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Donor impurity on-center and off-center in multilayered quantum wires
in the presence of magnetic field

Cheng-Ying Hsieha)

Deh Yu College of Nursing and Management, Keelung 203, Taiwan, Republic of China

~Received 26 November 2001; accepted for publication 27 March 2002!

The binding energies of a hydrogenic impurity located at the center and off-center of a multilayered
quantum wire~MLQW! in the presence of magnetic field are studied within the framework of the
effective-mass approximation. The MLQW consists of a GaAs core wire coated by a AlxGa12xAs
cylindrical shell and embedded in the bulk AlyGa12yAs. A variational trial wave function is
proposed. It is found for a small wire radius that the ground state binding energy of a hydrogenic
impurity located at the center of a MLQW behaves very differently from that of a single-layered
quantum wire~SLQW!. The calculation shows that the binding energy depends on the potential
profiles, potential barrier height, impurity position, shell thickness, magnetic field, and the
difference between the Al concentration contained in the shell and bulk regions. Our trial function
is also able to reproduce the binding energies of a hydrogenic impurity located at the center of a
SLQW, good agreement with the previous results is obtained. ©2002 American Institute of
Physics. @DOI: 10.1063/1.1480121#
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I. INTRODUCTION

Semiconductor heterostructures are shown to provid
large number of interesting physical phenomena and imp
tant practical applications, such as in photodetector and
toelectronical devices. The design of such devices depe
strongly on the spectral range of interest. On the other ha
the desired energy range may be obtained and controlle
various mechanisms including doping, application of ext
nal fields such as magnetic, electric and laser, and also
choosing appropriate potential profiles of the systems.

Since the pioneer work of Bastard1 in the study of the
binding energy of a hydrogenic impurity within an infinit
potential-well structure, many theoretical works have be
devoted to the study of the properties of impurity states
various confining systems.1–18 The binding energy of the
ground state of a hydrogenic impurityEb in D dimension is
given by19 Eb5@2/(D21)#2 Ry, where Ry is the effective
Rydberg and can be expressed byme4/2\2e2, wherem ande
are the electronic effective mass and the dielectric const
The physical properties of electrons in quantum wires
very different from those in the bulk system. As a cons
quence of the confinement, energy levels are discrete.
existence of these atomic-like states may be utilized i
future laser where laser properties can be tailored by pro
choices of well and barrier materials as well as the size
shape of the wire.20,21 The change in impurity binding ener
gies due to the confinement effect has been observe
photoluminescence7,22–24 and Raman-scattering25,26 experi-
ments on the impurities in the quantum wells. Recen
GaAs2Al xGa12xAs structures have been the subject of
cent research for the following technological reasons:27 ~1!
GaAs and AlxGa12xAs both possess a direct-gap band str
ture, ~2! single-crystal heterostructures of GaAs a

a!Electronic mail: hsieh@ems.dyc.edu.tw
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Al xGa12xAs are possible because the lattice constants
GaAs and AlxGa12xAs are nearly identical, so that they a
closely lattice matched, and, therefore,~3! abrupt spatial
transitions in the energy gap are possible. However, in al
previous calculations, it has been assumed that
Al xGa12xAs layers are thick enough to confine the wa
functions so that they do not leak out of the wells. But s
perlattices were made with layer thickness ranging from
few monolayers to about 400 Å. And most attention has b
focused on systems with aluminum concentrationx of
Al xGa12xAs less than 0.45. In this concentration range,
band gap is direct at theG point. The spreading of the impu
rity envelope wave functions depends on the potential bar
height as well as the barrier thickness. Thus, the previ
calculations with single-layered approximation are not a
equate for thin supperlattices, or even for moderately th
superlattices but with small aluminum concentration.

