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We report on the frequency and time domain analysis of electromagnetic terahertz radiation generated by
nonlinear conversion of short optical pulses crossing boundaries of nonlinear material. Analysis and compari-
son with experiment have unequivocally established that the nature of collinear radiation at terahertz frequen-
cies relates to the phenomenon of transition radiation produced by the instantaneous creation �at the input
interface� and extinction �at the output interface� of the moving polarization charge formed by the nonlinear
coupling of the pump electromagnetic fields. The mechanism is analogous to the phenomena of transition
radiation of moving free charges, in particular, to the radiation mechanism discussed in the Tamm problem.
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I. INTRODUCTION

In spite of remarkable achievements in nonlinear optics,
there remains a fundamental issue, related to the mechanism
of nonlinear wave conversion �NLWC� of a short optical
pulse into difference and sum frequency radiation, that does
not yet seem to have a clear interpretation.

According to the fundamentals of nonlinear optics,1,2 dif-
ference frequency generation �DFG�, being a phenomenon of
a coherent nonlinear three-wave interaction, enables the non-
linear conversion of pump electromagnetic �EM� waves into
electromagnetic radiation �EMR� at a frequency that can be
the difference combinations of the pump wave frequencies
including zero frequency, optical rectification �OR�.1–3 The
spectrum of a short pulse contains a broad band of frequen-
cies around a carrier frequency �0.4,5 Nonlinear conversion
of such pulse in a medium generates EMR at various fre-
quency combinations: DFG/OR, sum frequency generation
�SFG�, and second harmonic generation �SHG�. According to
NLWC theory,2,6 originally developed for interactions of
continuous plane harmonic waves, coherent conversion on
the microscopic scale is interpreted as the result of construc-
tive interference of two partial waves, the inhomogeneous
wave �IHW� and the homogeneous wave �HW�. These waves
are related to the mathematical constructions of the same
name which provide the solution of the nonlinear wave
equation.2 When extrapolated to the case of the interaction of
wave packets, the NLWC model should deal with the inter-
action of two wave packets, HW and IHW. For DFG, HW
should be the bunch of waves in a nonlinear medium around
the conversion frequencies � with wave vectors k�
=� /c���. IHW is the wave packet with the same frequencies

�=��p, but with the wave vectors k�p
−k�p+��p

�� /vg��p�.
Here, c��� and vg��p� are the phase velocities of the con-
verted terahertz wave and the group velocity of the IHW
�equal to the pump wave� packet and ��p is the bandwidth
of the pump. It is believed that a microscopic effect of
NLWC is due to the constructive interference of IHW and
HW2,6 if the phase matching conditions �PMCs� are met.
PMCs come from the conservation laws of wave vector and
energy and reduce to a simple equality between the velocities
of interacting waves, namely, c���=vg��p�. In practice, how-
ever, because of velocity dispersion, these PMCs are rarely
met in full, at least for a broad band of frequencies. Then, the
constructive interference of IHW and HW occurs on the
scale of the coherence length Lcoh. This commonly accepted
approach1–10 assumes that both the HW and IHW begin con-
structively to interfere and build up the nonlinear effect mi-
croscopically within Lcoh from the input interface. They fur-
ther “walk off” and, therefore, do not contribute to the
nonlinear conversion on the scale z�Lcoh. The interference
of HW and IHW explains the Maker fringes,8,9 one of the
experiments forming the cornerstone of nonlinear optics. So
far, a considerable number of papers published on nonlinear
interactions of wave packets have used the NLWC model
outlined above to interpret their results, e.g., Refs. 5 and
11–18. Some of these works considered the problem using a
CW plane wave approach;2,12,17,18 the others used a method
based on the d’Alembert symbolic approach to the wave
equation,13 or considered the particular case of exact phase
matching.11,15,16

The NLWC model was not called into question until the
publication of Ref. 19, where a new property of DFG was
reported: twinning of pulses of terahertz EMR generated
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with short optical pump pulses in an electro-optic crystal.
The time delay between the twins was equal to the difference
of propagation times for terahertz and pump pulses. From
this, evidence19 tentatively attributed the twin pulses of tera-
hertz EMR to EM radiation emanating from boundaries.
However, the twin pulse structure could alternatively be ex-
plained within the NLWC model2 as the signature of a three-
wave interaction in the time domain by associating the pair
of pulses with the HW and IHW, respectively. Indeed, ac-
cording to Refs. 1 and 2, the HW and IHW pulses are gen-
erated simultaneously in the same volume of sample adjacent
to the input interface boundary. Because of dispersion, the
HW and IHW walk off with different velocities, c and vg,
respectively. Thus, the difference in the arrival time of the
HW and IHW pulses at the end of sample of length L would
be given by �t=L /c−L /vg. This value of �t is exactly equal
to the time split measured in Ref. 19. A brief outline of
NLWC model applied to DFG is given in the Appendix.

An alternative to the NLWC model approach to the gen-
eration of EMR with short optical pulses has been proposed
phenomenologically in 1962 �Ref. 20� by drawing analogies
between the generation of EMR from EMR and the radiation
phenomena of moving charges.21–28 An intense optical pulse
in a nonlinear material is accompanied by a cloud of space
polarization charge with the density �d=−�PNL, where PNL

= �̂�2� :EpEp
�, �̂�2� is the nonlinear susceptibility tensor of the

second rank and Ep is the electric component of the incident
pump electric field. The propagation of this polarization
charge, according to the proposition of Ref. 20, could be the
source of the EMR. In Ref. 20, two mechanisms for the
generation of such EMR were suggested. One was the non-
collinear mechanism of EMR analogous to the Vavilov-
Cherenkov effect.27,28 For DFG, the low frequency dielectric
constant ���� normally exceeds the value of the dielectric
constant at pump carrier frequencies ���0� because of the
contribution to ���� from phonons: ��������0�. A similar
kind of inequality holds for SHG in a semiconductor, if the
pump frequency �0 is at the mid gap position 	�0±��

Eg /2 and 2��0±���
Eg, where Eg is the forbidden gap.
Under such conditions, the resonance enhancement factor
�	2�0−Eg�−1 increases the value of ��2�0�. In both cases,
the velocity vg of the pump pulse bearing the polarization
charge becomes greater than the phase velocity of the con-
verted EMR, creating the conditions for the Vavilov-
Cherenkov generation of EMR. For a single pulse and DFG
type of nonlinear wave conversion, the conservation laws for
wave vector and energy, �k0=k and ��0�k0�=���k�, lead
to the PMC of a noncollinear type:

�� ���
��

�k0
· k = vg · k cos � , �1�

where vg= ��� /�k0� is the group velocity of the pump at
frequency �0 and k is the wave vector of the converted wave
radiated at angle �. The angle � obeys the relationship
cos �=c /vg, where � /k=c is the phase velocity of the con-
verted wave. For a broadband DFG at terahertz frequencies,
the maximum value of � normally reaches 30°–70° for typi-
cal crystals such as ZnTe, GaAs, LiNbO3, etc. Although Eq.

