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Relativistic theory of the above-threshold multiphoton ionization of hydrogenlike atoms
in ultrastrong laser fields
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The relativistic theory of above-threshold ionizatioWTl) of hydrogenlike atoms in ultrastrong radiation
fields, taking into account the photoelectron-induced rescattering in the continuum spectrum, is developed. It is
shown that the contribution of the latter in the multiphoton ionization probability even in the Born approxi-
mation by the Coulomb field is of the order of ATI probability in the scope of the Keldysh-Faisal-Reiss ansatz.
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[. INTRODUCTION tentia) transitions in the Born approximation between
Volkov states in an EM wavg30]. However, in many cases
The increasing interest in the process of multiphotorwhen the condition of the Born approximation is broken, the
above-threshold ionizatiofATIl) of atoms in superintense scattering process is described in low-frequefi¥,32 or
laser fields is due in large part to the problem of high har-eikonal [33] approximations. Though the Born and low-
monic generation and short-wave coherent radiation implefrequency approximations in the SB process are applicable
mentation via multiphoton bound-free transitions through afor describing free-free transitions in high-intensity radiation
free continuum spectrurfone of the possible version of a fields, they do not take into account the mutual influence of
free-electron x-ray lasgrDuring the last two decades nu- the scattering and the radiation field®., the probability of
merous investigations have been carried out to study ATl oSB is factorized by elastic scattering and photon emission or
atoms both theoretically and experimentally and many reabsorption processesWhat concerns the eikonal approxi-
view papergsee, e.g.[1-10) and monographgll-15 are  mation in the SB process it is not applicable beyond the
devoted to this problem. interaction region ¥<pa?/%, where z is the coordinate

The main ansatz in the nonrelativistic theory of multipho-ajong the direction of initial momentum of the particlea is
ton ionization of atoms in strong electromagne(itM) ra-  the range of the interaction region, afds the Planck con-
diation fields that of Keldysh16] (also called the Keldysh- stany. A description of the electron eigenstates in the SB
Faisal-Reiss ansaf47,18). The advantage of this approach process beyond of the scope of these approximations has
is that it leads in a very simple way to reveal some of theheen made ifi34], developing a generalized eikonal approxi-
main qualitative features of the photoelectron energy speamation (GEA). The obtained GEA wave function enables us
trum in ATI experimentd19-21. Within the scope of this to leave the framework of the ordinary eikonal approxima-
ansatz, the photoelectron rescattering in the field of atomidon and to be free from the restrictian<pa®/#. Besides,
remainder is neglected. In order to bridge this gap, attemptsuch a wave function simultaneously takes into account the
have been made to describe the photoelectron final state byisfluence of both the scattering and radiation fields on the
“Coulomb-Volkov” wave function that is a product of the particle state. Therefore, to determine the multiphoton prob-
Coulomb wave function of elastic scattering and a waveabilities of above-threshold ionization of an atom, one should
function of electrons in the EM wave fiel®2-28. This  know the wave function of the ejected photoelectron in the
wave function results in the factorization of the probability SB process with more accuracy. On the other hand, in the
of multiphoton ionization and restricts both the frequencycurrent superintense laser fields, the state of the electron be-
(low-frequency approximationand intensity of the wave. comes relativistic already at the distandes\ (\ is the
The use of another ansatz for the definition of multiphotonwavelength of a laser radiatipnindependent of its initial
ionization probabilitieg29] should also be noted. state. Hence, the problem of ATI of atoms with the photode-
The description of the photoelectron final state, takingtached electron SB process requires a relativistic consider-
into account the stimulated bremsstrahly&) at the pho- ation.
toelectron scattering on the electrostatic potential of the ion- A relativistic generalization of multiphoton SB in the first
ized atom in the presence of a strong EM radiation fieldBorn and eikonal approximations has been made in the pa-
(induced free-free transitiopsstill remains one of the main pers[35], [36], and[37], respectively. I138], on the basis of
problems in the ATI process. Moreover, the definition of thethe solution of the Dirac equation, the GEB4] has been
dynamic wave function of an electron in the SB process isleveloped for relativistic scattering theory in the arbitrary
already problematic, therefore the main results concerninglectrostatic and plane EM wave fields, including both the
multiphoton SB probabilities have been found through$he Born and eikonal approximations in corresponding limits and
matrix formalism for “free-free” (over the electrostatic po- describing the spin interaction as well. Such a wave function
allows us to describe the final state of the photoelectron with
more accuracy in the ATI process of atoms.
*Electronic address: avetissian@ysu.am A relativistic description of multiphoton ATI of hydrogen-