Chaudhuri28 considered a three quantum well system
his variational calculation for the ground-state energy of
donor electron with respect to the lowest subband level. L
et al.29 calculated the binding energies and probability dis
butions of shallow donor states in a multiple-we
Al xGa12xAs heterostructure. Many authors30–33 used colloi-
dal chemistry techniques and wet chemistry to prepare
CdS/HgS/CdS multiple well in which a shell of HgS is em
bedded in a CdS quantum dot, forming a ‘‘quantum-d
quantum well’’ ~QDQW!. The homogeneous absorption an
fluorescence spectra of QDQW were investigated. Numer
studies on organic light-emitting diodes have used th
structures as the emitting and charge transport species.34–36

Recently, Hsieh and Chuu calculated the state energies o
on-center hydrogenic impurity in a multilayered quantum d
and a multilayered quantum wire.37–40

The behavior of energy levels of shallow nature impur
states in the low dimensional quantum systems in the p
© 2002 American Institute of Physics

 license or copyright; see http://jap.aip.org/jap/copyright.jsp



e
s
o

te

o
th
n

n
o
et
e
co
o

e

iu
y
s
u

e

m
g
u
th
f
e

in
br
b
th
be

ke
nm
ire
po
t-

th
al

i
t w
v
,
h
o

h
ic

on-
Al-
of
an
de-
er

ff

r

m

ulk
he
b-

cer

485J. Appl. Phys., Vol. 92, No. 1, 1 July 2002 C.-Y. Hsieh
ence of a magnetic field have been investigated in sev
papers.41–56 The application of the magnetic field modifie
the symmetry of the impurity states as well as the nature
the wave functions, and finally, leads to a more complica
change of the binding energy and the other properties
these impurity energy levels. The study of the behavior
shallow impurity states in the low dimensional system in
presence of a magnetic filed will lead to a better understa
ing of their electronic and optical properties.

In this work, we calculate the ground state binding e
ergy of the hydrogenic impurity located at the center and
center of a multilayered quantum wire in a constant magn
field applied parallel to the wire axis by using the effectiv
mass approximation. Our system is constructed as a
wire made of GaAs surrounded by a cylindrical shell
Al xGa12xAs and then embedded in the bulk of AlyGa12yAs.
The barrier heightV between GaAs and AlxGa12xAs can be
obtained57 as 0.8729x eV from a fixed ratioQ50.7 of the
band-gap discontinuityDEg51.247x eV. In this article, the
effective atomic units are used so that all energies are m
sured in the units of the effective Rydberg~Ry! and all dis-
tances are measured in the units of effective Bohr rad
(a0* ). The effective Bohr radiusa0* can be expressed b
e\2/me2, wherem and e are the electronic effective mas
and the dielectric constant of GaAs material which are eq
to 0.067me and 13.18, respectively. And Ry anda0* equal to
5.2 meV and 104 Å, respectively. In this work, the effectiv
mass difference between GaAs and AlxGa12xAs material has
been ignored. The polarization and image charge effects
be significant in the multilayered system if there is a lar
dielectric discontinuity between the core wire and the s
rounding medium. However, this is not the case for
GaAs–AlxGa12xAs system ~the dielectric constant o
Al xGa12xAs is 13.1823.12x!. Thus, they are safely to b
ignored.

The multiple quantum wires can be produced by us
the ‘‘spacer’’ process. Figure 1 shows the key steps in fa
cating the multiple quantum wires. First of all, a GaAs su
strate is used. Since the top layer is single crystalline,
quality of the wire made by this single crystalline can
maintained. The thickness of this top layer ranges from 30
200 nm. These wafers can be easily obtained from mar
Based on the etching selectivity, a GaAs film around 150
in thickness~the thickness is related to the quantum w
length! is deposited in a low-pressure chemical vapor de
sition, or LPCVD, system. After that, the GaAs film is pa
terned~e.g., a circular disk shape as shown in the Fig. 1! and
etched. Then, a AlGaAs film can also be deposited in
LPCVD system. The thickness of this AlGaAs film is critic
and must be uniform, ranging from 50 to 300 nm@Fig. 1~a!#.
The etching selectivity between AlGaAs and bottom oxide
larger by using the state-of-the-art etcher. This means tha
can control the processing time exactly and can prevent o
etching the underlying oxide. After this etch-back process
spacer is formed closely adjoining the AlGaAs pattern. If t
pattern of GaAs is a circle, the spacer at this step will lo
like a ring @Fig. 1~b!#. It is noted that width of this ring,DL,
is around 0.5–0.6 of the deposited thickness of GaAs. T
is, the width of the ring is uncontrollable by the lithograph
Downloaded 20 Feb 2009 to 129.8.242.67. Redistribution subject to AIP
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method, instead it depends on the thickness of the ring. C
sequently, by controlling the thickness of the deposited
GaAs, we can push the linewidth beyond the limitation
today’s optical system. Thus, finally a two-layer quantum c
be fabricated. This quantum wire is then masked and is
posited in a LPCVD of AlGaAs. Therefore, the outmost lay
can be formed.

