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Relativistic theory of the above-threshold multiphoton ionization of hydrogenlike atoms
in ultrastrong laser fields

H. K. Avetissian,* A. G. Markossian, and G. F. Mkrtchian
Department of Theoretical Physics, Plasma Physics Laboratory, Yerevan State University, 1, A. Manukian St., 375049 Yerevan,
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The relativistic theory of above-threshold ionization~ATI ! of hydrogenlike atoms in ultrastrong radiation
fields, taking into account the photoelectron-induced rescattering in the continuum spectrum, is developed. It is
shown that the contribution of the latter in the multiphoton ionization probability even in the Born approxi-
mation by the Coulomb field is of the order of ATI probability in the scope of the Keldysh-Faisal-Reiss ansatz.
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I. INTRODUCTION

The increasing interest in the process of multipho
above-threshold ionization~ATI ! of atoms in superintens
laser fields is due in large part to the problem of high h
monic generation and short-wave coherent radiation im
mentation via multiphoton bound-free transitions through
free continuum spectrum~one of the possible version of
free-electron x-ray laser!. During the last two decades nu
merous investigations have been carried out to study AT
atoms both theoretically and experimentally and many
view papers~see, e.g.,@1–10#! and monographs@11–15# are
devoted to this problem.

The main ansatz in the nonrelativistic theory of multiph
ton ionization of atoms in strong electromagnetic~EM! ra-
diation fields that of Keldysh@16# ~also called the Keldysh
Faisal-Reiss ansatz@17,18#!. The advantage of this approac
is that it leads in a very simple way to reveal some of
main qualitative features of the photoelectron energy sp
trum in ATI experiments@19–21#. Within the scope of this
ansatz, the photoelectron rescattering in the field of ato
remainder is neglected. In order to bridge this gap, attem
have been made to describe the photoelectron final state
‘‘Coulomb-Volkov’’ wave function that is a product of the
Coulomb wave function of elastic scattering and a wa
function of electrons in the EM wave field@22–28#. This
wave function results in the factorization of the probabil
of multiphoton ionization and restricts both the frequen
~low-frequency approximation! and intensity of the wave
The use of another ansatz for the definition of multipho
ionization probabilities@29# should also be noted.

The description of the photoelectron final state, tak
into account the stimulated bremsstrahlung~SB! at the pho-
toelectron scattering on the electrostatic potential of the i
ized atom in the presence of a strong EM radiation fi
~induced free-free transitions!, still remains one of the main
problems in the ATI process. Moreover, the definition of t
dynamic wave function of an electron in the SB process
already problematic, therefore the main results concern
multiphoton SB probabilities have been found through thS
matrix formalism for ‘‘free-free’’~over the electrostatic po
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tential! transitions in the Born approximation betwee
Volkov states in an EM wave@30#. However, in many case
when the condition of the Born approximation is broken, t
scattering process is described in low-frequency@31,32# or
eikonal @33# approximations. Though the Born and low
frequency approximations in the SB process are applica
for describing free-free transitions in high-intensity radiati
fields, they do not take into account the mutual influence
the scattering and the radiation fields~i.e., the probability of
SB is factorized by elastic scattering and photon emission
absorption processes!. What concerns the eikonal approx
mation in the SB process it is not applicable beyond
interaction region (z!pa2/\, where z is the coordinate

along the direction of initial momentumpW of the particle,a is
the range of the interaction region, and\ is the Planck con-
stant!. A description of the electron eigenstates in the S
process beyond of the scope of these approximations
been made in@34#, developing a generalized eikonal approx
mation~GEA!. The obtained GEA wave function enables
to leave the framework of the ordinary eikonal approxim
tion and to be free from the restrictionz!pa2/\. Besides,
such a wave function simultaneously takes into account
influence of both the scattering and radiation fields on
particle state. Therefore, to determine the multiphoton pr
abilities of above-threshold ionization of an atom, one sho
know the wave function of the ejected photoelectron in
SB process with more accuracy. On the other hand, in
current superintense laser fields, the state of the electron
comes relativistic already at the distancesl !l (l is the
wavelength of a laser radiation!, independent of its initial
state. Hence, the problem of ATI of atoms with the photod
tached electron SB process requires a relativistic consi
ation.

A relativistic generalization of multiphoton SB in the firs
Born and eikonal approximations has been made in the
pers@35#, @36#, and@37#, respectively. In@38#, on the basis of
the solution of the Dirac equation, the GEA@34# has been
developed for relativistic scattering theory in the arbitra
electrostatic and plane EM wave fields, including both t
Born and eikonal approximations in corresponding limits a
describing the spin interaction as well. Such a wave funct
allows us to describe the final state of the photoelectron w
more accuracy in the ATI process of atoms.