�1� seems to establish PMC, several complications remain.
Firstly, Eq. �1� is subject to dispersion, ����� ,�0�, and,
therefore, the angle � varies over a large scale. Secondly, Eq.
�1� is the relationship between the longitudinal projections of
wave vectors; it is not a complete PMC. The deficit of the
transverse wave vector for a single pump pulse is derived
from the uncertainties of pump pulse localization, e.g., if the
pump beam is tightly focused. Thirdly, even in the most fa-
vorable case of weak dispersion, condition �1� leads to non-
collinear EMR at the angle � that normally exceeds the angle
of total internal reflection. This blocks efficient coupling of
this type of EMR into free space. The Vavilov-Cherenkov
type of terahertz DFG so far has been identified20,29,30 and
detected in the same crystal31–33 by mapping the Cherenkov
cone formed by converted field, but it encounters serious
problems of coupling into free space.34,35

According to another proposition of Ref. 20, a high fre-
quency collinear EMR could begin with a pulse crossing the
boundary between a linear and nonlinear medium or two
media, one of which has a greater nonlinearity than the other.
When an optical pulse traverses the interface between linear
and nonlinear media, a net space polarization charge is cre-
ated in the nonlinear medium, and instantaneously acceler-
ated to the optical pulse velocity. When the optical pulse
leaves the nonlinear medium, the polarization charge instan-
taneously disappears, which is equivalent to the charge stop-
ping. Between these two radiation events, the polarization
charge moves uniformly with the velocity of the optical
pulse. At this stage, i.e., in the bulk, the charge can radiate
only if the conditions for the Vavilov-Cherenkov effect are
met. This model scenario is very similar to the radiation
events of the start-stop motion of a charged particle in ho-
mogeneous media, which has been considered earlier by
Tamm.21 This radiation problem is named as the “Tamm
problem” and has received attention in many subsequent pa-
pers �see, e.g., Ref. 22 and references cited therein�. If the
mechanism of EMR during nonlinear wave conversion �re-
sembling the Tamm problem case� does indeed exist, it can
be related to the wide class of transition radiation �TR� phe-
nomena obtained in high energy particle physics when mov-
ing charges cross boundaries between two different
media23–25 and which have been confirmed experimentally in
many papers �e.g., see Refs. 36–38�. However, unlike radia-
tion phenomena with moving charges,25 nonlinear coupling
between the pump fields is the essential condition for cre-
ation of polarization charge. Therefore, such a radiation
mechanism with optical pulses can only be observed in a
nonlinear medium. TR EMR could be generated in a collin-
ear geometry and, unlike Vavilov-Cherenkov EMR, TR does
not require any specific relation between the velocities. The
strength of TR with moving charges is proportional to the
formation length,26 i.e., the length over which radiation from
a moving source is established. It corresponds to a definition
of coherence length. Then, TR with short optical pulses
should be emitted from the regions on the scale of the for-
mation length which are adjacent to the input and output
boundaries. It is clear that within this model, the time split
between the pulses emitted from input and output surfaces of
a nonlinear medium is �t=L /c−L /vg, where c and vg are the
averaged velocities over the emission bandwidth and L is the
thickness of nonlinear medium.
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Thus, the brief review given above shows that under-
standing of NLWC phenomena is still far from complete.
The existing ambiguity �primarily associated with the
mechanism of nonlinear wave generation, localization of the
generation regions, and the time- and frequency-domain ki-
netics of nonlinear wave generation� demands a reappraisal
of the theoretical foundations of EMR with short optical
pulses in nonlinear media, together with comprehensive time
domain experimental research into the coherent generation of
EMR pulses. A brief report on our research, proving both
theoretically and experimentally the mechanism of terahertz
TR generation, has been published recently in Ref. 39. In this
paper, we extend the theory considering two model cases of
infinite and semi-infinite nonlinear media, extending them
into the practically important case of terahertz generation
under arbitrary wave vector mismatch �WVM� conditions in
a nonlinear slab placed in a linear medium. To compare with
experimentally measured signals, we derive the analytical
dependencies for DFG terahertz wave forms emitted into the
remote free space zone in both forward and backward geom-
etries. We present experimental results for two nonlinear
samples, one with WVM �k�0 �LiNbO3� and the other with
WVM �k→0 �ZnTe�. We also compare the obtained data
with the predictions of existing NLWC model.

This paper is organized as follows. Section II considers
nonlinear conversion of optical pulses into terahertz EMR at
arbitrary WVM in infinite and semi-infinite nonlinear media
and a nonlinear slab. It closely examines the collinear con-
version process, terahertz pulse structure, and the depen-
dence of their temporal and spectral kinetics on slab thick-
ness, WVM conditions, dispersion, and absorption in the
slab. Section III is devoted to experimental procedures and
discussion. The Appendix briefly outlines the theoretical
scheme of NLWC model and compares the predictions of
existing NLWC model with the experimental time domain
data and results of our theory. Section IV contains a sum-
mary and conclusion.

II. THEORY

We start from the time-frequency domain calculations of
terahertz EMR resulting from the conversion of short optical
pump pulse traversing a nonlinear material. We calculate col-
linearly and anticollinearly propagating EM fields in infinite
and semi-infinite nonlinear media and the wave forms of
THz emission radiated in collinear, forward and anticol-
linear, backward directions from a nonlinear slab held in air
under the condition of arbitrary value of WVM �k�0. The
solutions for terahertz wave forms, thus obtained, are com-
pared with the experimental data in Sec. III.

A. Coherent generation of electromagnetic radiation in a
nonlinear medium

To investigate time domain and spectral kinetics of tera-
hertz EMR generated with short optical pulses theoretically,
we consider the process of nonlinear wave packet conver-
sion, a dynamic analog of OR/DFG, inside a nonlinear di-
electric medium. The solution of the problem begins from

the set of two equations,40,41 the wave equation,

�2Ei�r,t� −
1

c0
2�

−�

+�

dt���t − t��
�2

�t�2Ei�r,t��

= 0�
−�

+�

dt���t − t��Ei�r,t�� + 0
�2PNL�r,t�

�t2

+ � · „� · Ei�r,t�… , �2�

and the Poisson’s equation,

�0�
−�

+�

dt���t − t�� � · E�r,t�� = − � · PNL�r,t� . �3�

For a single pulse, nonlinear polarization is given by

PNL�r,t� = �0�
−�

+�

dt���2��t − t��E�r,t��E�r,t�� + ¯ . �4�

For the sake of generality, we include in Eqs. �2� and �3� the
term describing the loss for converted field Ei�r , t� due to
finite conductivity by free carriers ����. In nonlinear dielec-
trics and wide band gap materials �no two-photon absorp-
tion�, free carrier conductivity is insignificant. Therefore, in
the further treatment, we omit this term. In Eqs. �2� and �3�,
we assume a case of weak nonlinearity, i.e., there is no
depletion of energy from the pump wave, and also neglecting
the pump pulse distortion. The form of expressions �2�–�4�
assumes that nonlocal effects and spatial dispersion are ne-
glected leaving only the effects of time and/or frequency
dispersion.

We note that Eqs. �2� and �3� describe radiation phenom-
ena of a moving polarization charge with density �d=
−� ·PNL. The second term in the right-hand side �rhs� of Eq.
�2� is known as the time derivative of the nonlinear term of
displacement current Jd

NL. Then, the expression for Jd
NL can

be expressed in the “hydrodynamic” form as the flux of po-
larization charge,

Jd
NL�r,t� = �PNL�r,t�/�t = � · PNL�r,t� · �r/�t = − �d�r,t�v .

�5�

This provides formal justification of the correctness of the
preceding statement. Here, v is the velocity of polarization
charge. It is known that, unlike conduction charge, the polar-
ization charge is a bound charge. In fact, this distinction is
strictly limited to the static case and becomes meaningless
for high frequency time dependent fields. With a propagating
wave packet, the envelope moves with the group velocity, so
also does the polarization charge induced due to nonlinear
coupling of the pump fields. When formulated in this way,
Eqs. �2� and �3� resemble the familiar set of equations from
the theory of radiative phenomena of moving charges.25 The
only difference is that, instead of an external moving charge,
in this case, the polarization charge is formed in the medium
due to the nonlinear relationship between fields; it subse-
quently moves uniformly further through the medium. The
wave equations �Eq. �2�	 and the Poisson’s equation �Eq. �3�	
describe both collinear-anticollinear and noncollinear radia-
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tion phenomena accompanying the propagation of this polar-
ization charge.