1050-2947/2001/65)/05340410)/$20.00 64 053404-1 ©2001 The American Physical Society



AVETISSIAN, MARKOSSIAN, AND MKRTCHIAN PHYSICAL REVIEW A 64 053404

like atoms for high-intensity laser fields taking into accountyhere x=(t,F) is the four-component radius-vecto,

the spin interaction has been developed analytically in thep(x) is the initial unperturbed bound state of the atomic
papers[39—-41 with an approximation in which the stimu- system, andV(~)(x) is the final out-state of an electron in
lated bremsstrahlung of the emergent electron is neglecteghe potential of atomic remainder and in the field of a plane
The relativistic consideration of ATl is important as it is gpm wave K" denotes the complex conjugation kj. We

generally assumed that the problem of stabilization of atomgssyme the EM wave to be quasimonochromatic and of an
in ultraintense laser fields must be solved within the frameypitrary polarization with the vector potential,

work of relativistic theory[42]. From this point of view,

some attempts have been made to solve analytically they  y—a 6. COSo+6-¢ sin —K-X= ot —k-F
Klein-Gordon equation[43,44] or numerically the Dirac (¢)=Aol¢)( COSp+ e siNg), ¢ © ('2)
equation[42,45 in the fields of a static potential and mono-

chromanp EM _vvave(usmg various mod(_al po_tentlals of one Wherek:(w,IZ) is the four-wave vector\y(¢) is the slowly
or two dimensions and various approximatiprs the pa-

pers[46—4§ relativistic corrections to the nonrelativistic re- varying amplitude of theﬁvecﬁtor E)otentlal of a plane waee,

sults have been given. ande, are unit vectors €, e, k), and arctar is the po-
Note that at present, analytic formulas for these probabililarization angle.

ties, taking into account the photoelectron rescattering, are According to the Klein-Gordon equation, the interaction

unknown even in the first Born approximation for the Cou-Operator Is

lomb scattering field. Therefore, in the present paper the rela- R . . .

tivistic probabilities of multiphoton AT in the limit of the V=-2eA(p)(—iV)+e’A%(p), ()

Born approximation for the photoelectron rescattering are

calculated. Moreover, it is shown that the neglect of the phowheree is the electron charge.

toelectron rescattering in the relativistic domain especially The wave function of the final state of the photodetached

[39,41 is invalid, since the contribution of the electron res- electron in the relativistic GEA approximation has the fol-

cattering process in the matrix elements of transitions has th@wing form [38]:

same order by a scattering potential in the Born approxima-

tion as the matrix elements of bound-free transitions for the ()t 1

ATI process. WE(X)=
The organization of the paper is as follows. In Sec. II, we

present the multiphoton cross sections of the above-threshold

ionization of hydrogenlike atoms in an ultraintense laser field

(with the help of the GEA wave functigntaking into ac-

count the induced free-free transitions of the ejected photo- Sy(x)=M-r— ot + o

electron in the continuum spectrum. Because of the many

complicated expressions in the GEA, the spin interaction is 7

neglected and the ultimate analytic results for the multipho- — —(1-?)sin 2¢. (5)

ton probabilities are performed in the limit of the first Born 7

approximation by the ion(atomic remainder potential, -

which we present in Sec. Ill. In Sec. IV, we treat the depenHereIl=(Ilg,II) is the average four-kinetic momentum or

dence of ATI probability on the polarization of an EM wave “quasimomentum” of the electron in the plane EM wave

and we consider the differences between circular and linedi€eld, which is defined via the free-electron four-momentum

polarizations of an electromagnetic wave. p=(&o,p) and the relative parameter of the wave intengity

by the following equation:

FT(x)exd —iSy(x)]. 4
0

The Sy(x) is the action of a photoelectron in the fig[?),

>

%) sin{¢— 0(p)]