A relativistic description of multiphoton ATI of hydrogen
©2001 The American Physical Society04-1
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like atoms for high-intensity laser fields taking into accou
the spin interaction has been developed analytically in
papers@39–41# with an approximation in which the stimu
lated bremsstrahlung of the emergent electron is neglec
The relativistic consideration of ATI is important as it
generally assumed that the problem of stabilization of ato
in ultraintense laser fields must be solved within the fram
work of relativistic theory@42#. From this point of view,
some attempts have been made to solve analytically
Klein-Gordon equation@43,44# or numerically the Dirac
equation@42,45# in the fields of a static potential and mon
chromatic EM wave~using various model potentials of on
or two dimensions and various approximations!. In the pa-
pers@46–48# relativistic corrections to the nonrelativistic re
sults have been given.

Note that at present, analytic formulas for these probab
ties, taking into account the photoelectron rescattering,
unknown even in the first Born approximation for the Co
lomb scattering field. Therefore, in the present paper the r
tivistic probabilities of multiphoton ATI in the limit of the
Born approximation for the photoelectron rescattering
calculated. Moreover, it is shown that the neglect of the p
toelectron rescattering in the relativistic domain especia
@39,41# is invalid, since the contribution of the electron re
cattering process in the matrix elements of transitions has
same order by a scattering potential in the Born approxim
tion as the matrix elements of bound-free transitions for
ATI process.

The organization of the paper is as follows. In Sec. II,
present the multiphoton cross sections of the above-thres
ionization of hydrogenlike atoms in an ultraintense laser fi
~with the help of the GEA wave function!, taking into ac-
count the induced free-free transitions of the ejected ph
electron in the continuum spectrum. Because of the m
complicated expressions in the GEA, the spin interaction
neglected and the ultimate analytic results for the multip
ton probabilities are performed in the limit of the first Bo
approximation by the ion~atomic remainder! potential,
which we present in Sec. III. In Sec. IV, we treat the dep
dence of ATI probability on the polarization of an EM wav
and we consider the differences between circular and lin
polarizations of an electromagnetic wave.

II. THE IONIZATION PROBABILITY FROM THE
RELATIVISTIC GEA SOLUTION OF A WAVE EQUATION

OF AN ELECTRON

The problem has been reduced to an investigation of
relativistic exploration of the transitionS matrix formalism
utilizing the relativistic GEA wave function@38# as a wave
function of the final state of a photodetached electron~it has
been neglected with the spin interaction in the relativis
GEA wave function!. Following the relativisticSmatrix for-
malism, the bound-free transition amplitude can be written
this integral form~in natural units\5c51),

Ti→ f52 i E
2`

`

C (2)†~x!V̂F~x!d4x, ~1!
05340
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where x5(t,rW) is the four-component radius-vectorxm,
F(x) is the initial unperturbed bound state of the atom
system, andC (2)(x) is the final out-state of an electron i
the potential of atomic remainder and in the field of a pla
EM wave (K† denotes the complex conjugation ofK). We
assume the EM wave to be quasimonochromatic and o
arbitrary polarization with the vector potential,

AW ~w!5A0~w!~eW1 cosw1eW2z sinw!, w5k•x5vt2kW "rW,
~2!

wherek5(v,kW ) is the four-wave vector,A0(w) is the slowly
varying amplitude of the vector potential of a plane wave,eW1

and eW2 are unit vectors (eW1'eW2'kW ), and arctanz is the po-
larization angle.

According to the Klein-Gordon equation, the interactio
operator is

V̂522eAW ~w!~2 i¹W !1e2AW 2~w!, ~3!

wheree is the electron charge.
The wave function of the final state of the photodetach

electron in the relativistic GEA approximation has the fo
lowing form @38#:

C (2)†~x!5
1

A2P0

F†~x!exp@2 iSV~x!#. ~4!

TheSV(x) is the action of a photoelectron in the field~2!,

SV~x!5PW "rW2P0t1aS pW

k•p
D sin@w2u~pW !#

2
Z

2
~12z2!sin 2w. ~5!