As stated in Sec. I, the output radiation coupling of non-
collinear EMR is greatly restricted into free space in the
forward direction. For this reason, we restrict ourselves to
the collinear nonlinear process of nonlinear conversion. This
takes into account only the terms from the source’s expan-
sion in plane waves with zero wave vector angular compo-
nents. Therefore, for collinear and anticollinear interactions,
we may retain only the dependence of the converted field on
the z coordinate because of axial symmetry along the z axis.
This approximation is relevant to the cases of one-
dimensional geometry or with moderate focusing of the
pump beam when the confocal parameter of the focusing
optics is much bigger than the medium thickness. Under this
condition, the wave front of pump field within the medium
volume can be considered as nearly plane but is restricted to
the cross section square of the pump beam. Taking into ac-
count the tensor relationship between the terahertz field and
the linear polarization, both the field E�r , t��E�z , t� and po-
larizations PNL�r , t��PNL�z , t� can have, in general, both lon-
gitudinal and transverse components. Accordingly, we sepa-
rate electric field and polarization vectors into longitudinal
and transverse components using the following expressions:

E�z,t� = z0E
�z,t� + E��z,t� , �6�

PNL�z,t� = z0P

NL�z,t� + P�

NL�z,t� , �7�

where z0 is the unit vector in the direction of the z axis. The
index “�” labels the polarization state in the plane X-Y, i.e.,
� refers to the polarization along either the X or Y axis, or to
a combination of X and Y. After substitution of Eqs. �6� and
�7� into Eqs. �2� and �3�, and grouping similar polarization
components, we obtain two equations for E
�z , t� and
E��z , t�:

−
�2E��z,t�

�z2 +
1

c0
2�

−�

+�

dt���t − t��
�2

�t�2E��z,t��

= − 0
�2P�

NL�z,t�
�t2 , �8�

1

c0
2�

−�

+�

dt���t − t��
�2

�t�2E
�z,t�� = − 0
�2

�t2 P

NL�z,t� . �9�

The second equation of this set, Eq. �9�, is simply the opera-
tor relationship between E
�z , t� and P


NL�z , t�. Therefore,
without loss of generality, we can choose the geometry with
zero components of the nonlinear susceptibility tensor �̂�2�

responsible for the P

NL�z , t� and neglect the transverse beam

confinement effect. Finally, we obtain the single wave equa-
tion for the terahertz electric field E��z , t� in the form of Eq.
�8�. We represent a pump optical pulse in the rhs of Eq. �8� as
the product of the Gaussian pulse envelope and the plane
carrier wave at the frequency �p:

Ep�z,t� =
1

2
e�E0 exp�−

�t −
z

vg
2

4�p
2 �exp�i��pt − k��p�z	�

+ c.c., �10�

where vg is the group velocity of the pump wave packet, the
pump pulse, vg=c0�n��p�+�pdn��p� /d�p	−1, and �p is a pa-
rameter related to full width at half maximum.5,42 The scalar
component E��z ,�� of the terahertz field �to be used in the
calculations below� is E��z ,��=e� ·E��z ,��, where e� is
the polarization vector in the plane perpendicular to the beam
axis. To contract the formulas, we use the relationship �̂�2�

=�i,j=ke�i�̂ijk
�2�e�je�k. For definiteness, we choose the polar-

ization of E��z ,��=Ex�z ,��. Then, with the use of Eq. �10�,
the scalar form of the nonlinear wave equation describing the
collinear process of terahertz generation is transformed into
the form

−
�2Ex�z,t�

�z2 +
1

c0
2

�2

�t2�
−�

+�

dt���t − t��Ex�z,t��

= −
1

c0
2

�2

�t2�
−�

+�

dt��̂�2��t − t��E0
2 exp�−

�t� − z/vg�2

2�p
2 � .

�11�

In Eq. �11�, we leave the source term in the form describing
DFG/OR processes. Consideration of SHG/SFG processes
can be conducted in similar way. The solution of Eq. �11�
describes the field generated in a nonlinear medium from
moving source represented by rhs. For the sake of generality,
we consider below the generation of terahertz field in infinite
and bounded media.

B. Infinite nonlinear medium

We first turn to a model problem of an infinite nonlinear
medium lossless for the radiation of the pump pulse. This
case allows us to draw up the major conclusion on the loca-
tion of EMR generation from nonlinearly coupled pump EM
fields. To obtain the solution of the wave equation �Eq. �11�	,
we apply the Fourier transform to Eq. �11� for the pair of
conjugated variables t→�. With the notation S���
= ��2 /c0

2��2��̂�2�E0
2�p exp�−�2�p

2 /2� and c=c0 /�����
=c0 /n���, Eq. �11� has the form of the inhomogeneous
Helmholtz equation:

d2E��z,��
dz2 +

�2

c2 E��z,�� = − S���exp�i
�

vg
z . �12�

The solution of Eq. �12� is given as the convolution integral
of the Green’s function with the rhs:

Ex�z,�� = S����
−�

+�

d�G�z,��exp�i
�

vg
� . �13�

The Green’s function G�z ,�� is found from the solution of
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d2G�z,��
dz2 +

�2

c2 G�z,�� = ��z − �� . �14�

Equation �14� is solved using Fourier transform z→k on Eq.
�14�. Then, the solution G�z ,�� is given as

G�z,�� = −
1

2�
�

−�

+�

dk
eik�z−��

k2 − ��
c
2 . �15�

The integration of Eq. �15� is performed applying the residue
theorem to the contour CR shown in Fig. 1, where the poles
� /c were added with an infinitesimal imaginary part �→0.
As consequence, the Green’s function G�z ,�� is obtained in
the form

G�z,�� = −
i

2��
c
 exp�i

�

c
�z − ��� . �16�

It obeys the boundary conditions at infinity, which are Som-
merfeld radiation conditions.43–45 Then, using Eq. �13�, tera-
hertz field generated in the bulk of infinite nonlinear medium
in collinear direction is given by

Ex�z,�� = i�c
S���
�

exp�i
�

c
z�

−�

+� exp�− i�1

c
−

1

vg
���

2�
d� .

�17�

The integral in rhs of Eq. �17� represents � function of the
argument ��1 /c−1 /vg�, that is, the WVM quantity. This
leads to the conclusion that there is no nonvanishing radia-
tion contribution everywhere in the bulk of nonlinear me-
dium in the collinear direction, k 
 z, if and only if there is a
WVM, namely, 1 /c�1 /vg, no matter what the strength of
this inequality is. In fact, this is an expected result that finds
a close analogy in the theory of transition radiation phenom-
ena of uniformly moving charges.23,25,26 It is simply the
mathematical form of the well known physical principle
adopted to the case of interacting EM waves that uniformly
moving charge in a homogeneous medium does not radiate,
unless condition �1� for the Vavilov-Cherenkov �VC� EMR is
fulfilled. For collinear radiation, �=0 and Eq. �17� requires
the exact match of c and vg. The marked behavior of Eq. �17�
means that the physics of EMR generation at nonlinear wave

interaction is more complex than a trivial nonlinear mixing
of EM waves. In practice, it is quite impossible to observe
the exact condition 1 /c=1 /vg due to dispersion. In the strict
sense, this condition can only be met for a single frequency
rather than for a frequency band. Therefore, the EMR field
generated in the collinear direction at nonlinear coupling of
EM fields should be treated as the radiation phenomenon
entirely related to the interface boundaries. The field is emit-
ted from the boundary of two media with different nonlinear
dielectric constants �linear-nonlinear media, two different
nonlinear media�, crossed by optical pulse. In the bulk of the
medium, however, collinear radiation can only occur if and
only if vg=c, that is, the exact equivalent of vanishing
WVM, �k→0. To prove this assertion, we further consider
the cases of a semi-infinite medium and a nonlinear slab
related to nonlinear optic experiments.

C. Bounded nonlinear media

In a bounded medium, the solution of the wave equation
with the form of the source term �Eq. �11�	 sums up multiple
reflections of the terahertz EMR that have been converted
from the first transit flight of the pump pulse; these provide
the meaningful part of the solution and contain information
on the physical processes of nonlinear generation of terahertz
EMR. The form of Eq. �11� does not include the contribu-
tions to terahertz EMR from the multiple reflections of the
pump pulse inside the slab, which is an equivalent to the
assumption of a sample being antireflection coated to avoid
multiple reflection of the pump pulse. Bearing in mind the
quadratic dependence of the source term on the pump field in
the rhs of Eq. �11�, we assume that the contribution to the
terahertz wave form from the multiple reflections of the
pump pulse inside the slab is negligibly small.

