
Particle-size effects on the terahertz transmittance of metallic particle
ensembles: Comparison with effective medium theory

Y. Zheng, A. Johnson, E. Pyde, and K. J. Chaua�

School of Engineering, University of British Columbia, Okanagan, British Columbia V1V1V7, Canada

�Received 14 December 2009; accepted 26 April 2010; published online 25 May 2010�

We investigate the transmittance of fixed-length ensembles of spherical particles having average
radii ranging over two orders of magnitude. The transmittance is interrogated at discrete frequencies
in the terahertz regime where the particle radius is subwavelength by at least an order of magnitude.
A nonmonotonic dependence of the transmittance on particle radius is observed. As a function of
increasing particle size, the transmittance increases to a peak value and then decreases toward zero.
Calculations of the complex effective permittivity of the ensemble yield predicted transmittance
curves that accurately describe the transmittance decrease as a function of increasing particle
size. © 2010 American Institute of Physics. �doi:10.1063/1.3430547�

Recently, there has been intense research interest in the
electromagnetic properties of subwavelength scale metallic
particles for applications in sensing,1 wave-guiding,2–4 and
metamaterials.5 Metallic particles having lateral dimensions
much smaller than the free-space wavelength, �0, are unique
because they possess a dipolar polarizability dependent on
the geometrical features of the medium. An incident electro-
magnetic wave can induce charge accumulation at the lateral
edges of the particle. This dipolar polarizability is absent for
normal-incidence illumination of bulk metals having lateral
dimensions ��0.

Illumination of a subwavelength metallic particle results
in an oscillating dipole whose forward and backward radia-
tion characteristics strongly depend the size, shape, and ori-
entation of the metallic particle.6 Forward electromagnetic
wave propagation through collections of subwavelength-
sized metallic particles has been recently demonstrated in the
terahertz �THz� regime.7 Millimeter-thick ensembles of
subwavelength-sized, micron-scale particles of varying metal
type, particle shape, packing density, and particle size have
been shown to transmit electromagnetic pulses in the fre-
quency range from 0.01 to 1 THz.8,9 The mechanism pro-
posed to underlie the transmission phenomenon is dipole-
coupling between nearest-neighbor particles.

In this letter, we quantitatively characterize the particle-
size dependence of electromagnetic wave propagation
through metallic spherical particle ensembles. Linearly po-
larized, single-cycle THz pulses with frequency components
spanning from 0.01 to 1.0 THz are directed at normal inci-
dence onto a sample cell �composed of THz-transparent
polystyrene front and back walls� housing a dense ensembles
of copper spheres. The independent variable is the radius of
the spheres; spheres with nominal mean radii of 5�2 �m,
43�5 �m, 97�5 �m, 125�5 �m, 141�4 �m,
186�9 �m, 231�9 �m, 280�8 �m, and 335�15 �m
are employed. Control variables include the thickness of the
sample cell �L=3.0�0.1 mm�, the volume fraction of metal
in the metal-air ensemble �f =0.55�0.05�, the shape of the
particles �spherical�, and the type of metal �copper�. The de-
pendent variables are the transmittance of the ensemble and

the transmission polarization, which is measured by sam-
pling the angular distribution of the THz electric field ampli-
tude in the plane normal to the propagation direction.9,10

THz time-domain spectroscopy is employed to measure
the real part of the electric field Et��t� of THz pulses trans-
mitted through metallic particle ensembles. The imaginary
component of the electric field Et��t� is obtained by Hilbert
transformation of Et��t�. Fourier transformation of the com-
plex time-dependent electric field E� t�t�=Et��t�+ iEt��t� yields
the complex frequency-dependent electric field E� t���, from
which the transmission intensity spectrum is given by It���
= �1 /2��0E� t���E� t

����, where �0 is the free-space permittivity
and E� t

���� is the complex conjugate of the transmitted elec-
tric field. The transmittance of the ensemble is given by
T���= It��� / Ii���, where Ii��� is the intensity spectrum of
the incident THz pulse �corresponding to the THz pulse
transmitted through the empty polystyrene sample cell�.