HereP5(P0 ,PW ) is the average four-kinetic momentum o
‘‘quasimomentum’’ of the electron in the plane EM wav
field, which is defined via the free-electron four-momentu
p5(«0 ,pW ) and the relative parameter of the wave intensityZ
by the following equation:

P5p1kZ~11z2!, Z5
e2Ā0

2

4k•p
, ~6!

whereĀ0 is the averaged value of the amplitudeA0(w). The
wave function~4! is normalized for the one particle in th
unit volumeV51.

Included in Eq. ~5!, the quantity a„pW /(k•p)… is the
intensity-dependent amplitude of the electron-wave inter
tion and as a function of any three-vectorbW it has the fol-
lowing definition:

a~bW !5eĀ0A~bW •eW1!21z2~bW •eW2!2, ~7!

with the phase angle
4-2
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u~pW !5arctanS pW •eW2

pW "eW1

z D . ~8!

The functionF†(x) in Eq. ~4!, describing the impact of both the scattering and EM radiation fields on the photoele
state simultaneously, has the following form@38#:

F†~x!5expF 1

4p3 (
n52`

`

einwE H vFaS pW

k•p
DD1,n

†
„u1~qW !2u~pW !…2Z~12z2!D2,n

† G2P0Dn
†J

qW 212PW "qW 22n~k•p2kW "qW !1 i0
Ũ~qW !

3exp„2 i $qW •rW1a1~qW !sin@w2u1~qW !#2a2~qW !sin 2w1u1~qW !n%…dqW G , ~9!
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where

Ũ~qW !5E U„rW…exp~2 iqW "rW !drW ~10!

is the Fourier transform of the potential of the atomic
mainder,a1(qW ), a2(qW ) are dynamic parameters of the inte
action defined by the expression

a1~qW !5a„„kW•qW …pW /k•p1qW …,

a2~qW !5
kW•qW

2„k•p2kW•qW …
Z~12z2!, ~11!

andu1(qW ) is the phase angle

u1~qW !5u„„kW•qW …pW /k•p1qW …. ~12!

The functionsJn(u,v,n), Dn , D1,n„u1(qW )2u(pW )…, andD2,n
are defined by the expressions~also see Ref.@38#!

Dn5Jn„a1~qW !,2a2~qW !,u1~qW !…, ~13!

D1,n„u1~qW !2u~pW !…

5
1

2
@Jn21„a1~qW !,2a2~qW !,u1~qW !…e2 i „u1(qW )2u(pW )…

1Jn11„a1~qW !,2a2~qW !,u1~qW !…ei „u1(qW )2u(pW )…#,

~14!

and

D2,n5
1

2
@Jn22„a1~qW !,2a2~qW !,u1~qW !…e2 i2u1(qW )

1Jn12„a1~qW !,2a2~qW !,u1~qW !…ei2u1(qW ) . ~15!

In the denominator of the integral in expression~9!, 1 i0
is an imaginary infinitesimal, which shows how the pa
around the pole in the integrand should be chosen to obta
05340
-

a

certain asymptotic behavior of the wave function, i.e., t
ingoing spherical wave†to determine that one must b
passed to the limit of the Born approximation atAW „w…50W ‡.

Since we consider the ATI problem for hydrogenlike a
oms (Za!137), the initial velocities of atomic electrons a
nonrelativistic, and as an initial-state wave functionF in the
transition amplitude, Eq.~1! will be taken as a stationary
wave function of the hydrogenlike atom bound state in
nonrelativistic limit,

F~rW,t !5
1

A2m
F0~rW !exp~2 i«0t !, «05m2EB , ~16!

whereEBs0 is the binding energy of the valence electron
the atom,

2mEB5a22. ~17!

Concerning the relativism of the photoelectron final st
in a strong EM field, it should be mentioned that at the wa
intensities alreadyj;1021, where

j5
eĀ0

m
~18!

is the relativistic invariant parameter of the wave intens
relativistic effects become observable, and the final state
the photoelectron should be described in the context of r
tivistic theory. Moreover, at the currently available laser
tensitiesjs1 ~evenj@1), a free electron becomes esse
tially relativistic already at distances smaller than o
wavelength. On the other hand, in such fields we see
production of electron-positron pairs from an intense pho
field on the electrostatic potential of atomic remaind
through multiphoton channels. However, we can calcul
separately the ATI probability in superstrong laser fie
without restricting intensities by the threshold value of m
tiphoton pair production (j.2; see @49# and @50#! since
those are independent processes.
4-3
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SinceV̂ is a Hermitian operator, the transition amplitud
~1! can be written in the form

Ti→ f52 i E
2`

`

F~x!V̂†~x!C (2)†~x!d4x. ~19!