The general solution of Eq. �12� is the sum of the solution
of the homogeneous equation and the particular solution of
the inhomogeneous equation �Eq. �12�	. The physical mean-
ing of the rhs of Eq. �12� is the Fourier transform of the time
derivative of the nonlinear term of displacement current that
has been created by the moving polarization charge, i.e., a
moving source, with velocity vg �Eq. �5�	. The difference
between Eq. �12� and the equations from the theory of TR of
moving charges25 is in the rhs source term. In the theory of
radiation phenomena of moving charges, the polarization of
the source current and current direction are parallel to each
other. Unlike this, in Eq. �12�, the direction of source electric
field lies in the transverse plane, but the source moves along
the z axis. Another difference is in the nature of moving
charge. Instead of uniformly moving external charges, in this
case, a polarization charge is formed due to nonlinear cou-
pling of EM pump fields. The important spatial parameter,
the formation length, defines the amplitude of the emission
process26 during wave conversion. The formation length is
defined in several equivalent ways, namely, as the length
where the radiation from a source is established, as the
length where the radiation field is separated from the field of
charge, or as the length from which all waves are radiated
with phases less than �. Assuming a source radiating EMR
E�r , t�=E0 exp�ikr− i�t� at an angle � and propagating with

�

�
�

c

�

c

kx

ky

RR

CR

FIG. 1. Contour of integration CR used to calculate Eq. �15�.
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the velocity of vg, the phase difference of EMR, ��, be-
tween two arbitrary points of the source trajectory separated
by distance R is given by ��=�r /vg−k ·r. Then, using the
definition of the formation or coherence length given above,
it takes the form

Lcoh
BW/FW��,�� =

�

�

vg
��1 ±

vg

c
cos �� , �18�

where the signs “�” and “�” in the denominator correspond
to the EMR emitted into the forward �FW� and backward
�BW� hemispheres �−� /2,� /2�, respectively. For collinear
and anticollinear geometries, we let �=0 and Lcoh

BW/FW���
=Lcoh

BW/FW��=0,��.

1. Semi-infinite nonlinear medium

The existence of an interface boundary in this case intro-
duces an important difference in the treatment of the nonlin-
ear radiation problem. The boundary condition �BC� for E
and H fields requires the continuity of the tangential compo-
nents of the electric and magnetic fields at the interfaces z
=0 �input boundary of semi-infinite medium�. The BC
matches the electric component in free space with the total
electric field inside the medium at z=0. Then, the collinear
field inside a semi-infinite nonlinear medium is

Ex�z,�� = C1 exp�i
�

c
z +

Lcoh
FWLcoh

BWS���
�2 exp�i

�

vg
z .

�19�

The expression for electric field outgoing into free space
from the boundary at z=0− is the solution of homogeneous
wave equation

d2Ex�z,��
dz2 +

�2

c0
2 Ex�z,�� = 0. �20�

This describes the terahertz field E��z ,�� backward irradi-
ated into the left-hand half of free space at z�0,

Ex�z,�� = CBW exp�− i
�

c0
z . �21�

For the chosen geometry �normal incidence, polarization of
E vector along the x axis, polarization of H vector along the
y axis, and the z axis is the propagation axis�, the relationship
between the electric and magnetic components takes the
form

−
i

0�

dEx�z,��
dz

= Hy�z,�� . �22�

Then, the BCs for Ex�z ,�� and Hy�z ,�� at z=0 interface are
given by

Ex�z = − 0,�� = Ex�z = + 0,�� , �23�

Hy�z = − 0,�� = Hy�z = + 0,�� . �24�

The integration constants CBW and C1 are obtained from

CBW = C1 −� , �25�

−
CBW

c0
=

C1

c
−
�

vg
, �26�

where ������=−Lcoh
FWLcoh

BWS��� /�2. The propagating sum
of radiation and radiationless fields inside a semi-infinite me-
dium in the direction of the positive z axis is

E�z,�� =�� c

vg

vg + c0

c + c0
exp�i

�

c
z − exp� �

vg
z� , �27�

and the radiation field emitting from the sample in the back-
ward direction is

E�z,�� =�� c

vg

vg + c0

c + c0
− 1exp�i

�

c0
z . �28�

Comparing with the case of infinite nonlinear medium, the
appearance of the interface boundary “linear-medium–
nonlinear-medium” has resulted in the generation of a strong
single cycle EM pulse �Fig. 2� of terahertz radiation emitted
backward. The nature of this radiation phenomena is re-
garded to the reaction of nonlinear medium interface bound-
ary to the creation of polarization charge �d=−�PNL.

(b)

(a)

FIG. 2. �Color online� Top: Calculated wave form for terahertz
far-field radiation emitting in anticollinear direction from semi-
infinite medium. Bottom: Calculated wave forms for the EM field
inside a semi-infinite medium �curves 1, 2, 3, and 4� from the con-
tinuous set of E�z , t�. The wave forms are shifted against each other
in the z direction corresponding to the specified propagation lengths
in the medium: curve 1 corresponds z=1 mm, curve 2 corresponds
z=2 mm, curve 3 corresponds z=4 mm, and curve 4 corresponds

z=8 mm. The lines Ã and B̃ correspond to the calculated pulse
positions. The medium parameters are taken for LiNbO3

ZINOV’EV et al. PHYSICAL REVIEW B 76, 235114 �2007�

235114-6



2. Nonlinear slab

In the case of a slab, the continuity at the input interface,
z=0, is added by the continuity of E and H fields at the
interface, z=L �output boundary of nonlinear slab�, where L
is the thickness of the nonlinear slab. These BCs determine
the radiation propagating forward and backward from the
slab. To fulfill the BCs, we match the general solution of Eq.
�11� in a slab:

Ex�z,�� = C1 exp�i
�

c
z + C2 exp�− i

�

c
z

+
Lcoh

FWLcoh
BWS���
�2 exp�i

�

vg
z , �29�

where C1 and C2 are integration constants, with the solutions
of the wave equation in free space on both sides of the slab.46

These equations are simply the homogeneous form �Eq.
�21�	. Solving the boundary value problem �BVP�, we match
the full solutions for the field inside the slab �Eq. �29�	 with
the radiation terahertz field propagating in the negative di-
rection of the z axis �Eq. �21�	 and the forward-irradiated
THz field Ex�z ,�� into the right-hand half of free space at
z�L,

Ex�z,�� = CFW exp�i
�

c0
�z − L�� . �30�

The values of the integration constants, C1�C1���, C2

�C2���, CBW�CBW���, and CFW�CFW���, are determined
from the BCs for the tangential components:

Ex�z = z0 − 0,�� = Ex�z = z0 + 0,�� , �31�

Hy�z = z0 − 0,�� = Hy�z = z0 + 0,�� , �32�

where z0 defines the interface boundaries, z0=0 or z0=L,
respectively. The conservation of the tangential components
of the electric and magnetic fields �Eqs. �23�–�32�	 leads to
the following set of BVP linear equations presented in matrix
form:

�
1 1 − 1 0

1

c
−

1

c

1

c0
0

exp�i
�

c
L exp�− i

�

c
L 0 − 1

1

c
exp�i

�

c
L −

1

c
exp�− i

�

c
L 0 −

1

c0

� � �
C1

C2

CBW

CFW

�

=��
1

1

vg

exp�i
�

vg
L

1

vg
exp�i

�

vg
L � . �33�

The solution of this matrix equation gives the values of in-
tegration constants:

C1 =�
�C1

�
, C2 =�

�C2

�
, CBW =�

�A

�
, CFW =�

�B

�
.