II. THEORY

The Hamiltonian of a hydrogenic impurity located o
center in the multilayered quantum wire~MLQW! with a
magnetic field is written as

H52
1

2m
~P1eA!22

e2

e@~r2ri !
21z2#1/21V~r!, ~1!

wherem is the effective mass of the electron,e is the dielec-
tric constant of wire material,A is the magnetic-field vecto
potential, andV is the confining potential

V~r!5H 0, if r,a ~GaAs!

V2 , if a<r,b ~Al xGa12xAs!

V3 , if r>b ~Al yGa12yAs!

. ~2!

The r direction is perpendicular to the axis of the wire,ri

gives the location of the impurity along this direction, andz
direction is along the axis of the wire. The MLQW syste
with x.y ~i.e., V2.V3! and x,y ~i.e., V2,V3! are indi-
cated as MLQW-1 and MLQW-2, respectively. Wherex and
y are the Al concentration contained in the shell and the b
regions of the MLQW system, respectively. Assuming t
trial function of the eigenstate of the Hamiltonian in the a
sence of impurity is as the following form:

FIG. 1. Key steps in fabricating the multiple quantum wires with spa
process.
 license or copyright; see http://jap.aip.org/jap/copyright.jsp
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C1~r,f,z!5N1M S 1

4
a1

2,
m

2
,l1r2D Y Al1eikzeimf if r,a

C2~r,f,z!5FN21M S 1

4
a2

2,
m

2
,l2r2D1N22WS 1

4
a2

2,
m

2
,l2r2D G Y Al2eikzeimf if a<r,b

C3~r,f,z!5N3WS 1

4
a3

2,
m

2
,l3r2D Y Al3eikzeimf if r>b, ~3!
-

re-
e

where

a1
25S 2mE

\2 2k22
eBm

\ D Y l1 l15
eB

2\

a2
252S 2m~E2V2!

\2 2k22
eBm

\ D Y l2 l25
eB

2\

a3
252S 2m~E2V3!

\2 2k22
eBm

\ D Y l3 l35
eB

2\
,

~4!

and M ( 1
4a

2,m/2,lr2) and W( 1
4a

2,m/2,lr2) are Whittaker
function. Employing the continuity relation of wave func
tions at r5a and r5b, one obtains the relations ofN1 ,
N21, N22, andN3 :

N15

N21M S 1

4
a2

2,
m

2
,l2a2D1N22WS 1

4
a2

2,
m

2
,l2a2D

M S 1

4
a1

2,
m

2
,l1a2D ,

~5!

N35

N21M S 1

4
a2

2,
m

2
,l2b2D1N22WS 1

4
a2

2,
m

2
,l2b2D

WS 1

4
a3

2,
m

2
,l3b2D .

~6!
s

r
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If we set N225N and N215NN2 , then the radial part of
wave function becomes

R1~r!5

N2M S 1

4
a2

2,
m

2
,l2a2D1WS 1

4
a2

2,
m

2
,l2a2D

M S 1

4
a1

2,
m

2
,l1a2D

3M S 1

4
a1

2,
m

2
,l1r2D , ~7!

R2~r!5NFN2M S 1

4
a2

2,
m

2
,l2r2D1WS 1

4
a2

2,
m

2
,l2r2D G ,

~8!