To integrate this expression, it is convenient to turn from
variablest,rW to hW [rW,w @see Eq.~2!#,

Ti→ f52
i

vE2`

`

F~w,hW !V̂†~w,hW !C (2)†~w,hW !dw dhW ,

~20!

and make a Fourier transformation of the functionF†(x)
over the variablew,
05340
e

F†~w,hW !5 (
l 52`

`

F̃ l~hW !exp~2 i l w!, ~21!

F̃ l~hW !5
1

2pE2p

p

F~w,hW !exp~ i l w!dw. ~22!

Then with the help of Eqs.~2!–~16! @using Eq.~A3! as well#
and taking into account the Lorentz condition for the plan
wave field kW•AW (w)50, we can accomplish the integratio
over the variablew in Eq. ~20!. After a simple transformation
with the help of the formula~A5!, we obtain the following
expression for the transition amplitude:
an be
Ti→ f5
i2p~k•p!

vAmP0
(

L,l 52`

` H @L2Z~11z2!#F̃ l~gW !JLS aF pW

k•p
G ,2

Z

2
~12z2!,u~pW ! D eiLu(pW )3dS P02«0

v
2L2 l D

12 (
n52`

` E dqW

~2p!3
F̃ l~gW 1qW !Ũ~qW !3aS qW

k•p
DC1,L

† @u~pW 1qW !2u~qW !#e2 inu1(qW )1 iLu(pW 1qW )

3

H vFaS pW

k•p
DD1,n

† @u1~qW !2u~pW !#2Z~12z2!D2,n
† G2P0Dn

†J
qW 212PW "qW 22n~k•p2kW "qW !1 i0

3dS P02«0

v
2L2 l 1nD J , ~23!

wheregW is the three-vector,

gW 5pW 2
~«2«0!kW

v
, ~24!

and the functionF̃ l(bW ) is the Fourier transform ofF l(hW )[F(hW )F̃ l(hW ), and as a function of any three-vectorbW is defined by
the analogous formula~10!

C1,n@u~pW 1qW !2u~qW !#5
1

2 FJn21S a1~pW 1qW !,2
Z1

2
~12z2!,u~pW 1qW ! De2 i [u(pW 1qW )2u(qW )]

1Jn11S a1~qW !,2
Z1

2
~12z2!,u~pW 1qW ! Dei [u(pW 1qW )2u(qW )] G , ~25!

where the parametersa„(pW 1qW )/(k•p2kW•qW )…, u(pW 1qW ) are determined by the expressions~7! and ~8!, and

Z15
e2Ā0

2

4~k•p2kW•qW !
. ~26!

Using the general conservation law, the probability amplitude of the above-threshold ionization in final form c
presented in this ultimate form,
4-4
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Ti→ f5
i2p~k•p!

AmP0
(

N,l 52`

` H @N1 l 2Z~11z2!#F̃ l~gW !3JN2 l S aS pW

k•p
D ,2

Z

2
~12z2!,u~pW ! D ei (N2 l )u(pW )

12 (
n52`

` E dqW

~2p!3
F̃ l~gW 1qW !Ũ~qW !3aS qW

k•p
DC1,N2 l 1n

† @u~pW 1qW !2u~qW !#e2 inu1(qW )1 i (N2 l 1n)u(pW 1qW )

3

H vFaS pW

k•p
DD1,n

† @u1~qW !2u~pW !#2Z~12z2!D2,n
† G2P0Dn

†J
qW 212PW "qW 22n~k•p2kW "qW !1 i0

J 3d~P02«02vN!. ~27!
it
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The differential probability of the ATI process per un
time in the phase spacedPW /(2p)3 ~space volumeV51 in
accordance with normalization of the electron wave fu
tion! taking into account all the final states of a photoelect
with quasimomenta in the intervalPW , PW 1dPW is

dWi→ f5
uTi→ f u2

t

dPW

~2p!3
5

uTi→ f u2

t
AP0

22m
*
2 P0dP0

dV

~2p!3
,

~28!

wheret is the interaction time,dV is the differential solid
angle, and

m* 5AP0
22PW 25Am21e2Ā0

2~11z2!

2
~29!

is the ‘‘effective mass’’ of the relativistic electron in the EM
wave field.

As follows from Eq.~27! and formulas
05340
-
n

2pd~P02«02vN!d~P02«02vN8!

5F0 if NÞN8

td~P02«02vN! if N5N8,
~30!

the differential probability of the ATI processdWi→ f ~28!
per unit time does not depend on interaction time.