�34�

In Eq. �34�, � is the determinant of the square 4�4 matrix in
the left-hand side �lhs� of Eq. �33�, and �C1

, �C1
, �CBW

, and
�CFW

are the determinants obtained from � by the replace-
ment of corresponding columns by the rhs vector, respec-
tively. The determinant � is

� =
�c + c0�2

c0
2c2 exp�− i

�

c
L −

�c − c0�2

c0
2c2 exp�i

�

c
L . �35�

The other determinants are

�C1
=

�vg + c0��c + c0�
c0

2cvg

exp�− i
�

c
L

−
�vg − c0��c − c0�

c0
2cvg

exp�i
�

vg
L , �36�

�C2
=

�vg − c0��c + c0�
c0

2cvg

exp�i
�

vg
L

−
�vg + c0��c − c0�

c0
2cvg

exp�i
�

c
L , �37�

�CBW
=

2�vg − c0�
c0cvg

exp�i
�

vg
L +

�c + c0��c − vg�
c2c0vg

exp�− i
�

c
L

−
�c + vg��c − c0�

c2c0vg
exp�i

�

c
L , �38�

�CFW
= −

�c + c0��c + vg�
c2c0vg

exp�− i�L�1

c
−

1

vg
�

+
�c − c0��c − vg�

c2c0vg
exp�i�L� 1

vg
+

1

c
� + 2

vg + c0

cvgc0
.

�39�

The complex amplitudes for the forward and backward emit-
ted terahertz fields outside the slab are given by the pre-
exponential factors of Eqs. �21� and �30�, respectively,
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Ex�L + ,�� = −
c0

�2vg

Lcoh
FWLcoh

BWS���
�c − c0�2 exp�i�L/c� − �c + c0�2 exp�− i�L/c���c + c0��c + vg�exp�− i�L�1

c
−

1

vg
�

− �c − c0��c − vg�exp�i�L� 1

vg
+

1

c
� − 2c�vg + c0�� , �40�

Ex�0 − ,�� =
c0

�2vg

Lcoh
FWLcoh

BWS���
�c − c0�2 exp�i�L/c� − �c + c0�2 exp�− i�L/c��2c�vg − c0�exp� i�L

vg
 + �c + c0��c − vg�exp�− i�L

c


− �c + vg��c − c0�exp� i�L

c
� , �41�

where the notations z=L+ and z=0− show the coordinates
outside the slab, respectively. Solutions �40� and �41� con-
verge to zero if the thickness of the nonlinear material L
→0. They describe the field distributions at the output aper-
ture that is used to find the field in a remote zone far from the
slab. The inverse Fourier transform on Eqs. �40� and �41�
returns the time domain wave forms of terahertz field emitted
from the slab in collinear and anticollinear directions.

D. Terahertz radiation emitted into free space in the far field

The spatial distribution of the light emitted into free space
from the input and output surfaces of a nonlinear slab can be
treated within the framework of the standard diffraction
theory47 using the Huygens wavelet construction. The active
volume inside a nonlinear crystal, where the conversion into
terahertz occurs, forms a small cylinder with the apertures on
both input and output surfaces of the order of �S0, where S0
is the pump beam cross section. The scalar term Ex�r ,�� of
terahertz field at an observation point r in free space behind
the slab is found after performing the following integration:

Ex�r,�� = −
i�

2�c0
�

S0

Ex�L + ,��
exp�ikr�

r
cos�n,r�dS0,

�42�

where Ex�L+ ,�� is the field at the output aperture calculated
from Eq. �40�. The integral in Eq. �42� is taken over the
pump and/or terahertz beam aperture cross section S0. The
time domain wave form Ex�r , t� is obtained from Eq. �42�
using the Fourier transform. The field wave form at the re-
mote point �distanced by rD� is given by

ETHz�t� = Ex�r,t�

=
1

�2��2c0
�

S0

cos�n,r�
r

d

dt
Ex�L + ,t −

r

c0
dS0.

�43�

Similarly, the terahertz field emitted by the slab in the back-
ward direction is found from Eqs. �42� and �43�, using
Ex�0− ,�� calculated from Eq. �41� instead of Ex�L+ ,��.

III. NUMERICAL CALCULATIONS, EXPERIMENTAL
PROCEDURES, AND DISCUSSION

In this section, we compare the theoretical and experi-
mental time domain and spectral properties of terahertz wave
forms, which unambiguously reveal the physics of nonlinear
conversion and establish the spatial localization of the source
regions emitting terahertz waves.

We begin from the analysis of the evolution of wave
forms of the terahertz field obtained within a gedanken ex-
periment using a semi-infinite medium. Figure 2, top, depicts
the wave form of the terahertz field radiated into free space
in a far-field region in anticollinear direction, obtained after
inverse Fourier transform of Eq. �28�. It is seen that the cal-
culated terahertz pulse emitted in the direction of negative z
presents a single pulse of very few cycles whose position
corresponds to t= t0− �z� /c0, where �z� is the absolute value of
the far-field distance and t0=0 is the moment of pump pulse
entry into semi-infinite medium. Figure 2, bottom, also
shows the wave form of the EM terahertz field distribution
inside the sample calculated from the inverse Fourier trans-
formed expression �Eq. �27�	. There are only four wave
forms shown from the continuously calculated set. The wave
form pattern inside semi-infinite medium consists of two

pulses Ã and B̃ of opposite polarities and with fundamentally
different behaviors on time. It is seen that the first pulse,

named as Ã, propagates accordingly with z= tÃc0 /nopt,

whereas the second pulse, B̃, propagates along z as z

= tB̃c0 /nTHz. Another striking distinction is that pulse Ã expe-
riences almost no dispersion and absorption. These proper-

ties of pulse Ã are determined by the respective quantities
calculated for the pump pulse frequency �0. These two
marked major features unequivocally demonstrate the nature

of these two pulses. Pulse Ã is related to the EM field of
polarization charge propagating with the group velocity of

pump pulse vg. This field, pulse Ã, has the nature of a Cou-
lomb field associated with moving polarization charge, rather

than a radiation propagating field. Pulse B̃ demonstrates that
its nature is related to an EM field at terahertz frequencies
that is dispersed and absorbed during its propagation inside

the medium. The properties of pulse B̃ prove that it is related
to terahertz EMR generated at the entry interface boundary
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of pump pulse into semi-infinite medium. Vis-à-vis the above
assertion, the occurrence of two fields inside a nonlinear me-
dium has been misinterpreted within the NLWC model in
Refs. 1, 2, and 18 and also widely accepted in textbooks,
e.g., see Refs. 48–51. The crucial and unique evidence that
unambiguously establishes the nature of this nonlinear phe-
nomenon can only be obtained from studies of the reflection

replica properties of Ã and B̃ pulses. If the nature of pulse Ã
does indeed relate to the Coulomb field of the polarization

charge, then after pulse Ã reaches the output interface, it
must change and generate a normal radiation terahertz pulse
propagating with the velocity c, rather than vg and also have
other normal attributes. Notably, it must be established for
both propagation directions, outward, into free space, and
inward, back reflection from the interface into nonequilib-
rium medium. Below, we shall demonstrate this conversion
in both ways, in experiments and theoretical calculations.