II. THE IONIZATION PROBABILITY FROM THE 22
RELATIVISTIC GEA SOLUTION OF A WAVE EQUATION M=p+kZ(1+ é’z), 7= 0 , (6)
OF AN ELECTRON 4k-p

The problem has been reduced to an investigation of thgnereA, is the averaged value of the amplitudig(¢). The
relativistic exploration of the transitio§ matrix formalism  \yave function(4) is normalized for the one particle in the
utilizing the relativistic GEA wave functiof38] as a wave nit volumeV=1.
function of the final state of a photodetached elecfibhas Included in Eq. (5), the quantity a(ﬁ/(k- D)) is the
been neglected with the spin interaction in the reIatiViSticintensiw-dependen.t ar,nplitude of the electron-wave interac-
GEA wave function. Following the relativisticS matrix for-

malism, the bound-free transition amplitude can be written irfion @nd as a function of any three-vectorit has the fol-

this integral form(in natural unitsh =c=1), lowing definition:
) a(b)=eAgV(b-6,)%+ (b ;)% )
Toi=—i| YOI)VD(x)d*, 1
=t Iffm (V) @) with the phase angle
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6(p)= arctar( P% { ) . (8)

p-€1

The functionF'(x) in Eq. (4), describing the impact of both the scattering and EM radiation fields on the photoelectron

state simultaneously, has the following fof@8]:

J{w

FT(x)=ex i E T — Uca)
473 nTow q®+2I1-g—2n(k-p—k-q)+i0
X exp(—i{q- I+ a1(q)sinl ¢ — 01(d) ] — ax(a)sin 2o+ 1 (a)n}dq |, 9
|
where certain asymptotic behavior of the wave function, i.e., the
ingoing spherical waveto determine that one must be
D(d):f U(r)exp(—ig-r)dr (100  passed to the limit of the Born approximation/ste)=0].
Since we consider the ATl problem for hydrogenlike at-

is the Fourier transform of the potential of the atomic re-

oms (£,<137), the initial velocities of atomic electrons are
nonrelativistic, and as an initial-state wave functibrn the

malnderal(q) aZ(q) are dynamic parameters of the inter- yaition amplitude, Eq(1) will be taken as a stationary

action defined by the expression

ay(q)=a((k-q)p/k-p+q),

a,(q)= Lzu 3, (11)
2 2(k-p—k-q)

and 6,(q) is the phase angle
61(q) = 6((k-Q)p/k- p+0). (12)

The functionsJ, (u,v,A), D, D1,(61(q)— 6(p)), andD,,,
are defined by the expressiof@so see Ref.38])

D=Jn(a1(q), — @2(q),6:(0)), (13
D1,(61(q)— 6(p))

1 R R R L
= E[‘]nfl(al(q)r — ay(q), 01(q))e (A~ opP)

— ay(q), 6,(q))e @ e,
(14

+ 304 1(a(Q),

and

~i204(q)

1 N R -
D2n=§[‘]n—2(a’1(q)v_ ay(q),6:1(9))e

y(0),0,(q))e'2@ . (15)

In the denominator of the integral in expressi@, +i0

+ 3042 (q), —

wave function of the hydrogenlike atom bound state in the
nonrelativistic limit,

- 1 -
D(r,t)= \/ﬁd)o(r)exp(—isot), go=m—Eg, (16

whereEg>0 is the binding energy of the valence electron in
the atom,

2mEg=a 2. 17)

Concerning the relativism of the photoelectron final state
in a strong EM field, it should be mentioned that at the wave
intensities already~ 10" %, where

§=—~ (18

is the relativistic invariant parameter of the wave intensity,
relativistic effects become observable, and the final state of
the photoelectron should be described in the context of rela-
tivistic theory. Moreover, at the currently available laser in-
tensitiesé>1 (evené>1), a free electron becomes essen-
tially relativistic already at distances smaller than one
wavelength. On the other hand, in such fields we see the
production of electron-positron pairs from an intense photon
field on the electrostatic potential of atomic remainder
through multiphoton channels. However, we can calculate
separately the ATI probability in superstrong laser fields
without restricting intensities by the threshold value of mul-

is an imaginary infinitesimal, which shows how the pathtiphoton pair production §=2; see[49] and [50]) since
around the pole in the integrand should be chosen to obtainthose are independent processes.
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o