III. THE RELATIVISTIC BORN APPROXIMATION
FROM THE POTENTIAL OF ATOMIC REMAINDER

FOR HYDROGENLIKE ATOM IONIZATION

The impact of the rescattering effect on the ATI process
more transparent in the limit of the Born approximation
the scattering potential. The latter takes place if the co
sponding part of the action in the GEA wave function, d
scribing the impact of both the scattering and EM radiat
fields on the photoelectron state simultaneously, is eno
small ~see Ref.@38#!.

Expanding Eq.~27! into the series and keeping only th
terms to the first order overU(rW), after a simple transforma
tion, utilizing Eqs.~A2!, ~A3!, and~A5!, we obtain
ring
Ti→ f5
i2p

AmP0
(

N52`

` H @N2Z~11z2!#~k•p!F̃~gW !eiNu(pW )JNS aS pW

k•p
D ,2

Z

2
~12z2!,u~pW ! D

12 (
n52`

` E dqW

~2p!3
@N1n2Z1~11z2!#~k•p2kW•qW !F̃~gW 1qW !Ũ~qW !e2 inu1(qW )1 i (N1n)u(pW 1qW )

3FvH aS pW

k•p
DD1,n

† @u1~qW !2u~pW !#2Z~12z2!D2,n
† J 2P0Dn

†G3

J(N1n)S aS pW 1qW

k•p2kW•qW
D ,2

Z1

2
~12z2!,u~pW 1qW !D

qW 212PW "qW 22n~k•p2kW "qW !1 i0
J

3d~P02«02vN!. ~31!

For hydrogenlike atoms with the charge numberZa , the condition of the Born approximation for the photoelectron scatte
~in the Coulomb field!,

Zae2

\v
!1, ~32!
4-5
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requires electron velocitiesv@Zaa, where a5e2/\c
51/137 is the fine-structure constant~it is assumed thatZa
!137; \ and c are restored for clarity!. The photoelectron
acquires such velocities in the EM wave field at the inten
ties

j@
Za

137
. ~33!

As will be shown below, Eq.~33! is the condition of the Born
approximation in the ATI process of hydrogenlike atoms ta
ing into account the photoelectron rescattering.

The initial bound state enters into Eq.~27! through its

momentum space wave functionF̃(bW ). For hydrogenlike at-
oms, the bound state wave function is

F„hW …5
exp~2h/a!

Apa3
, ~34!

where a5a0 /Za (a051/me2 is the Bohr radius! and the
corresponding momentum space wave function has the
lowing form:
05340
i-

-

l-

F̃~bW !5
23~pa3!1/2

bW 4a4
. ~35!

Note that in Eq.~35! it has been taken into account th
ubW ua@1 in accordance with the Born approximation. Th

the functionF̃(gW 1qW ) in the second term in curly brackets o
Eq. ~31! can be replaced by the quantityd(gW 1qW )/Apa3 be-
cause of the small contributions of the other terms in
expansion ofTi→ f over the parametergW 2a2 ~see, e.g.,@51#!,
which will be shown below. Such ad function can be used to
accomplish the integration overqW in the second term of the
sum in the large curly brackets of Eq.~31!.

For the scattering of a charged particle in the Coulo
field for which the Fourier transform is

Ũ„gW …5
4p

amgW 2
, ~36!

we have the following expression for the transition amp
tude in the field of arbitrary polarization of an EM wave:
Ti→ f5
i24~pa!3/2

AmP0

~k•p!

gW 4a4 (
N52`

` H @N2Z~11z2!#eiNu(pW )JNS aS pW

k•p
D ,2

Z

2
~12z2!,u~pW ! D 2

v«0gW 2

m~k•p!

3 (
n52`

`

@2n2a8~11z2!#e2 i (2n2N)u(pW )

$@v~2n2N!1P0#CN22n
† 1va8~12z2!C2,N22n

† %JnS 2a8~12z2!

2 D
m

*
2 1«0

222«0@P01v~2n2N!#
J

3d~P02«02vN!, ~37!

wherea8 is defined by Eq.~26! at qW 52gW and a85e2Ā0
2/4v«0; then Jn„@2a8(12z2)#/2… is the ordinary Bessel function

@J2n(0,x,0)5Jn(x), Eq. ~A7!#, andCs andC2,s are defined by the expressions

Cs5Js„a~pW /kp!,~Z2a8!~12z2!/2,u~pW !… ~38!

and

C2,s5
1

2
@Js22„a~pW /kp!,~Z2a8!~12z2!/2,u~pW !…e2 i2u(pW )1Js12„a~pW /kp!,~Z2a8!~12z2!/2,u~pW !…ei2u(pW )#. ~39!