Figure 1 displays T��� for 3-mm-thick ensembles where
a ranges from 5 to 231 �m �ensembles of 280-�m-radius

a�Electronic mail: kenneth.chau@ubc.ca.

FIG. 1. �Color online� Transmittance of the ensembles for mean particle
radius ranging from 5 to 231 �m. The dashed vertical lines on the graph
indicate the frequency values for which the transmittance will be studied as
a function of particle size. The inset depicts the power spectrum of the
incident pulse.
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and 335-�m-radius particles exhibit nearly no transmission
and are not plotted�. It is notable that the ensembles are
partially transparent only in the low-frequency range span-
ning from 0.01 to 0.3 THz. As a increases from 5 to
231 �m, the peak transmittance shifts from 0.08 to 0.05
THz, corresponding to an equivalent shift in the peak
free-space wavelength, �p, from 3.7 to 6.0 mm. For the
5-�m-radius particle ensemble, a /�p�0.001; for the
231-�m-radius particle ensemble, a /�p�0.039. The full-
width-at-half-maximum of the transmittance decreases from
0.10 to 0.03 THz as a increases from 5 to 231 �m. Reduc-
tion in the spectral width with increasing a is characterized
by a preferential reduction in the transmittance at higher fre-
quencies.

We quantify the particle-size dependence of the transmit-
tance at four discrete frequencies �0.055, 0.09, 0.14, and 0.20
THz� spanning the range of the transmittance curves in Fig.
1. As shown in Fig. 2�a�, the transmittance exhibits a non-
monotonic dependence on the particle radius. Significant
�high-signal-to-noise� transmittance values at 0.055 THz are
measured for all the ensembles depicted in Fig. 1. The trans-
mittance values at 0.055 THz rise as a increases from 5 to
43 �m and then drop sharply for a�97 �m. Peak transmit-
tance is observed for a /�0�0.018. Similar trends are ob-
served at 0.09, 0.14, and 0.20 THz, where the transmittances
rise as a increases from 5 to 43 �m and then drop for
a�43 �m.

We derive the complex effective permittivity of the par-
ticle ensemble by considering a scattering medium contain-
ing a collection of metallic spheres immersed in a surround-
ing medium of unity permittivity. The metallic spheres have
complex permittivity ��m=�m� + i�m� and occupy a volume frac-
tion f . For spheres with radius a	�0, the real part of the
effective permittivity can be approximated by a volumetric
average of the real part of the permittivities of the
constituents11

�eff� =
1 + 2f��m� − 1�/��m� + 2�
1 − f��m� − 1�/��m� + 2�

. �1�

Electromagnetic losses due to scattering from the spheres are
described by an imaginary part of the effective permittivity
�eff� , which is derived by considering the total power loss due
to Rayleigh scattering from an isolated spherical particle im-
mersed in a homogeneous dielectric medium of real effective
refractive index neff� ���eff� . Under the condition of indepen-
dent scattering �where mutual interactions between two or
more spherical particles can be neglected�, the imaginary
part of the effective permittivity of the ensemble is given
by11

�eff� = 2fkeff
3 a3� ���m − 1�/���m + 2�

1 − f���m − 1�/���m + 2�
�2

, �2�

where keff=k0neff� �k0
��eff� is the real part of the effective

wave vector in the medium surrounding the particle. At THz
frequencies where 	�m� 	�1 and 	��m	�1, the complex effec-
tive permittivity of the ensemble ��eff=�eff� + i�eff� is indepen-
dent of ��m and can be expressed as

��eff =
1 + 2f

1 − f
+ i2fkeff

3 a3� 1

1 − f
�2

. �3�

For a flat slab of material with thickness L and complex
effective refractive index n� eff=���eff immersed in free-space,
the transmittance for normal incidence illumination is12

T =
t2e−
L

1 − r2e−2
L , �4�

where r= 	�n� eff−1� / �n� eff+1�	2 and t=4n� eff / 	n� eff+1	2 are the
respective reflectance and transmittance of the air/slab inter-
face and 
=2k0neff� is the intensity attenuation coefficient in
the effective medium.

