energy QDs and increases the electron oc-
cupation of the lower energy QDs.

Fig. 3 shows calculated plots of the FWHM for different
when the average population inversion is at trans-

parency . Fig. 3 shows that the FWHM
is quite temperature dependent for an energy separation from
the wetting layer of 100 meV, versus the larger
energy separations of 250 or 400 meV. At low temperature
( 50 K), the FWHM is due to the inhomogeneous broadening
of the QD energy levels. As the temperature is increased, the
FWHM decreases significantly to 33 meV at 150 K, and
this decrease is due to thermal excitation of the carriers out
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Fig. 3. FWHM of the spontaneous spectrum versus temperature at
transparency. The energy separations are 100, 250, and 400 meV.

Fig. 4. Ground-state population inversion versus current density for various
temperatures. The energy separations are 100 and 250 meV.

of the QDs with larger electron-hole energy separations. As
the temperature is increased further yet, the FWHM increases
again due to thermal broadening. These same features have
been measured experimentally [28]. For the larger ,
the temperature dependence of the FWHM is less dramatic,
since the temperature at which thermal excitation out of the
higher energy QDs is closer to the temperature at which thermal
broadening competes with the inhomogeneous broadening.
To our knowledge, the rate equation approach presented in
Section II is the first analysis of QD lasers to capture the
spontaneous linewidth dependence on temperature found
experimentally [28].

Fig. 4 shows the temperature dependence of the peak popula-
tion inversion on current density for five different temperatures,
and two different energy separations . Similar calcu-
lations have been presented by Parket al. [28]. The smaller en-
ergy separation of 100 versus 250 meV increases
the temperature dependence of inversion, as is described in ear-
lier papers by Asryan and Suris [26].

Fig. 5. Ground-state population inversion versus frequency for two different
temperatures of 77 and 300 K. The injected current density is varied while the
energy separation is kept fixed at 100 meV.

Fig. 5 shows the calculated inversion spectra, proportional to
the gain spectra, for different current densities for two different
temperatures, 77 and 300 K, for 100 meV. Again, to
our knowledge, this represents the first report of the calculated
temperature dependence of the inversion spectrum, made pos-
sible with the rate equation approach in Section II. At 77 K, the
gain spectra are nearly symmetrical with the Gaussian shape of
the inhomogeneously broadened QD ensemble. At 300 K, how-
ever, the temperature dependence of the population inversion
creates an asymmetrical gain spectrum, and near transparency
the population inversion for lower frequencies may be greater
than zero, while at higher frequencies, the population inversion
may be less than zero. This asymmetry is directly attributable
to the larger thermalization rate out of higher energy QDs of the
ensemble.

The thermalization of carriers from the higher energy QDs
that leads to the asymmetrical gain spectra as shown in Fig. 5 in-
creases the optical gain from the lower energy QDs for the same
bias current. The rearrangement of the carrier distribution leads
to the novel behavior that the threshold current density can, in
fact, decrease with increasing temperature for a QD laser, and
thus show a negative characteristic temperature coefficient. This
negative temperature coefficient is illustrated by Fig. 6, in which
the current density required to reach a specific population inver-
sion at the peak of the spectral inversion curve is plotted versus
temperature. Three values of peak population inversion are in-
cluded: 0 (transparency), 0.25 of the maximum inversion, and
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Fig. 6. Current density versus temperature at three different energy separations
of 100, 250, and 400 meV. The peak ground state population is varied from 0,
to 0.25, and to 0.5, of the maximum value. The current density is in log scale.

0.5 of the maximum inversion, each for three different values of
. For each case, we find that the required current den-

sity, in fact, decreases with increasing temperature. The most
dramatic decrease is for transparency when is smaller,
because the spectral asymmetry in the population inversion is
largest near transparency and the smaller leads to a
stronger thermalization behavior for the QD ensemble through
the wetting layer. In all cases, the decreasing current density re-
quired for a given population inversion predicts a negative tem-
perature coefficient for the lasing threshold in the same temper-
ature regime. Also consistent with Asryan and Suris, a larger

leads to a significantly reduced temperature depen-
dence for the QD laser’s threshold current density.