SinceV is a Hermitian operator, the transition amplitude . - .
(1) can be written in the form F (<P,77)=|:2x Fi(n)exp—il ¢), (21

T g=—i fjo O (X)VI )W T(x)d*x. (19

> 1 (= -
. . S . F )=—f F(e,m)expil ¢)de. (22
To integrate this expression, it is convenient to turn from the i 2m) (e.mexpile)de

variablest,r to 7=r,¢ [see Eq(2)],

i (= o . . N Then with the help of Eq92)—(16) [using Eq.(A3) as well
Tiot=— ;j (@, )V (@, ) ¥ (@, n)de dy, and taking into account the Lorentz condition for the plane—
N (20 wave fieldk-A(¢)=0, we can accomplish the integration
over the variablep in Eq. (20). After a simple transformation
and make a Fourier transformation of the functiBfi(x)  with the help of the formuldA5), we obtain the following

over the variablep, expression for the transition amplitude:
i27(k- - S |z I T | P
Tpf=M > [L—Z(l+§2)]<1’|(9)JL(a L},——(1—§2).0(p))e'“’(p’><5 O—F’O—L—l)
wymlly Li==-= k-p 2 »
g dg ~ - o - q i A “\a—in6y(q)+iL o(p+aq)
+2 > ®(g+a)U(d) X a| . — | C1 [8(p+0)— (q)Je” "D LR
=== J (277)3 k-p/ ™
6 - -
[(1) a’(k_)DI,n[al(q)_0(p)]_z(l_§2)D;,n}_HODEJ | -
P 0~ €o
X SRR —— X 8 ~L-l+n] [, (23)
g%+ 2I1-q—2n(k-p—k-q)+i0 ®
whereg is the three-vector,
- - (e—so)lz
g=p———", (24

and the functior{f),(ﬁ) is the Fourier transform ob,(ﬁ)zcb(ﬁ)lé,(ﬁ), and as a function of any three-vectois defined by
the analogous formulél0)

e~ i[0(p+Q)—6(q)]

L1 R P
Canl 6P+ = 6(A)1=5 | In-1| ().~ 5 (1-¢%),6(5+0)

+Jn+1

ay(d),~ 5 (1-¢%),0(p+4) e'“’(p*q”‘q”}, (25

where the parametees((p+q)/(k-p—K-q)), 6(p+q) are determined by the expressidi@s and (8), and

e?A’

- 26)
4(k-p—k-q) (

Zy

Using the general conservation law, the probability amplitude of the above-threshold ionization in final form can be
presented in this ultimate form,

053404-4



RELATIVISTIC THEORY OF THE ABOVE-THRESHOLD . .. PHYSICAL REVIEW A4 053404

_i2akp) 1% (A p z 2y Ry | el (N=1)6(p)
Tiﬁf—THONg:ﬁoc [N+1=Z(1+¢ )]¢|(9)XJN|(Q(W),—§(1_§ ),0(p) |e
q S ATA Ci t Sz N1 a—ind1(q)+i(N—1+n)a(p+aq)
Z (g U@ X a| (= | Clumral 0P+ @)~ B(@)]e "5 Pra

-

a(%) DI,n[el(ci)—e<5>]—z<1—§2>05,n}—11002]

L

= - — X 6(ITg—eg— wN). (27
g°+2I1-g—2n(k-p—k-q)+i0 (oo
|
The differential probability of the ATI process per unit 278(Ilg—e9— wN) 8(I1g—gg— wN")
time in the phase SpaGﬂ:[/(ZW)s (space volume/=1 in 0 if N£N'
accordance with normalization of the electron wave func- _ : (30)
tion) taking into account all the final states of a photoelectron 70(Ilg—eg—wN) if N=N’,

with quasimomenta in the intervél, I1+dIl is the differential probability of the ATl processW, .; (28)
. per unit time does not depend on interaction time.
|Ti_? dIl |TI—>f|2

