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Negative refraction at the interface of uniaxial
anisotropic mediaq
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Abstract

In this paper, negative refraction at the interface of uniaxial crystal is discussed in detail. It is pointed out that dis-

persion relation is more useful to narrate the extraordinary light refraction in uniaxial crystal, especially in the case of

negative refraction. Generally, the negative refraction only exists within a small incident angle around 10�. The negative
refraction here is very different from that in left-handed material where wave vector and energy flux are anti-parallel.

� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Negative refractive material (NRM) is a hot re-

search field recently for its unique properties, such
as ‘‘superlens’’, reversal of Doppler shift and

Cerenkov radiation etc. This kind of material is
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firstly proposed and theoretically investigated by

Veselago in 1968 [1], which is characterized by

both negative permittivity (e < 0) and negative per-

meability (l < 0). The basic phenomenon in such
material is negative refraction across the interface

of this NRM and ordinary material (such as air).

Not only experiments [2–5] but also numerical

simulations [6,7] have proved that metamaterial

combining split resonant ring (SRR) [8] and metal

rod array [9] really refract negatively within some

proper frequency band.

However, it should be pointed out that
negative refractive index is not necessary to pro-

duce negative refraction phenomenon. It has been
ed.
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reported that negative refraction was also ob-

served and interpreted in optical crystal [10] or

uniaxial anisotropic material [11] where only

partial components in its permittivity and perme-

ability tensor are negative, even all the compo-
nents are totally positive.

In our research, negative refraction will be ver-

ified theoretically at the interface of uniaxial crys-

tal and normal material. The detailed refraction

behavior will be investigated at such crystal inter-

face and twin crystal interface. The negative

refraction condition and the underlying physics

will also be discussed.
Fig. 1. Dispersion relation of uniaxial crystal. The energy flow

direction s and wave vector direction k can both be determined

from the dispersion relation.
2. Dispersion relation in uniaxial anisotropic media

It is well known that Maxwell equations and

material equations are two foundations to describe

the optical properties of material. In dealing with

uniaxial anisotropic media (UAM) such as uniax-
ial crystal, electrical anisotropy induce a tensorial

permittivity e into the material equation D = e Æ E
while it is a scalar in isotropic dielectric. Conse-

quently, electric displacement vector D is no longer

in the direction of electric vector E. In principal

axis coordinate system, permittivity tensor is as

following:

e ¼
ex 0 0

0 ey 0

0 0 ez

0
B@

1
CA: ð1Þ

On the assumption that optic axis is in z-direction,

ex = ey = eo is named as ordinary permittivity and

ez = ee extraordinary permittivity. Light propagat-

ing in uniaxial crystal can be classified into ordin-

ary or extraordinary wave, where ordinary wave

with polarization perpendicular to the principal
plane, propagates just the same as that in isotropic

medium; extraordinary wave with polarization in

the principal plane, has different propagating

velocity depending on the angle between wave nor-

mal and the optic axis.

In order to derive the dispersion relation, plane

wave eiðxt�
~k�~rÞ is assumed to propagate in uniaxial

crystal, and then electromagnetic wave obeys fol-
lowing Maxwell equations:
k� E ¼ x
c B;

k�H ¼ � x
c D:

(
ð2Þ

Combining with material equation, dispersion

relation of uniaxial crystal can be deduced as

x
c

� �2

¼ k2x
eo

þ
k2y
ee
: ð3Þ

Therefore, equi-frequency contour in k space is an

ellipse (Fig. 1).

Maxwell equations also indicate that vectors D,

H, k constitute a right-handed set. However, en-

ergy flux vector s represents the real light propa-

gating direction, which is defined as s = E · H.

Because D and E in uniaxial crystal for extraordi-
nary wave are not parallel to each other, energy

flow propagating direction is no longer corre-

sponded to wave vector k. Fortunately, light-

propagating direction can also be represented by

group velocity vg = $kx(k), such a definition indi-

cates that the direction of group velocity can be

determined by the normal to equi-frequency con-

tour and directed in increased frequency. There-
fore, after drawing the dispersion relation curve,

i.e., the equi-frequency contour in k space, extraor-
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dinary light propagating direction in uniaxial crys-

tal can be graphically determined as shown in Fig.