Finally, we examine the predictive power of the nonequilib-
rium rate equation approach in describing the gain saturation for
QD lasers above threshold. Because of the zero-dimensional en-
ergy levels and inhomogeneous broadening, QD lasers can show
dramatic spectral hole burning that is not observed in planar QW
lasers [4]. Typically, whether spectral hole burning occurs or
not is attributed to whether the gain region is homogeneously
or inhomogeneously broadened, and the significant decrease in
spectral hole burning has been reported as due to an increase
in the homogeneous linewidth caused by an increase in dipole
dephasing of the QDs [31]–[33]. Here, we show that increased
dipole dephasing, and thus an increase in the QD homogeneous
linewidth, is not a requirement for the decrease in spectral hole
burning with increasing temperature, and that quasiequilibration
with the wetting layer will also decrease the observed degree of
spectral hole burning.

Fig. 7 shows 77- and 300-K calculated light versus current
curves from the equations presented in Section II. As above, the
calculated results show the general trends for QD lasers. The
increasing photon number above lasing threshold increases the
importance of the second term on the right of (4). Because the
spontaneous coupling factor depends on the QD’s homogeneous
linewidth, as given by (8), it seems reasonable to expect that a
spectral hole of the same width will be burned in the optical gain
by the spectrally sharp lasing mode [32], [33]. Despite this, it
is also the case that the QDs can separately equilibrate with the
wetting layer. For true quasiequilibration with the wetting layer,
clamping of the optical gain in one spectral region of the QD

Fig. 7. Light versus current curve at two different temperatures of 77 and 300
K. Here, the energy separation is 100 meV. The dashed lines indicate the two
chosen output powers to see the spectral hole burning effect.

Fig. 8. Ground-state population inversion versus frequency for two different
temperatures of 77 nd 300 K. The energy separation is fixed at 100 meV. The
dashed line indicates the cavity loss rate. Here, (a) and (b) correspond to the two
output powers chosen from Fig. 7.

ensemble would then result in population clamping of all QDs,
independent of whether they contribute to stimulated emission
in the lasing mode.

Fig. 8 demonstrates this effect using the rate equation ap-
proach of Section II. The two curves shown in Fig. 8(a) are the
population inversions calculated for the same output power of
the laser but at two different temperatures, 77 and 300 K, with

100 meV. The homogeneous linewidth is taken
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as the same for both curves and much less than the inhomo-
geneous linewidth, and we have assumed that only one mode
lases in each case, such as for a distributed feedback laser, to
clearly illustrate the different population inversion behavior for
the two different temperatures. For both temperatures, the pop-
ulation inversion clamps at precisely the same value needed to
achieve threshold for that frequency at the peak of the respec-
tive optical gains. However, the amount by which the popula-
tion grows at nonlasing frequencies is dramatically different for
the two different temperatures. Fig. 8(a) clearly shows that the
spectral width of the population inversion that can rise above the
threshold value is different for the two different temperatures.
For a multimode Fabry–Perot laser, we expect the effect to be
more dramatic, since every mode that approaches threshold will
further suppress the population inversion across the entire spec-
tral width of the QD ensemble. Fig. 8(b) shows the similar effect
but close to threshold.

This effect, due to thermalization of electrons and holes
into the wetting layer—as opposed to an increase of the ho-
mogeneous linewidth—is consistent with experimental results,
showing that QD lasers become more single mode for the
same temperatures at which negative temperature coefficients
for the lasing threshold are observed [6], [21], [23]. Both
effects are due to quasiequilibration. These results show that
both quasiequilibration and an increase in the homogeneous
linewidth must be considered when analyzing the lasing
spectrum changes in multimode QD lasers.

IV. SUMMARY

A nonequilibrium rate equation approach is used to analyze
QD light emission and laser characteristics. The rate equations
used to describe relaxation and thermal escape from the QDs are
consistent with Einstein treatment of coupling electronic levels
to a Boson reservoir. Because of this, these rate equations cap-
ture several experimental phenomenon found in QD lasers, but
not previously found in the calculated results of other QD laser
models. These are the narrowing and increase of the sponta-
neous linewidth with increasing temperature, the asymmetry of
the gain spectrum that develops with increasing temperature and
that produces a negative temperature coefficient for the lasing
threshold, and the suppression of the entire gain spectrum due to
lasing at one frequency, despite a narrow homogenous linewidth
in the individual QDs.

The limitation in our present paper is the idealistic treatment
of the electronic structure and scattering rates assumed to be
equal for electrons and holes. However, this assumption is not
fundamental to the nonequilibrium rate equation approach, and
the same approach as presented above that uses more accurate
QD parameters and electronic structures will have important
predictive capabilities for modeling QD lasers.
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