Our experimental investigations utilized LiNbO3 and
ZnTe crystals mounted in free space. Terahertz EMR was
detected with a conventional setup shown in Fig. 3, top.
LiNbO3 and ZnTe samples had end face dimensions of 6
�10 mm2 with a variety of lengths up to 4 mm. Optical
excitation of the crystals was performed with
200 femtosecond pulses of a Ti:sapphire laser ��=850 nm�

focused to a spot whose size could be varied from
100 m to 1.5 mm, and the average power was 300 mW.
The LiNbO3 crystal was mounted such that the c axis was
parallel to the direction of polarization of the pump optical
pulse. In the chosen geometry of LiNbO3, the nonlinear po-
larization is determined by the largest component of the di-
electric susceptibility tensor �̂�2�� �̂33

�2�. Terahertz EMR radi-
ating from the sample was collected and directed to the
detector by a pair of parabolic mirrors �PM in Fig. 2, top�.
THz detection was accomplished using a free space electro-
optic sampling cell52–54 �EOSC� equipped with ZnTe crystal
of the �110� facet orientation and 1 mm thickness—Fig. 2,
top. To compare adequately the results of numerical calcula-
tions with experimental data, we compute theoretical wave
forms and spectra taking into account the instrumental fac-
tors introduced by remote guiding of terahertz radiation by
parabolic optics �Sec. II D� and detection in the EOSC. The
detected terahertz wave form STHz�t� is the convolution of the
signal emitted from the sample, ETHz�t�, with the instrumen-
tal factor f�t�,

STHz��� =
��0

c
�

−�

�

ETHz�t − ��f�t�dt

=
��0

c
�

−�

�

ETHz���f���exp�i���d� . �44�

The instrumental factor f�t� results from the WVM between
terahertz and probe pulses in the electro-optic material. It is
described by the following relationship:54

f��� =
��0�0

2

c0k��0�
exp�− 2���0�L	t12���Copt���

�
exp�i�k��,�0�L	 − 1

i�k��,�0�L
. �45�

In Eq. �45�, k��0� is the real part of the complex wave vector
�, ���0� is the attenuation coefficient, ����=k���+ i����,
t12���=2 / �n���+1	 is the Fresnel coefficient for terahertz
EMR at frequency � crossing the boundary air–electro-optic
detector crystal, and

Copt��� = �
−�

�

Eprobe��� − �0�Eprobe��� − �0 − ��d��.

�46�

Equation �46� is the autocorrelation function of the probe
pulse electric field Eprobe���−�0�; ��−�0 is the detuning
relative to the central probe pulse frequency �0.

To compute Eqs. �40� and �41� numerically, we use the
Sellmeier equations for the evaluation of vg: in LiNbO3,55

n��� = �4.582 −
0.099 169

0.044 432 − �2 − 0.021 95�21/2
, �47�

and for ZnTe,56

Sample
PM

WP

�/4-plate

�I

I

PM

Balanced
photodiodes

ZnTe
EOS

ODL
Ti:sapphire

00 fs, 82 MHz2
Ti:sapphire

00 fs, 82 MHz2

(b)

(a)

FIG. 3. Top: The sketch of experimental setup. Bottom: Com-
parison of experimental �curve 1� and theoretical �curves 2 and 3�
terahertz wave forms emitted in a forward direction from the slab of
LiNbO3 of 1 mm thickness. Pulses labeled TA-TB and TA�-TB�
correspond to forward emitted terahertz EMR and their first round-
trip echo replicas, respectively. Theoretical curves 2 and 3 plot for-
ward and backward emitted terahertz wave forms, respectively. The
mark t0 shows the time corresponding to the entry of the pump
pulse into a nonlinear slab �z=0�.
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n��� = �4.27 +
3.01�2

�2 − 0.142
1/2

. �48�

The value of c is calculated using the expression for the
dielectric constant at terahertz frequencies, ����, in the ap-
proximation of the single TO-oscillator model related to the
lowest frequency of the infrared active phonon modes of A1
symmetry:57,58

���� = �� +
S�TO

2

��TO
2 − �2� − i��

, �49�

where ��=4.03, S=23.9, �TO=7.68 THz, and �=0.93 THz
are the best fit parameters to the experimental data for ����
in LiNbO3.58 For ZnTe, we use Eq. �49� with the following
parameters: ��=7.44, S=2.58, �TO=5.32 THz, and �
=0.025 THz.54 For numerical calculations of terahertz wave
forms, we use Eqs. �40�–�43� corrected for the instrumental
factor of EOSC �Eqs. �44� and �45�	 using LiNbO3 param-
eters included in Eqs. �47� and �49� and ZnTe parameters
included in Eqs. �48� and �49�.

The wave form of terahertz radiation calculated for, and
measured from, a 1 mm thick sample of LiNbO3 placed in
free space is shown in Fig. 3, bottom. First, we describe the
structure of the terahertz wave form and its variation with
experimental conditions, such as focusing and sample posi-
tioning. The terahertz wave form consists of several sepa-
rated pulses. Two leading pulses, TA and TB �curves 1 and 2,
Fig. 3, bottom�, represent terahertz EMR emitted during a
single flight of the pump pulse and are consistent with the
observation made in Ref. 19. Prefix T here indicates the
transmission geometry, i.e., terahertz EMR emitted from the
slab in the forward direction. Each pulse starts with intensive
bipolar oscillations defining the overall shape of the spectral
envelope. In the experimental wave form, it is followed by
weak prolonged oscillations related to various specific spec-
troscopic details, such as the residual water absorption of the
free space atmosphere, etc. The pulses TA and TB have
largely opposite signs. Curve 2 of Fig. 3, bottom, presents
the calculated wave form for the LiNbO3 sample of the same
thickness. Numerical calculations are made for the sample
placed in vacuo and, therefore, the theoretical wave forms do
not include the oscillations in the tail of the pulse introduced
by atmospheric residual gases and water vapor absorption.
From a comparison of wave forms 1 and 2 of Fig. 3, bottom,
a good fit of the theoretical wave form to the experimental
graphs for all of the major features is evident. To measure the
thickness dependence of terahertz DFG wave forms on thick-
ness L, the samples were placed on a fixed base plate that
provided a common origin in time scale, with an accuracy
better than ±10 fs. The series of terahertz wave forms was
recorded successively using the sample set of different thick-
nesses ranging from 0.2 up to 4 mm. For each wave form,
we find that the positions of the forward propagating pulses
after a single round-trip, TA and TB, are referable to TA� and
TB�, which are the first round-trip echo replicas. For each
thickness of measured samples, we calculate the wave form
and then determine the positions of peaks TA, TB, TA�, and
TB�. Figure 4 plots the fan diagram of pulse positions as a

function of slab thickness. The position of pulse TA follows
the time of flight of the pump pulse, tA=Lnopt��0� /c0. The
temporal position of the pulse TB corresponds to tB
=LnTHz /c0, that is, the time of flight of the terahertz EMR
pulse across the slab. The relative time of flight between
pulses TA and TB is �tA-B=L�nTHz−nopt� /c0. As stated in
Sec. I, these data themselves do not deliver conclusive evi-
dence on the nature of the TA and TB pulses. However, since
both models had in their theoretical footing the same form of
the Maxwell’s equations, their conclusions should have been
consistent regardless of whether they was built on a har-
monic waves approximation2,6,8 or used the time domain
treatment based on the formation and propagation of wave
packets �Sec. II�. Therefore, to identify the correlations be-
tween these two interpretations, it is important to investigate
the properties of DFG wave packet conversion in as detailed
a manner as possible. In order to search for such evidence,
we turn to the analysis of other properties of DFG EMR that,
so far, have not been addressed.

The amplitude dependence on thickness for forward emit-
ted EMR, shown in Fig. 4, demonstrates linear growth of the
main terahertz pulse amplitude at thicknesses L�Lcoh

FW. At a
certain thickness, corresponding to the onset of WVM, the
main pulse splits into two pulses labeled as TA and TB. The
amplitude of pulse TA saturates with L and remains largely
constant, irrespective of further increase of slab thickness.
Unlike pulse TA, the amplitude of pulse TB strongly falls
with L. The results of spectral analysis of pulse TA and TB
obtained by Fourier transform of the time-domain wave form
sampled within 10 ps of each pulse separately are shown in

FIG. 4. Bottom: Fan diagram showing positions of peaks �1� TA,
�2� TB, �1�� TA�, and �2�� TB� as functions of slab thickness L. Top:
Dependencies of the terahertz field peak amplitude on slab thick-
ness for pulse TA �1� and pulse TB �2�. Experimental points are
shown by squares and triangles. Solid curves 1, 2, 1�, and 2� show
theoretical dependencies.
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Fig. 5. The spectral envelope of pulse TB is shifted by
200 GHz to lower frequencies relative to spectrum of TA. It
is known that the absorption coefficient in the terahertz band
normally rises with frequency.58 Theoretical spectra calcu-
lated with the complex refractive index taken from Ref. 59
show the shift of the TB spectrum close to 200 GHz and
have approximately the same amplitude ratio TB /TA as that
measured experimentally—Fig. 5. Therefore, the shift of
pulse TB spectrum is explained as the result of reabsorption
during propagation of the pulse TB across the sample. Fig-
ures 4 and 5 emphasize that the spectrum of pulse TA re-
mains independent of thickness within the measurement ac-
curacy. The calculated spectra of pulses TA and TB—Fig.
5—correspond with a good accuracy to the results of experi-
ment. The strong reduction of amplitude of pulse TB with
thickness may be regarded as a signature of strong attenua-
tion and broadening of the pulse TB inside the slab. The
amplitude dependencies of pulses TA and TB could still be
treated within the framework of a qualitative NLWC
model2,6 if the pulse TB was attributed to HW and the TA
pulse was related to IHW. In this case, the observed behavior
would result from the differences in the complex propagation
constants, absorption coefficients, and refractive indices for
HW and IHW, respectively.