1. In the following, it will be also shown that such

graphical method can also be used to determine

the refraction direction at the interface of uniaxial
crystal instead of Snell�s law in isotropic material.
3. Negative refraction at interface of UAM

It is well known that, refraction of extraordi-

nary wave does not obey Snell�s law; we will show
that equi-frequency in k space is a useful tool to
describe this kind of refraction. Some distinct phe-

nomena such as negative refraction can be graph-

ically depicted. Essentially, refraction is a kind of

electromagnetic boundary problem, where bound-

ary conditions are the main physics. Continuous

condition of tangential component of electrical

vector requires that tangential component of wave

vector k is continuous too across the interface, that
is, k1y = k2y in Fig. 2. Of cause, angular frequency

x should keep unchanged across the interface be-

cause of energy conservation. Therefore, under

the help of equi-frequency contour, refraction

direction can be determined in following steps:

First, the equi-frequency contour at a given
Incident light

UAM 

α

Air

(a) (b) 

Fig. 2. (a) Interface of air and uniaxial crystal, the optic axis of cry

contour for refraction at air-UAM interface, negative refraction rang
frequency for the materials on both sides of the

interface is drawn and the incident light is marked

on it; Second, the wave vector of refraction on

equi-frequency contour is determined by keeping

the tangential wave vectors on both sides equal;
Third, the refraction direction is determined

according to vg = $kx(k), that is, the normal to

the equi-frequency contour and directed in in-

creased frequency.

As shown in Fig. 2, refraction at the interface of

air-crystal (Fig. 2(a)), where optic axis is inclined

with angle a to the interface, is schemed in Fig.

2(b). Optical dispersion relation in the air is (x/
c)2 = k2, which is corresponded to a sphere in

k-space, thus wave vector and propagating direc-

tion is paralleled to each other. Because optic axis

of the crystal is inclined with an angle a to the

interface (ky coordinate axis in k-space), its

dispersion relation defined in formula (3) should

be rewritten in new coordinate system as

x
c

� �2

¼ ðky cos a� kx sin aÞ2

eo

þ ðky sin aþ kx cos aÞ2

ee
; ð4Þ

which is an inclined ellipse with its short axis along

the optic axis.
D C

A
B

α

θc

θ

ky

Optic axis

ky

kx 

stal is inclined to the interface; (b) Diagram of equi-frequency

e is depicted from the equi-frequency contour.
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In Fig. 2(b), supposing that the incident angle

from the air is h, represented by arrow B, the cor-

responding refraction direction is arrow according

to the laws described above. It is clear, when the

incident light is in a proper range, for example be-
tween 0� and hc in Fig. 2(b), the refraction light

and the incident light lay on the same side of the

normal to the interface, that is, negative refraction.

Here, negative refraction is produced without anti-

parallelity of group velocity and wave vector as

that in left-handed material. In fact, such negative

refraction can also be predicted graphically with

Huygens� construction. As shown in Fig. 3, when
the incident angle is so small that the tangential

point T is on the left of the normal, the refraction

angle of extraordinary light becomes negative, which

is corresponded with the description in equi-

frequency contour frame.

Using the same method, negative refraction in a

twin uniaxial anisotropic material, proposed in

[10], can also be graphically described. The twin
structure means that optic axis of the crystal is

reflective symmetrical to the interface, which is

shown in Fig. 4(a) and its equi-frequency contour

diagram is shown in Fig. 4(b). When the incident
T 

Ray surface 

Op

Refraction light

I

Fig. 3. Huygens� construction is used to indicate negative refraction at

uniaxial crystal is ellipsoid.
light lies between arrow A and C, for example

arrow B, the corresponding refraction light is on

the same side of normal of the interface, that is,

negative refraction, which is observed in [10].

Comparing to the case of single crystal surface,
negative refraction range of k vector is doubled

in such twin structure. And the most important

is that both incident and refraction light have al-

most the same refractive index in twin crystal,

which means the energy can transfer across the

interface nearly without reflection, which is identi-

cal with the result in [10] too.
4. Discussion

From above analysis based on equi-frequency

contour, some qualitative conclusions about the

refraction at the interface of single or twin-struc-

tured uniaxial crystal can be drawn as following:

Light can refract both negatively and positively;
In Figs. 2 and 4, while incidence is toward right,

there is a maximum critical angle hc, light refracts
negatively when indent angle is less than hc, and
positively while incident angle is greater than hc;
tic axis 

ncident light

the interface of uniaxial crystal (positive crystal). Ray surface in
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Fig. 4. (a) Interface of twin uniaxial crystal, their optic axes are coplanar with the incident plane and oriented symmetrically with

respect to the interface; (b) Diagram of equi-frequency contour is used to depict negative refraction at twin UAM interface.
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While incidence is toward left, light refracts always

positively. Obviously, the critical angle hc is an

important parameter and its dependence on the

optic axis orientation of the crystal is the most
important relationship. Both of them can be deter-

mined from the dispersion relation of the crystal.