AW =—— = N 2HodHo T Ill. THE RELATIVISTIC BORN APPROXIMATION
(2) (2m) FROM THE POTENTIAL OF ATOMIC REMAINDER
(28) FOR HYDROGENLIKE ATOM IONIZATION
where 7 is the interaction timed(Q is the differential solid The impact of the rescattering effect on the ATI process is
angle, and more transparent in the limit of the Born approximation by

the scattering potential. The latter takes place if the corre-
> sponding part of the action in the GEA wave function, de-
= JI12—1j2= \/m2+e2K2(1+§ ) (29) scribing the impact of both the scattering and EM radiation
0 © 2 fields on the photoelectron state simultaneously, is enough
small (see Ref[38]).
is the “effective mass” of the relativistic electron in the EM ~ Expanding Eq(27) into the series and keeping only the
wave field. terms to the first order ova(r), after a simple transforma-
As follows from Eq.(27) and formulas tion, utilizing Eqgs.(A2), (A3), and(A5), we obtain

i2r < s p z .
T — . iN6(p) LI B -
Tt = T w2 | N2k p)@(g)eN“JN(a(k,p), 5(1 52),0(p))
+2 > (Zd) 1(1+¢))(k-p=K-)D(G+GT(g)e M@ Nt
n=-—o» 13

J (a —5"'&
(N+n) kp_lza

g2+ 211-q—2n(k-p—k-q)+i0

X 8(Iy—eq— wN). (31

z > >
),—71<1—§2),a<p+q>
X

w[a(&>DI,nwl(d)—0(5>J—Z<1—§2>D£,n]—HoDE X

For hydrogenlike atoms with the charge numBgr, the condition of the Born approximation for the photoelectron scattering
(in the Coulomb fielg]

<1, (32
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requires electron velocitiesy>Z,a, where a=e?/fic ~ . 2%(mad)R
=1/137 is the fine-structure consta(ittis assumed thaZ , d(b)= —aa (35
<137; & andc are restored for clarily The photoelectron b“a
acquires such velocities in the EM wave field at the intensi- . _ .
ties Note that in Eq.(35) it has been taken into account that
|[bjJa>1 in accordance with the Born approximation. Then
£ ﬁ (33 the function®(g+q) in the second term in curly brackets of
137 Eq. (31) can be replaced by the quantifyg+q)/+/wa> be-

As will be shown below, Eq33) is the condition of the Born cause of the small contributions of the other terms in an

approximation in the ATI process of hydrogenlike atoms tak-€xpansion off; ¢ over the parametey®a’ (see, e.g.[51)),
ing into account the photoelectron rescattering. which will be shown below. Such & function can be used to
The initial bound state enters into ER7) through its  accomplish the integration overin the second term of the
momentum space wave functi@(b). For hydrogenlike at- SUM in the large curly brackets of E@1).
oms, the bound state wave function is For the scattering of a charged particle in the Coulomb
field for which the Fourier transform is

exp — nla)
=) 34 .
Jra® (39 0@- " (36)

~am@’

O (n)=

where a=a,/Z, (ap=1/mé€ is the Bohr radius and the
corresponding momentum space wave function has the folwe have the following expression for the transition ampli-
lowing form: tude in the field of arbitrary polarization of an EM wave:

_i24(7Ta)3/2(k'p) “ ) iN(}([;) ( ( 5 ) Z 5 N ) (1)8062
Tt = o gt . | (N2 1P| ol 5] - 5 (12,00 | - T
o _ 2
. a{[w(2n—N>+HOJCL_2n+wa’(1—§2>CZ,N_2n}Jn(#)
2n—a’'(1 2 —i(2n—N) 6(p)
xn;w[ n-a'(1+5)]e m2 +e3— 2e[ o+ w(2n—N)]
><5(H0,80—wN), (37)

wherea’ is defined by Eq(26) at = —g and a’=€2KS/4w80; thenJ,([—a'(1—£?)]/2) is the ordinary Bessel function
[J2n(0X,0)=J,(x), Eq. (A7)], andCs andC, are defined by the expressions

Cs=J5(a(p/kp).(Z—a') (1~ ¢*)/2,6(p)) (38)
and
Caos= 313 a(a(FIkP).(Z—a') (1~ C20()e 24D+ 3, o(a(Flkp).(Z - a') (1~ 26D, (39