Figure 2�a� plots the predicted transmittance curves of a
L=3 mm thick ensemble of particles described by a com-
plex permittivity ��eff derived at 0.055, 0.09, 0.14, and
0.20 THz. In the limit where a approaches zero, the pre-
dicted transmittances at all frequencies approach 0.72. The
theory predicts a frequency-dependent monotonic decrease
in the transmittance as a function of particle radius; the
curves for T�0.055 THz�, T�0.09 THz�, T�0.14 THz�, and
T�0.20 THz� are less than 0.001, respectively, for a
�300 �m, a�200 �m, a�120 �m, and a�70 �m.
Good agreement between the theory and experiment is ob-
served for T�0.055 THz� in the range a�141 �m, for
T�0.09 THz� in the range a�125 �m, and for T�0.14 THz�
in the range a�97 �m. The predicted transmittance and
experimental measurement match in the region where the
transmittance decreases as a function of increasing particle
radius and departs in the region where the transmittance in-
creases as a function of increasing particle size. The region

FIG. 2. �Color online� �a� Log-log plot of the measured transmittance of the
ensemble at 0.20 THz �inverted triangles�, 0.14 THz �squares�, 0.09 THz
�upright triangles�, and 0.055 THz �diamonds� as a function of the mean
particle radius. Measurements at each value of particle radius are obtained
from the average of at least three independent measurements. The solid lines
�as they appear in the figure from left to right� are the predicted transmit-
tance curves calculated at 0.20 THz, 0.14 THz, 0.09 THz, and 0.055 THz
using Eq. �4� with a volume fraction f =0.55 matching the experimental
conditions. �b� Depicts the real �solid line� and imaginary �dotted line� parts
of the complex effective refractive index �left vertical axis� and the complex
effective permittivity �right vertical axis� of the ensemble at 0.055 THz.
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of mismatch occurs for smaller particle sizes in which the
number density and surface-area-to-volume ratio are both
high. The former leads to increased mutual interactions be-
tween particles �undermining the independent scattering as-
sumption used to derive �eff� �, and the latter leads to increased
Ohmic dissipation within the skin depth of the particles.

The real and imaginary parts of the effective permittivity
and refractive index as a function of a are plotted in Fig. 2�b�
at a frequency of 0.055 THz. For all values of a, �eff� =5. On
the other hand, �eff� increases from �0 to �147 as a increases
from 0 to 1000 �m. The a-dependence of both neff� and neff�
are caused by the monotonic increase in �eff� as a function
of a.

Figure 3 illustrates polar plots of the angular distribution
of the amplitude of the incident electric field, along with
that of the amplitude of the transmitted electric field
through particles with mean radii of 43 and 186 �m. The
polarization of the transmission through the 43-�m-radius

particles is slightly depolarized relative to that of the incident
electric field, evidenced by an increased electric field ampli-
tude in the direction orthogonal to the incident polarization.
Greater depolarization of the transmission through the en-
semble of 186-�m-radius particles indicates increased
out-of-plane scattering with increasing particle size. Relative
to the 43-�m-radius particles, the transmission through
186-�m-radius particles is mediated to a greater extent by
multiply-scattered radiation escaping from the back of the
sample with randomly oriented polarization.

In conclusion, the transmittance of dense, fixed-length
ensembles of metallic particles with mean radius varying
over two orders of magnitude has been studied in the range
from 0.01 to 0.3 THz. Transmittance curves predicted from
the application of effective medium theory accurately de-
scribe the behavior of the measured transmittance for larger
particle sizes. For smaller particle sizes, discrepancies be-
tween the theory and experiment are attributed to the effect
of mutual scattering between particles and Ohmic dissipation
in the skin depth of the particle.
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FIG. 3. Polar plot of the angular distribution of the electric field amplitude
of the transmitted pulse through �a� the empty sample cell, �b� the
43-�m-radius particle ensemble, and �c� the 186-�m-radius particle en-
semble. The angular distribution of the electric field amplitude in each plot
corresponds to the average of at least three independent measurements.
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