R3~r!5

N2M S 1

4
a2

2,
m

2
,l2b2D1WS 1

4
a2

2,
m

2
,l2b2D

WS 1

4
a3

2,
m

2
,l3b2D

3WS 1

4
a3

2,
m

2
,l3r2D , ~9!

whereN is the normalization constant. Furthermore, the
quirement of the continuity of the derivative of the wav
function atr5a, can be fulfilled if
N25

W8S 1

4
a2

2,
m

2
,l2a2D M S 1

4
a1

2,
m

2
,l1a2D2WS 1

4
a2

2,
m

2
,l2a2D M 8S 1

4
a1

2,
m

2
,l1a2D

M S 1

4
a2

2,
m

2
,l2a2D M 8S 1

4
a1

2,
m

2
,l1a2D2M 8S 1

4
a2

2,
m

2
,l2a2D M S 1

4
a1

2,
m

2
,l1a2D . ~10!
And, the trial function of the eigenstate of the impurity sy
tem can then be assumed as

C i1~r,f,z!5R1~r!e2lA~r2ri !
21z2)eikzeimf/Al1, ~11!

C i2~r,f,z!5R2~r!e2lA~r2ri !
21z2)eikzeimf/Al2, ~12!

C i3~r,f,z!5R3~r!e2lA~r2ri !
21z2)eikzeimf/Al3, ~13!

where l is the variational parameter. Using the bounda
condition
-

y

]C i2

]r U
r5b

5
]C i3~r!

]r U
r5b

~14!

and

N2252p
d~G1H1M !

dl
~15!

with
 license or copyright; see http://jap.aip.org/jap/copyright.jsp
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G5E
0

a

rR1
2~r!I 0~2lr,!K0~2lr.!dr, ~16!

H5E
a

b

rR2
2~r!I 0~2lr,!K0~2lr.!dr, ~17!

M5E
b

`

rR3
2~r!I 0~2lr,!K0~2lr.!dr, ~18!

wherer,(r.) is the smaller~larger! of r andr i . The bind-
ing energyEb of the hydrogenic impurity is defined conven
tionally as the energy difference between the energy of
system without the impurity and the energy of the syst
with the impurity; i.e.,

Eb52l22
4~G1H1M !

d~G1H1M !

dl

. ~19!

In Eq. ~19!, the energy and length are expressed in Rydb
and Bohr radius of the wire material, respectively. For
single-layered quantum wire~SLQW! model, it is only to set
a5b andV25V3 .

III. RESULTS AND DISCUSSIONS

Figure 2 shows binding energy of a donor located at
center of SLQW for various magnetic fieldsB50, 5, 10, and
20 T. And the Al concentration in the barrier materials
assumed to bex50.3(Al0.3Ga0.7As). For a SLQW with large
wire radius in the absence of magnetic field~curve 1 in Fig.
2!, the impurity behaves just like a three-dimensional fr
hydrogenic atom, thus its binding energy approaches 1 R
the wire radius decreases, the confinement effect enha
the binding energy more prominently. Thus, the binding
ergy of the impurity increases monotonically with the wi
radius. However, as the wire radius is further decreased,
state energy of the impurity may become higher than
confining barrier. In the meanwhile, the kinetic energy of t
confined electron becomes larger by the uncertainty princ
and thus increases the probability of the electron leaking
side the well. The electron behaves like a three-dimensio
electron after a certain characteristic wire radius and is o
weakly perturbed by the potential well. Therefore, the bin
ing energy resumes 1 Ry again. From the curves show
Fig. 2, one can note that the effect of applying the magn
field is prominent fora.1a0* , it is clear that the influence o
the magnetic field becomes diminished fora,1a0* . For a
,1a0* , the geometrical or spatial localization overcomes
effect of the magnetic field. For a given value of magne
field, the binding energy is larger than that without a ma
netic field. The physical meaning of this is that increasing
strength of the magnetic field shrinks the electron wave fu
tion and decreases the cyclotron radius for the electron r
tive to the wire radius and confines the electron closer to
impurity. When the radius of SLQW in the rangea
<1.0a0* , we may observed that the binding energy increa
almost independently of the applied magnetic field. This
hancement observed in the binding energy is due to the
that, as the wire radius reduces, the carrier wave functio
Downloaded 20 Feb 2009 to 129.8.242.67. Redistribution subject to AIP
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compressed strongly inside the dominant spatial confi
ment. However, at a certain small value of the wire radius
reaches a maximum and then decreases as the wire ra
reduces to zero. In this region, the binding energy contin
to be dominated by the geometric confinement but, due to
leakage of the wave function into the barrier, its value aa
50a0* approaches a quantity which is determined by
Landau level in the bulk material contained in the exterior
SLQW (Al0.3Ga0.7As). Our result is in good agreement wit
those of Pacheco40 and Branis.41 Thus, our MLQW model
can be simplified well to the SLQW model as we seta5b
andV25V3 .