To identify a convincing proof, we address the properties
of the echo replicas of pulses TA and TB, with the pulses TA�
and TB� following the leading pair TA-TB. The key signifi-
cance of the data extracted from the properties of echo rep-
licas is motivated by the idea that, for spatially separated
sources �TR model�, the echo replicas should show charac-
teristic modifications of properties in comparison with the
properties of pulses from direct flight, whereas for the pulses
generated within the same volume adjacent to the input sur-
face �NLWC model�, the echo replicas should keep, at least,
the same structure and amplitude ratio. Moreover, if, as sug-
gested in Ref. 2, the so-called IHW does indeed represent a
real propagating wave �created by nonlinear conversion
along with HW�, it must keep its “extraordinary” properties
after the reflection from boundaries. These are that the fre-
quency is equal to the conversion frequency and the complex
wave velocity is equal to the group velocity of the pump
pulse. From Fig. 4, showing the fan diagram of arrival times
for the main pulses and their reflection replicas, we can see
that time positions for the TB� replica behave consistently
with the properties of the TB pulse. Being reflected sequen-
tially from the output and input interfaces, the pulse TB�
acquires a round-trip delay 2LnTHz /c0 in addition to the ar-
rival time tB�=3LnTHz /c0. The arrival time of flight for the
TA� pulse, tA�, includes the time of flight of TA, Lnopt /c0,
accomplished with a round-trip time of the terahertz pulse,
2LnTHz /c0, leading to the total arrival time of TA� pulse tA�
=Lnopt /c0+2LnTHz /c0. This is confirmed by both the experi-
ments and theory—Fig. 3, bottom. To our knowledge, this
striking result has not yet been reported elsewhere. It casts a
decisive vote in favor of the TR model, providing the crucial
evidence for conversion of the polarization charge field into
a pulse of terahertz EMR at the exit from the slab. This
unequivocally establishes the physical meaning of the inho-
mogeneous solution of the wave equation �the third term in
rhs of Eq. �29�	 as the field of moving charge, the polariza-
tion charge, rather than an EM wave component related to
the so-called IHW all the way through �see, e.g., Refs. 2 and
6�. This directly shows that conversion of the charge field
into a bunch of propagating EM waves occurs at the entry
and exit boundaries due to the radiation mechanism at charge
“start-stop” motion.21,25

Another argument in favor of the TR mechanism is in-
ferred from Fig. 3, bottom, where a striking inversion of the
amplitude ratio from TA /TB�1 to TA� /TB�
1 �Fig. 3, bot-
tom� is also evident. It shows that after a seemingly simple
round-trip, the terahertz EMR pulses demonstrate a striking
change of amplitude ratio: Compare the ratio of TA to TB�
and the ratio TA� to TB� in Fig. 3, bottom. Had the sources of
pulses TA and TB been localized within the same spatial
region of the nonlinear slab from the front surface, as inter-
preted in the NLWC model,2,6 then both TA and TB pulses
would bounce back and forth keeping at least the same am-
plitude ratio. From the data of Fig. 3, bottom, we can esti-
mate the ratio of formation lengths for forward to backward
emitted terahertz EMRs. Classification of the backward emit-
ted pulses is shown by using R to mark their affiliation to the
backward �reflection� direction. Since the field amplitude is
proportional to the value of the formation-coherence length,
we obtain the ratio �=TB /RB�Lcoh

FW /Lcoh
BW. It is clear that the

(b)

(a)

FIG. 5. Top: Experimental terahertz spectra of TA �curve TA�
and TB �curve TB� pulses obtained for LiNbO3 sample of L
=1 mm. The curve marked “absorptivity” shows the dependence of
the absorptivity in LiNbO3 defined as the ratio of transmitted to
incident electric field amplitudes. Bottom: Theoretical terahertz
spectra of TA and TB pulses calculated for the LiNbO3 sample with
L=1 mm.
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ratio TA /TB is a measure of absorption in the slab. Assuming
that the absolute value of peak amplitude remains the same
on both interfaces, we recover the amplitude of the TB pulse
at z= �0+TB�z=0+�TA. Then, from Fig. 4, we find Lcoh

FW /Lcoh
BW

�2.5; this is in a good agreement with the calculated value
of ��2.46.

Maker et al.9 have demonstrated strong oscillations of
SHG intensity as the angle of sample position with respect to
the direction of pump propagation is changed. The theory for
these oscillations has been developed in Ref. 8, and it is now
widely accepted �see, e.g., Refs. 49 and 50� that it is the
interference of HW and IHW at the conditions of stationary
excitation, according to Ref. 8, that leads to the oscillatory
behavior of the intensity of the converted wave as function
of sample thickness.9 These oscillation patterns have formed
the basis of a widely used method to measure the absolute
values of second-order nonlinear optical coefficients. The os-
cillatory factor �sin2 �, where �=�L /2Lcoh

FW.8,9 We note that
this form of oscillatory factor � can be transformed to the
form �= 1

2�THz�tA-B using Eq. �18�. To verify this assertion,
we compare the spectra of the complete structure of the twin
pulses, A and B. Figure 6 plots experimental and theoretical
spectra of the wave form including the TA and TB twin
pulses. Both the theory and experiments demonstrate very
similar, well pronounced periodic oscillations that follow ex-
actly the proportionality to sin� 1

2�THz�tA-B�. As stated above,
this result demonstrates the identity of these oscillations with
Maker fringes.9 This clearly shows that the nature of Maker
oscillations is due to interference of TR components emanat-
ing from the entry and exit interface boundaries. If the thick-
ness of the sample becomes less than Lcoh

FW, the twin wave
forms merge into a single pulse wave form �inset of Fig. 6�.
Under these conditions, the spectrum oscillations disappear,
and the curve becomes smooth �curve 2 in Fig. 6�.

The final part of this section briefly discusses the results
obtained from the ZnTe sample where the conditions Lcoh

FW

�L are met for a substantial fraction of terahertz frequencies
F
2 THz with sample length L�1 mm. Figure 7 shows the

experimental and theoretical wave forms measured and cal-
culated for this sample. This case clearly demonstrates a hy-
brid mechanism of terahertz EMR where the conditions L
�Lcoh

FW are met for the low frequency part of the terahertz
spectrum, F
2 THz. For the upper frequencies, F�2 THz,
Lcoh

FW quickly falls. The mechanism of terahertz generation
changes over this region to the case of TR, with the condi-
tions L�Lcoh

FW. The overall pulse shape appears more com-
plex, if it is compared with the case of Lcoh

FW�L �the calcu-
lated wave form shown in the inset of Fig. 6�. Part of the
theoretical curve corresponding to the reflection replica �the
second pulse of curve 2 in Fig. 7� shows a fine substructure
of the replica pulse, which apparently relates to a chirp of the
terahertz pulse during the round-trip propagation inside the
ZnTe sample.