Integrating the expression~28! over P0, taking into account Eqs.~37! and ~30!, for differential probability of the ATI we
obtain the formulas

dWi→ f

dV
5

24

pma5 (
N5N0

`
@N2Z~11z2!#2~k•P!2uPW u

gW 8 UH eiNu(PW )JNS aS PW

k•P
D ,2

Z

2
~12z2!,u~PW ! D 1

gW 2

2m@N2Z~11z2!#~k•P!

3 (
n52`

`

e2 i (2n2N)u(PW )JnS 2a8~12z2!

2 D3@~«012nv!CN22n
† 1va8~12z2!C2,N22n

† #J U2

, ~40!

wheregW is the three-vector,

gW 5PW 2NkW , uPW u5A~«01vN!22m
*
2 . ~41!
4-6
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The numberN0 from which we carry out the summation i
Eq. ~40! is defined from the energy conservation law of t
ATI process:N05^(m* 2«0)/v&.

The first term in the curly brackets of Eq.~40! corre-
sponds to the result of the KFR approximation, and the s
ond term shows the dependence of the ATI probability on
ejected photoelectron stimulated bremsstrahlung~SB! prob-
ability, i.e., it takes into account the rescattering process

IV. PROBABILITY OF THE ATI PROCESS
FOR THE CIRCULAR AND LINEAR POLARIZATION

OF AN EM WAVE

The state of a photoelectron in the field of a strong E
wave and consequently the ionization probability essenti
depends on the polarization of the wave~the nonlinear effect
of intensity conditioned by the impact of a strong magne
field!. Thus, for circular polarization the relativistic param
eter of the wave intensityj25const5j0

2 and the longitudinal
velocity of the electron in the wavev II 5const~eliminating
this inertial motion—in the framework of the electron—w
have the uniform rotation in the polarization plane with t
wave frequencyv), meanwhile for the linear onej2

5j0
2 cos2w andv II oscillates with the frequencies of all wav

harmonicsnv corresponding to strongly unharmonic osc
latory motion of a photoelectron. The latter leads principa
to different behavior of the ionization process and cor
sponding formulas depending on the polarization of a str
wave. Therefore, we shall consider the cases of circular
linear polarizations of an EM wave field separately.

From Eq.~40!, for the circularly polarized wave (z51) in
the first Born approximation by the ionized atom potenti
we obtain the following formula for the differential probabi
ity of the ATI process:

dWi→ f

dV
5

24

pma5 (
N5N0

`
~N22Z!2~k•P!2uPW u

gW 8
JN

2 S aS PW

k•P
D D

3H 11
gW 2

2~N22Z!~k•P!
J 2

. ~42!

As is seen from this formula, in contrast to the case of
other polarization, the differential probability of the ATI pro
cess is defined by the ordinary Bessel function instead of
function Jn(u,v,n) and the sum overn vanishes. The latte
corresponds to the above-mentioned fact that for the circ
polarization, the parameter of the intensity of the wavej2

5const, and the effect of the intensity of a strong wave
pears in the form of constant renormalization of the char
teristic parameters of the interacting system.

Let us estimate the contribution of photoelectron resc
tering in the probability of the ATI process that is the seco
term in the curly brackets in Eq.~42!. The latter is

gW 2

2~N22Z!~k•P!
.1 ~43!

for the most probable number of absorbed photons at wh
the Bessel function has the maximum value. So, the res
05340
c-
e

ly

c

-
g
d

,

-

e

ar

-
-

t-
d

h
t-

tering effect has the same order as the probability of
direct transition in the SFA. It should be noted that the de
vations relying upon the SFA~e.g., @41#! are expected to
become more accurate at a high-intensity EM field. Ho
ever, the prediction of the SFA with regard to the rescatter
effect in a high-intensity EM field, i.e., for a relativistic pho
toelectron~according to which the rescattering will be ne
ligible in the relativistic domain with increasing the wav
intensity @41#!, is not true, especially for the Coulomb field
as we have obtained a significant contribution even in
Born approximation when the impact of the scattering pot
tial is the smallest. Indeed, beyond the context of the B
approximation, the contribution of the rescattering effect
the ATI process will be more considerable~for instant, in the
above-considered GEA for the scattering potential!.