Figure 3 shows the binding energy of MLQW-1 as
function of core wire radius for different shell thickness
with x50.3, y50.1, and the magnetic fieldB510 T. To
make a comparison between the cases of curve 5 and cu
which are the binding energies in SLQW withx50.3 and
x50.1, respectively, one can note that for large wire rad

FIG. 2. Binding energy of donor in SLQW as a function of wire radius w
x50.3 (Al0.3Ga0.7As) for different magnetic fieldsB50, 5, 10, and 20 T.,
respectively.

FIG. 3. Binding energy of donor in SLQW and MLQW-1 as a function
wire radius~or core wire radius! with magnetic fieldB510 T. Curves 1, 2,
3, and 4 are the cases of MLQW-1 withx50.3 andy50.1 for different shell
thicknessesb2a50.1, 0.5, 1.0, and 2.0a0* , respectively. For comparison
curves 5 and 6 are the cases in SLQW withx50.3 andx50.1, respectively.
 license or copyright; see http://jap.aip.org/jap/copyright.jsp
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theEb is independent of the potential barrier height. And t
Eb is influenced by the potential barrier height as the w
radius is reduced to a smaller value which is less than s
characteristic value. In Fig. 3, we can see theEb is indepen-
dent of the potential barrier height fora.2a0* and theEb

depends on the potential barrier height fora,2a0* as ex-
pected. When we compare curves 1, 2, 3, and 4~MLQW-1
with x50.3 andy50.1! to curve 5~SLQW with x50.3!, one
can see that as the potential barrier of the bulk region
lowered, the probability for an electron tunneling from t
core region through the shell region and finally into the b
region becomes larger as the core radius is decreased. T
fore, the binding energy of the impurity for the case w
V2.V3 ~i.e., MLQW-1! reduces prominently. Figure
shows the binding energy of the MLQW-2 as a function
core wire radius for different shell thicknesses withx50.1,
y50.3, and the magnetic fieldB510 T. The binding energy
of MLQW-2 is almost uninfluenced by the Al concentratio
of bulk region material fora.0.5a0* , the curves 1, 2, 3, and

FIG. 4. Binding energy of donor in SLQW and MLQW-2 as a function
wire radius~or core wire radius! with magnetic fieldB510 T. Curves 1, 2,
and 3 are the cases of MLQW-2 withx50.1 andy50.3 for different shell
thicknessesb2a50.5, 1.0, and 2.0a0* , respectively. For comparison
curves 4 and 5 are the cases in SLQW withx50.3 andx50.1, respectively.

FIG. 5. Binding energy of donor in MLQW-1 as a function of magnetic fie
~B! with the shell thicknessb2a51.0a0* for various core wire radiia
50.5, 1.0, and 3.0a0* , respectively.
Downloaded 20 Feb 2009 to 129.8.242.67. Redistribution subject to AIP
e

is

re-

f

5 almost overlap in this region. As the shell thickness
creases the properties of the MLQW-2~x50.1 andy50.3! is
closer to that of SLQW (x50.1). Curve 1 (b2a50.5a0* ) is
different from the other curves. This is due to the fact that
thinner shell thickness increases the binding of the bulk
tential barrier as the wire radius is decreased. Figure 5 sh
the binding energy of the MLQW-1 as a function of magne
field with x50.3,y50.1, and shell thicknessb2a51a0* for
various core wire radiia50.5, 1.0, and 3.0a0* , respectively.
Curve 1~for a50.5a0* ! and curve 2~for a51.0a0* ! are in-
dependent of the applied magnetic field. And, curve 3~for
a53.0a0* ! shows that theEb increases as the applied ma
netic field is increased. The manner ofEb being influenced
by the applied magnetic field in a MLQW is the same as t
in a SLQW.