Integrating the expressioi28) overIl,, taking into account Eq$37) and (30), for differential probability of the ATl we
obtain the formulas

AW 20 o IN-Z@+ PRI [ e ( ( ﬁ) z ) g’
= - INOD g —=|,— = (1-¢%),0(11
40 ma i ¢ e i) T2 O I Nz e

0

. 0 _#2
> e—i(2n—N)0(l‘[)Jn( “(21 )

n=—o

2
: (40)

x[<so+2nw>cL_zn+wa'<1—§2>CZ,N_2n]}

whereg is the three-vector,
g=M-Nk, |Ii|=(go+®N)>—mZ. (41)
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The numbem, from which we carry out the summation in tering effect has the same order as the probability of the
Eq. (40) is defined from the energy conservation law of thedirect transition in the SFA. It should be noted that the deri-
ATI process:Ny={(m, —&p)/w). vations relying upon the SFAe.g.,[41]) are expected to
The first term in the curly brackets of E¢40) corre- become more accurate at a high-intensity EM field. How-
sponds to the result of the KFR approximation, and the secever, the prediction of the SFA with regard to the rescattering
ond term shows the dependence of the ATI probability on theeffect in a high-intensity EM field, i.e., for a relativistic pho-

ejected photoelectron stimulated bremsstrahl(8@) prob-
ability, i.e., it takes into account the rescattering process.

IV. PROBABILITY OF THE ATI PROCESS
FOR THE CIRCULAR AND LINEAR POLARIZATION
OF AN EM WAVE

toelectron(according to which the rescattering will be neg-
ligible in the relativistic domain with increasing the wave
intensity[41]), is not true, especially for the Coulomb field,
as we have obtained a significant contribution even in the
Born approximation when the impact of the scattering poten-
tial is the smallest. Indeed, beyond the context of the Born

approximation, the contribution of the rescattering effect in
The state of a photoelectron in the field of a strong EMthe AT process will be more considerattfer instant, in the
wave and consequently the ionization probability essentiallyypove-considered GEA for the scattering potential
depends on the polarization of the watiee nonlinear effect In the context of the current approximatiai®Z,/137,
of intensity conditioned by the impact of a strong magneticine explicit analytic formulas for the total ionization rate can
field). Thus, for circular polarization the relativistic param- pe gptained utilizing the properties of the Bessel function.
eter of the wave intensity”= const= £ and the longitudinal  With the condition(33), the argument of the Bessel function

velocity of the electron in the wave,, =const(eliminating ~ X(N)>1 and alwaysX<N. Therefore, the terms witiN
this inertial motion—in the framework of the electron—we =1 andN~X give the main contribution in the surd2).

1/3

Ai (44)

have the uniform rotation in the polarization plane with theBesides, in this limit one can replace the summation dver
wave frequencyw), meanwhile for the linear one&®  with integration and approximate the Bessel function by the
= gS coge andv, oscillates with the frequencies of all wave Airy one,

harmonicsnw corresponding to strongly unharmonic oscil-

latory motion of a photoelectron. The latter leads principally N\ 23 x?
to different behavior of the ionization process and corre- JN(X)Z(N (5 (1—QH
sponding formulas depending on the polarization of a strong

wave. Therefore, we shall consider the cases of circular and Turning to spherical coordinates, we carry out the integra-
"”elz"’;graog‘(;'?jg)o?;?; eagirimavxivpeorfr:(zjeze\?vilae?gi) . tion over theg since there is azimuthal symmetry with re-
the first Born approximation by the ionized atom potentiaI,SpeCt to the directiok (the OZ axig), and for the ionization
we obtain the following formula for the differential probabil- rate we have

ity of the ATI process: 25 . 0\ 203
- - - W, =—f sin adaf dN(—)
dw_, 2 <N—2z>2<k~n>2|H|Jz( ( I )) T matlo N-Np N
ao 5 NS 8 N RTT R
rme R d (N=22)%(k-TD?|Ti|
5 5 X 58 Ai“[y(N,0)]
x|t 2(N—22)(k-H)} : (42) -, 2
S R — (45)
As is seen from this formula, in contrast to the case of an- 2(N—-22)(k-1I)| °
other polarization, the differential probability of the ATI pro-
cess is defined by the ordinary Bessel function instead of the where
function J,(u,v,A) and the sum oven vanishes. The latter .
corresponds to the above-mentioned fact that for the circular o 11
polarization, the parameter of the intensity of the wate 2/3 k.
=const, and the effect of the intensity of a strong wave ap- y(N,9)=(§) 1- | (46)

pears in the form of constant renormalization of the charac-
teristic parameters of the interacting system.