In the context of the current approximationj@Za/137,
the explicit analytic formulas for the total ionization rate c
be obtained utilizing the properties of the Bessel functio
With the condition~33!, the argument of the Bessel functio
X(N)@1 and alwaysX,N. Therefore, the terms withN
@1 andN;X give the main contribution in the sum~42!.
Besides, in this limit one can replace the summation oveN
with integration and approximate the Bessel function by
Airy one,

JN~x!.S 2

ND 1/3

AiF S N

2 D 2/3S 12
x2

N2D G . ~44!

Turning to spherical coordinates, we carry out the integ
tion over thew since there is azimuthal symmetry with re
spect to the directionkW ~the OZ axis!, and for the ionization
rate we have

Wi→ f5
25

ma5E0

p

sinuduE
N5N0

`

dNS 2

ND 2/3

3
~N22Z!2~k•P!2uPW u

gW 8
Ai2@y~N,u!#

3H 11
gW 2

2~N22Z!~k•P!
J 2

, ~45!

where

y~N,u!5S N

2 D 2/3F 12

a2S PW

k•P
D

N2
G . ~46!

They(N,u) has a minimum as a function ofN andu, and
since the Airy function decreases exponentially with incre
ing argument, one can use the Laplace method~the method
of steepest descent! in order to carry out the integration ove
N as well as overu. The extremum points of the functio
y(N,u), i.e., the most probable values ofN andu, are

Nm5
m

*
2 2«0

2

«0v
.

m

v
j2, cosum5

uPW ~Nm!u
P0~Nm!

, ~47!
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and

ym5y~Nm ,um!5
21/3EB

Nm
1/3v

5S Fat

2F0
D 2/3

, ~48!

where F0 and Fat5Za
3m2e5 are wave and atomic electric

field strengths. AtN5Nm and u5um , we have a peak for
angular and energetic distribution. Let us note that the c
tribution of the rescattering effect to the angular distributi
of the photoelectrons is nonessential.

For ym!1, when the wave electric-field strength grea
exceeds the atomic one (F0@Fat) the main contribution in
the integral gives

du.~Nm/2!21/3/A11j2 and dN.2~Nm/2!2/3

~49!

~angular and energetic widths of the peak! and for ionization
rate we have an explicit formula that expresses directly
dependence upon the wave intensity,

Wi→ f5
27/3

34/3G2~2/3!
pvS v

EB
D 3S Fat

F0
D 11/3

• ~50!

For ym@1 or F0!Fat ~the so-called tunneling regime o
ionization!, we shall use the following asymptotic formu
for the Airy function:

Ai ~x!.
1

2Ap
x21/4expS 2

2x3/2

3 D , ~51!

and applying the Laplace method we have

Wi→ f52vS v

EB
D 3S Fat

F0
D 3

expH 2
2

3

Fat

F0
J . ~52!

Let us revert back to the Born condition~32! to substan-
tiate the condition~33!. As is shown above, we have a pe
for angular and energetic distribution~42! at um andNm ~47!,
and the electron mean velocity will be defined by these v
ues,

v5
uPW ~Nm!u
P0~Nm!

.
j

A11j2
. ~53!

Substituting Eq.~53! into Eq. ~32!, we have the condition o
the Born approximation in ATI process of hydrogenlike a
oms @Eqs.~33!#.

Using the explicit analytic formulas for the total ioniza
tion rate, we can conclude that atN5Nm andu5um we have
peaks for angular and energetic distribution that are given
Eqs.~47! and ~49! with the angular and energetic widths
the peaksdu anddN, respectively.

In the case of linear polarization of the wave from E
~40!, we have
05340
n-

e

l-

y
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dWi→ f

dV
5

24

pma5 (
N5N0

`
~N2Z!2~k•P!2uPW u

gW 8

3H JNS aS PW

k•P
D ,2

Z

2
D 1

gW 2

2m~N2Z!~k•P!

3 (
n52`

`

Jn~2a8/2!H ~«012nv!JN22n

3S aS PW

k•P
D ,~Z2a8!/2D 1

va8

2

3FJN22n22S aS PW

k•P
D ,~Z2a8!/2D

1JN22n12S aS PW

k•P
D ,~Z2a8!/2D G J J 2

, ~54!

whereJn(u,v) is the realgeneralizedBessel function~e.g.,
see@18#!. As is seen from the formula~54!, in this case the
total probability of the ATI process includes all intermedia
transitions of a photoelectron through the virtual vacuu
states as well, corresponding to the emission and absorp
of wave photons of number2`,n,` ~the sum overn) in
accordance with the above-mentioned behavior of the w
intensity effect at linear polarization~strongly unharmonic
oscillatory motion of a photoelectron!.