Figure 6 displays the binding energy of a SLQW as
function of wire radius for variousp (p5r i /a) with x
50.3 andB510 T. As the donor approaches the wire boun
ary, the binding energy decreases due to the repulsion o
donor-electron wave function by the barrier potential. In F
6, one can see that the binding energy decreases as th

FIG. 6. Binding energy of donor in SLQW as a function of wire radius w
magnetic fieldB510 T andx50.3 for differentp (p5r i /a).

FIG. 7. Binding energy of donor in SLQW as a function ofr i with magnetic
field B510 T and x50.3 for different wire radiia50.1, 0.5, 1.0, and
3.0a0* .
 license or copyright; see http://jap.aip.org/jap/copyright.jsp
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purity is moved away from the center in the SLQW as e
pected. The curve ofEb attains the maximum value ata
50.2a0* and decreases as the wire radius is reduced. T
decrease is due to the electron leaking out of the poten
well. And we can see, the curves ofEb overlap each other a
the electron leaking out of the potential well. This means t
theEb is independent of the position of impurity as the ele
tron leaking out of the potential well. Figure 7 shows t
binding energy of a donor in a SLQW as a function of po
tion of impurity with x50.3 andB510 T for various wire
radii. All of the curves decrease as the impurity is mov
away from the center. Figures 8–9 show the binding ene
in the MLQW-2 ~x50.1 andy50.3! and MLQW-1~x50.3
and y50.1! as a function of position of impurity withB
510 T and b2a51a0* . Since no tunneling effect in
MLQW-2 occurs, the feature of Fig. 8 behaves in a sa
manner as the SLQW does. For curve 1~a50.1a0* and b
51.1a0* ! in Fig. 9, the binding energy increases as the i

FIG. 8. Binding energy of donor in MLQW-2~x50.1 andy50.3! as a
function of position of impurity withB510 T and the shell thicknessb
2a51a0* for various core wire radiia50.1, 0.5, 1.0, and 3.0a0* , respec-
tively.

FIG. 9. Binding energy of donor in MLQW-1~x50.3 andy50.1! as a
function of position of impurity withB510 T and the shell thicknessb
2a51a0* for various core wire radiia50.1, 0.5, 1.0, and 3.0a0* , respec-
tively.
Downloaded 20 Feb 2009 to 129.8.242.67. Redistribution subject to AIP
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purity is moved away from the center, and attains maxim
value asr i;1.8a0* , it then decreases as the impurity is fu
ther moved away. This is due to the fact that the elect
leaks out of the well and tunnels to the bulk region fora
50.1a0* . The Coulomb interaction increases and the m
netic field keeps the electron closer to the shell barrier
thus increases the repulsion of the electron by the shell
rier as the impurity is moved away from the center. Th
makes the binding energy increase. Furthermore, the bin
energy decreases asr i is increased. For curves 2, 3, and
since there are no tunneling effects for the core wire rad
a50.5, 1.0, and 3.0a0* , the binding energies of the dono
decrease as the impurity is moved away from the center,
it is very similar to the case of SLQW.

IV. CONCLUSION

In this article, we calculated the binding energy of don
impurity located at the center and off center of the SLQ
MLQW-1, and MLQW-2 in the presence of magnetic fiel
Our MLQW model could be simplified to SLQW and th
results are found to be in good agreement with the result
other authors. Our calculation shows that the binding ene
depends on the potential profiles, potential barrier heig
impurity position, shell thickness, magnetic field, and t
difference between the Al concentrations contained in
shell and bulk regions. And, we can see the electron tun
to the bulk region as the core wire radius is reduced t
value which is smaller than the characteristic radius in
MLQW-1 model. In such a case, the behavior of the elect
is very different from the other situation.

One possible benefit from our result is that these m
tiple quantum wires can be used to study the electron tra
port effect in quantum structure systems. If one deposits
source and drain on the ends of the quantum wires, then
to the tunneling effect between different layers, the elect
transport phenomena will be very different from the case
the SLQW. One can also study the behavior of the elect
conductivity as the source is connected to one layer while
drain is connected to the other layer. An additional intere
ing feature of the conductivity can be expected for the m
tiple quantum wire systems when the multiple quantum w
is put between two metal gates which can input time vary
fields ~E or B fields!. With this kind of device, it is hopefully
expected that the multiple quantum wires might have p
sible applications in the few-electron detectors in the futu
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