Let us estimate the contribution of photoelectron rescat- They(N, ) has a minimum as a function 8fand ¢, and

S L ; ince the Airy function decreases exponentially with increas-
tering in the probability of the ATI process that is the second’
term in the curly brackets in Eq42). The latter is Ing argument, one can use the Laplace metftbd method

of steepest descern order to carry out the integration over
52 N as well as overd. The extremum points of the function
I —— (43) y(N, 6), i.e., the most probable values Nfand ¢, are
2(N=22)(k-1I)
m~12c - 8(2) |ﬁ( Nm)l

for the most probable number of absorbed photons at which zng, COSOy= = |
w Io(Np)

N =
the Bessel function has the maximum value. So, the rescat- "

(47

Eqw
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©

and dw_;  2* (N=2)2(k- 12|11

1/3 2/3 dQ Tma> N=Ng g®
(N ) = B[ Tt (48)
ym y m:¥Ym N%?’w ZFO ] X[J

N

where Fy and F,=Z73m?e® are wave and atomic electric- )
field strengths. AN=N,, and = 6,,, we have a peak for % 2 I(—a'l2)
angular and energetic distribution. Let us note that the con- ne ! @
tribution of the rescattering effect to the angular distribution
of the photoelectrons is nonessential.

For y,<1, when the wave electric-field strength greatly X
exceeds the atomic oné¢>F,) the main contribution in
the integral gives

o)~ 3]
1) 2) T 2miN— D (kT

[’

(80+ 2nw)JN_2n

-

I1 wa'
— | (Z=a")2|+ ——

2

o

k-T1

-

11
JNZnZ( a(ﬁ) (2= a’)/z)

(49) T 2
+n-znva| @ opp | (2= )12 . (54

(angular and energetic widths of the pgakd for ionization
rate we have an explicit formula that expresses directly thevhereJ,(u,v) is the realgeneralizedBessel functione.g.,

X

50=(N/2) " Y¥J1+¢& and SN=2(N,/2)%°

dependence upon the wave intensity, see[18)). As is seen from the formuléb4), in this case the
total probability of the ATI process includes all intermediate
2713 w |3 F | 1R transitions of a photoelectron through the virtual vacuum
Wi_,fzmww(E—J (F_()) (50) states as well, corresponding to the emission and absorption

of wave photons of number co<n<e (the sum oven) in
accordance with the above-mentioned behavior of the wave
Fory,>1 or Fo<F (the so-called tunneling regime of intensity effect at linear polarizatiofstrongly unharmonic
ionization), we shall use the following asymptotic formula oscillatory motion of a photoelectron
for the Airy function: Let us now consider the ATI process with the rescattering
effect in the nonrelativistic limit since the theoretical treat-
1 2x312 ments of this problem—mainly the Keldysh-Faisal-Reiss
Ai(x)= ﬁxﬂ"‘exp( -3 ) (51)  (KFR) ansatZ16—-18—in general have been carried out for
™ a nonrelativistic photoelectron when the rescattering effect is
neglected. In the pioneering result of Keldystg], the re-
scattering of a photoelectron from the potential of atomic
remainder has been approximately estimated and put in the
w ° Fat ° _2Fq (52) form of a coefficient in the ultimate formula for the ioniza-
Eg/ \Fo 3 Fo)’ tion probability (for wave fields much smaller than atomic
ones. Furthermore, the same approach has been taken in
Let us revert back to the Born conditidB2) to substan- [53] for relatively large wave fields up to the atomic ones.
tiate the condition(33). As is shown above, we have a peak Besides, in the existing nonrelativistic theory of ATI, the
for angular and energetic distributiéé?) at 6, andN,, (47),  gauge problem for the description of interaction with the
and the electron mean velocity will be defined by these valwave field and different views concerning the role of wave