In Fig. 2, the critical angle hc is corresponded to

the refraction of arrow C, where dkx/dky = 0.

Applying this condition to dispersion relation of

formula (4),

dkx
dky

¼
ky cos2 a

eo
þ sin2 a

ee

� �
� kx 1

eo
� 1

ee

� �
sin a cos a

ky 1
eo
� 1

ee

� �
sin a cos a� kx sin2 a

eo
þ cos2 a

ee

� �
¼ 0: ð5Þ

Thus,

ky
cos2 a
eo

þ sin2 a
ee

� �
� kx

1

eo
� 1

ee

� �
sin a cos a ¼ 0:

ð6Þ

Substitute (6) back into (4), the critical position kyc
is given in the following:
x
c

� �2

¼ k2yc �
1

eo

1

ee
eo
� 1

� �
cos a

2
4

3
5

28<
:

þ 1

ee

1

1� eo
ee

� �
sin a

2
4

3
5

29=
;: ð7Þ

Combing with the dispersion relation in air:
x
c

� �2 ¼ k2x þ k2y , the critical incident angle hc can

be achieved as

1þ ctg2hc ¼
1

eo

1

ee
eo
� 1

� �
cos a

2
4

3
5

2

þ 1

ee

1

1� eo
ee

� �
sin a

2
4

3
5

2

: ð8Þ

Without loss of generality, YVO4 crystal, which
is a positive uniaxial crystal with no = 1.9929,

ne = 2.2154 at k = 0.63 lm [12], is taken as an

example. The dependence of critical incident angle

hc on the optic axis orientation of crystal a is
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Fig. 5. The relationship between the critical incident angle hc
and the oriented angle of optic axis a is displayed for YVO4

crystal.
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illustrated in Fig. 5 according to the above formula

(8). When optic axis is parallel or perpendicular to

the surface of crystal, light always refracts posi-
tively at arbitrary incidence. Otherwise, light re-

fracts negatively within a narrow incidence range

in the case of inclined optic axis orientation. The

maximum critical incident angle of negative refrac-

tion exists around a = 45�, for the example here,

the maximum position is a = 46� and the maxi-

mum critical incident angle hc = 12.8�.
For the twin structured uniaxial crystal inter-

face, similar deduction can be carried out to give

the dependence of critical incident angle and op-

tic axis orientation as shown in Fig. 6. The result

is very similar to the case of single crystal inter-

face, only the maximum position is shifted to the

left of a = 45�, at a = 42� where the maximum
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Fig. 6. The relationship between the critical incident angle hc
and the oriented angle of optic axis a is displayed for YVO4

crystal at twin structured interface.
critical incident angle is hc = 12.0. The asymme-

try in the dependence of the critical incident an-

gle hc on the oriented angle of optic axis a is

resulted from the anisotropy of the crystal. In

reality, the asymmetry is generally not obvious
because the difference of ordinary permittivity

eo and extraordinary permittivity ee is very small.

Also because the divergence between eo and ee is

generally very small, reflection from the interface

in the twin-structured uniaxial crystal is

neglectable.

From all above discussions, it can be pointed

out that negative refraction here is a natural result
from the anisotropy of uniaxial crystal. It is differ-

ent from the case of left-handed material although

negative refraction in left-handed material can also

be illustrated by using equi-frequency contour.

Negative refraction in uniaxial crystal is limited

within a narrow incidence angle range of around

10� and disobey Snell�s law, on the other hand,

in left-handed material, light refracts negatively
in arbitrary incidence and obeys Snell�s law if

negative refractive index is introduced.
5. Conclusion

In conclusion, negative refraction takes place

with not only left-handed material but also uniax-
ial anisotropic materials. Considering the energy

flow defined as vg = $kx(k), negative refraction

can be naturally illustrated by using equi-fre-

quency contour in k-space. Different from left-

handed material, negative refraction related to

uniaxial anisotropic material is limited within a

narrow incidence range of about 10�. In the same

theoretical frame, twin structured uniaxial crystal
is convinced capable to produce negative refrac-

tion, and reflection at the interface is almost neg-

lectable because of the nearly equal refractive

index on the both sides.
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