Let us now consider the ATI process with the rescatter
effect in the nonrelativistic limit since the theoretical trea
ments of this problem—mainly the Keldysh-Faisal-Re
~KFR! ansatz@16–18#—in general have been carried out fo
a nonrelativistic photoelectron when the rescattering effec
neglected. In the pioneering result of Keldysh@16#, the re-
scattering of a photoelectron from the potential of atom
remainder has been approximately estimated and put in
form of a coefficient in the ultimate formula for the ioniza
tion probability ~for wave fields much smaller than atom
ones!. Furthermore, the same approach has been take
@53# for relatively large wave fields up to the atomic one
Besides, in the existing nonrelativistic theory of ATI, th
gauge problem for the description of interaction with t
wave field and different views concerning the role of wa
intensity in the dipole approximation have arisen. For a d
cussion of these problems, a special paper has been dev
@52#. Moreover, in the context of the same Keldysh-Fais
Reiss ansatz, the existence of a stabilization effect depe
on the gauge of the wave field@9#. Therefore, we shall con
sider the results of the present paper in the nonrelativi
limit taking into account the photoelectron rescattering.

From the formula~42!, for the differential probability of
the ATI transition rate in the case of circular polarization
an EM wave in the nonrelativistic limit we have

dWi→ f
nrel

dV
5

8v

p S EB

v D 5/2

(
N5N0

`
~N22z2EB /v!1/2

~N22z!2
JN

2 ~q!

3F11
N22z2EB /v

N22z G2

, ~55!
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where

q5
eĀ0

vm
A~pW •eŴ1!21~pW •eŴ2!2, ~56!

z5Z5Z15e2Ā0
2/4mv, andN05^(pW 2/2m2EB)/v1z&.

The corresponding condition of the Born approximati
@Eq. ~33!# in the nonrelativistic limit is

1@j@
Za

137
. ~57!

The first term in the quadratic brackets of Eq.~55! coincides
with the above-threshold ionization differential probabili
obtained in the SFA for the nonrelativistic photoelectron@18#
without the rescattering effect. According to@41#, the SFA is
expected to become valid when the ponderomotive poten
Up5e2Ā0

2/2m due to an EM radiation field larger than th
ionization potential of the atom,Up@EB , and consequently
pW 2/2m@EB , which is the condition of the Born approxima
tion. Then taking into account the scattering potential
perturbation theory, we obtain@Eq. ~55!# that the contribution
of the photoelectron rescattering in the ATI probability~in
the first order of the Born approximation over the Coulom
potential! is of the order of the main results of the KF
ansatz. Therefore, neglecting the SB process for the ph
electron in the Coulomb field of an atomic remainder is
correct.

In the case of a linear polarized EM wave from the fo
mula ~54! we have the differential probability of the AT
process in the nonrelativistic domain,

dWi→ f
nrel

dV
5

8v

p S EB

v D 5/2

(
N5N0

`
~N2z2EB /v!1/2

~N2z!2
JN

2 S u,2
z

2D
3H 11

~N2z2EB /v!

~N2z! J , ~58!

where

u5z1/2x, x581/2S N2z2
EB

v D 1/2

cosu ~59!

andu is the angle between the velocity vector of the emit
photoelectron and the wave polarization vector.
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APPENDIX: DEFINITION OF THE FUNCTION Jn„u,v,n…

A function Jn(u,v,n) may be defined by

Jn~u,v,n !5~2p!21E
2p

p

du exp$ i @u sin~u1n !

1v sin~2u!2n~u1n !#% ~A1!

or by an infinite series representation

Jn~u,v,n !5 (
k52`

`

e2 i2knJn22k~u!Jk~v !. ~A2!

We perform two important theorems, which can be prov
from Eq. ~A1!:

(
n52`

`

ein(w1n)Jn~u,v,n !5exp$ i @u sin~w1n !1v sin 2w#%

~A3!

and

(
k52`

`

Jn7k~u,v,n !Jk~u8,v8,6n !5Jn~u6u8,v6v8,n !.

~A4!

An integration by parts in Eq.~A1! yields the relation

2nJn~u,v,n !5u@Jn21~u,v,n !1Jn11~u,v,n !#

12v@e2 i2nJn22~u,v,n !

1ei2nJn12~u,v,n !#. ~A5!

From either Eq.~A1! or Eq. ~A2! it follows that

Jn~u,0,n !5Jn~u! ~A6!

and

Jn~0,v,n !5H e2 i nnJn/2~v !, n even

0, n odd.
~A7!
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