and applying the Laplace method we have

Wi_i=20

ues, intensity in the dipole approximation have arisen. For a dis-
cussion of these problems, a special paper has been devoted
|f[(N )| £ [52]. Moreover, in the context of the same Keldysh-Faisal-
v= m ~ . (53)  Reiss ansatz, the existence of a stabilization effect depends
Ho(Nm) 1+ &2 on the gauge of the wave fie[@]. Therefore, we shall con-

sider the results of the present paper in the nonrelativistic
Substituting Eq(53) into Eg.(32), we have the condition of limit taking into account the photoelectron rescattering.
the Born approximation in ATI process of hydrogenlike at- From the formula(42), for the differential probability of
oms[Egs.(33)]. the ATI transition rate in the case of circular polarization of

Using the explicit analytic formulas for the total ioniza- an EM wave in the nonrelativistic limit we have
tion rate, we can conclude thatht N, and 6= 6, we have rel — "
peaks for angular and energetic distribution that are given by dW" _ 8w (E) (N—-2z-Eg/w) J3(9)
® /] NN (N—22z)? N

2
: (55

Egs. (47) and (49) with the angular and energetic widths of dQ T
the peakssd and 6N, respectively.

In the case of linear polarization of the wave from Eq.
(40), we have

N-2z-Eg/w

X
N—2z

1+
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Z=Z=Zl=eZKg/4mw, andNo=<(|52/2m—EB)/w+z>. APPENDIX: DEFINITION OF THE FUNCTION  J,(u,v,A)
The corresponding condition of the Born approximation A function J,(u,v,A) may be defined by
[Eq. (33)] in the nonrelativistic limit is

ko

Jn(u,v,A)=(2w)‘1f doexp{i[usin(6+A)

1>>Za 5
& 13- (57

+vsin(26)—n(6+A)]} (Al)
The first term in the quadratic brackets of E§5) coincides o . )
with the above-threshold ionization differential probability Of by an infinite series representation
obtained in the SFA for the nonrelativistic photoelectfb8]
without the rescattering effect. According[#l], the SFA is
expected to become valid when the ponderomotive potential

UpzeZK(Z)/Zm due to an EM radiation field larger than the
ionization potential of the atomy ,>Eg, and consequently

52/2m> Eg, which is the condition of the Born approxima-
tion. Then taking into account the scattering potential by =

perturbation theory, we obtaliEq. (55)] that the contribution >, e™¢*2)J (u,v,A)=expi[usin(¢+A)+uv sin 2¢]}
of the photoelectron rescattering in the ATI probabilitg n=-=

the first order of the Born approximation over the Coulomb (A3)
potentia) is of the order of the main results of the KFR

ansatz. Therefore, neglecting the SB process for the photo-

electron in the Coulomb field of an atomic remainder is in- *

correct. 2 Jnzk(Uu,v,AN)J (U ', =A)=J,(uxu’,vxv’,A).

— —i2kA
nl4, v, n—2 .
Jn(u,v A)—kZ e AT (W (v).  (A2)

We perform two important theorems, which can be proved
from Eq. (Al):

In the case of a linear polarized EM wave from the for- =~ Ad
mula (54) we have the differential probability of the ATI (A4)
process in the nonrelativistic domain, An integration by parts in EqA1) yields the relation

dVWE'f_s_w(@)S/Z o (N—z—Eg/w)*? z(u _3) 2n35(U,0, 8) =U[Jp- 1 (U0, A) + Iy 14 (U0, )]
B < A2 N{ M .
7l Ny (N-2) 2 +20[e 283, (U, A)
y W) 58) +e280, 50, A)] (AS)
-z
From either Eq(Al) or Eq.(A2) it follows that
where
Jn(u,0,A)=J,(u) (AB)
EB 1/2
u=z2y, X=81’2( N—z— ;) cosé (59  and
—iAn
and @ is the angle between the velocity vector of the emitted _|® Jn2(v), N even
S Jn(0p,A)= (A7)
photoelectron and the wave polarization vector. 0, n odd.
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