The physics of terahertz wave generation during nonlinear
coherent three-wave interaction is fundamentally different
from the framework of NLWC model which is usually
treated as the periodic series of successive constructive and
destructive coherent nonlinear wave transformations �trans-
formations from the pump wave to converted wave and vice
versa�, each of which occurs on the scale of Lcoh in the bulk
of medium �see, e.g., Refs. 1, 49, and 50�. It is quite clear
that, due to the coherent nature of the nonlinear wave trans-
formation, each constructive coupling event in the bulk
should generate a pulse of terahertz radiation with firmly
fixed phase and/or time shift with respect to the preceding
event. Then, the total terahertz wave form generated by a
sample of thickness L in the collinear direction would show
a series �i.e., a comb� of pulses with “quantized” delays of
number L /Lcoh+1. The reason why this “tentative” specula-
tion fails the test in the time domain is that nonlinear wave
coupling comes into play through nonlinear polarization that,
of course, leads to formation of a polarization charge �Eqs.
�2� and �3�	, which moves with the velocity of the pump light
in the medium. It is the radiation of this charge that deter-
mines the mechanism of wave conversion at the conversion
frequency, rather than the series of mutual back and forth
nonlinear wave transformations. What really matters is the
character of the polarization charge motion that is, of course,
uniform in the bulk. Thus, in the bulk, the charge can radiate
if and only if its velocity exceeds the phase velocity of the

FIG. 6. Terahertz spectra calculated for LiNbO3 samples for �1�
L�Lcoh

FW and �2� L�Lcoh
FW. The inset shows the time domain wave

form related to spectrum �2�. The terahertz spectrum �3� shows the
experimental spectrum of TA and TB pulses obtained for L�Lcoh

FW.

FIG. 7. Calculated �1� and experimental �2� and �3� THz wave
forms for the ZnTe crystal �110�, L=1 mm. Wave forms �2� and �3�
were recorded at environment purged with dry nitrogen gas and
ambient air environment, respectively.
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converted wave. This is the VC radiation mechanism, which
is the fundamentally noncollinear coherent radiation from the
entire path of pump pulse considered as a single radiator.
Otherwise, and, in particular, in the collinear direction, the
radiation from the bulk is strictly forbidden—Sec. II B, Eq.
�17�. In the collinear direction �as shown above in Secs. II C
and III�, the polarization charge can only radiate at the mo-
ment of its formation and of its extinction within the scale of
Lcoh at the entry and exit boundaries, respectively. Under the
condition Lcoh�L, these radiation events simply overlap:
This can be interpreted as the collinear “phase matching”
radiation. However, the properties of the radiation at such
overlap differ in some respects from the radiation at perfect
PMCs that require the degeneration of velocities of moving
source, vg, and conversion wave, c, at the frequencies of the
pump and conversion, vg��p�=c���.

IV. CONCLUSIONS

To summarize, the reported experimental and theoretical
results have unambiguously established the mechanism of
terahertz DFG with short optical pulses. With a nonlinear
slab, the burst of terahertz EMR is fired twice: at the moment
of formation of the polarization charge, due to the nonlinear
coupling of the fields of the short pump pulse traversing the
boundary between the linear and nonlinear media, and at the
moment of extinction of the polarization charge at the exit of
the pump pulse from the slab. This mechanism of TR with
optical pulses is very similar to that discussed within the
framework of the so-called Tamm problem for radiation
caused by the start-stop motion of charged particles in a uni-
form medium. It has been shown that, if the coherence length
becomes comparable with the thickness of a nonlinear me-
dium, TRs from both interfaces overlap and they merge into
a single bunch of collinear PM radiation. Efficient broadband
TR terahertz generation can be obtained at the interfaces of
free space and a nonlinear sample with a high value of �̂�2�,
even if the coherence length is small. TR causes Maker os-
cillatory behavior that is due to interference between the co-
herent terahertz EMR generated at the input and output
boundaries. These interference fringes are different in nature
from the interference arising from the round-trips �multiple
reflections� of the terahertz pulse itself. The results of theo-
retical calculations fully agree with the experimental data.
Although the major part of this paper is devoted to difference
frequency generation �DFG�, related to the radiation at tera-
hertz frequencies, it is attributable to a much broader family
of nonlinear phenomena.
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APPENDIX: NONLINEAR WAVE CONVERSION MODEL:
LINEARIZED APPROACH

Obtaining analytical solutions of the wave equation, for
various reasons, is not always achievable. A linearized ap-
proach to the wave equation43,44,59 has been known for a long
time, often termed as the paraxial approximation. It has been
applied to the wave equation with nonlinear source term as
early as 1962,1,2 and this has been followed by numerous
further publications, e.g., see Refs. 6–10 Below, we briefly
outline the scheme of linearization aiming to draw up the
relevant comparisons and conclusions to the subject of this
paper. The treatment of the set �2� and �3� usually proceeded
within the framework of the slow varying envelope ampli-
tude approximation �SVEA�:

Ei�r,t� = eiAi�r,t�exp�i�k0iz − �0it�	 + c.c., �A1�

where e is the polarization vector, Ai�r , t� is the field enve-
lope assumed to be slow varying on the scale of �0i and �0i,
�0i is the carrier frequency, and k0i is the carrier wave vector.
Index i denotes the pump waves as i= pj , pk and the con-
verted wave as i=c. Then, instead of Eqs. �8� and �9�, the
following equation is obtained from Eq. �2� using Eq. �A1�
and the Fourier transform of Eq. �2�:

��
2 Ac�r,� − �0c� +

�2Ac�r,� − �0c�
�z2 + 2ik0c

�Ac�r,� − �0c�
�z

+ �k2��� − k0c
2 	Ac�r,� − �0c�

= − i�0����Ac�r,� − �0c� − 0�
2PNL�r,��e−ik0cz.

�A2�

The last term in lhs of Eq. �A2� describes smearing of the
pulse envelope A�r , t� due to the group velocity dispersion
�GVD�. Using the assumption of slow varying amplitude on
the scale of �, the following approximation is used:

�2Ac�r,� − �0c�
�z2  k0c

�Ac�r,� − �0c�
�z

. �A3�

The following linearized wave equation is normally used in
all practical treatments of NLWC:

��
2 Ac�r,� − �0c� + 2ik0i

�Ac�r,� − �0c�
�z

+ �k2��� − k0c
2 	Ac�r,� − �0c�

= − i�0����Ai�r,� − �0c� − 0�
2PNL�r,��e−ik0cz.

�A4�

Equation �A4� is the paraxial nonlinear Helmholtz equation
with inclusion of losses due to free carrier absorption �the
first term in the rhs of Eq. �A4�	. After putting the GVD term
in power series form, Eq. �A4� is transformed into the formal
equivalent to the Schrödinger equation and is used for the
treatment of many phenomena in optics and quantum optics,
including short pulse propagation in Kerr
medium,4,5,12–14,59–61 The first term of Eq. �A4� describes the
variation of the amplitude in the transverse plane to the
propagation direction. Neglecting GVD term and applying
Eq. �A4� to the one-dimensional problem of collinear radia-
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tion lead to the linearized wave equation. If we assume that
the region of interest, where nonlinear wave conversion oc-
curs, is restricted within the size of the confocal parameter
around the origin of coordinate z= ±z0 �this assumption is
equivalent to the case when the thickness of the nonlinear
slab L�z0�, then Eq. �A4� is reduced to

�Ac�z,� − �0c�
�z

= −
!c

2

�

�0c
Ac�z,� − �0c�

− i
1

2
� 0

�0�

�2

�0c
PNL�z,��e−ik0cz, �A5�

where !c=��0 /�0�c is the absorption coefficient of the
generated field. With obvious assumption ���0c, Eq. �A5�
is transformed to the equation used in the original
papers1,2,18,48 followed by a huge number of papers treating
second harmonic generation �SHG�, sum frequency genera-
tion �SFG�, and difference frequency generation �DFG� or
optical rectification �OR�, if a single pump is used. This ap-
proach has been replicated in many textbooks �e.g., see Refs.
48–51�. Using the expression for nonlinear polarization for
OR/DFG is considered using the linearized form of the wave
equation:48–51

dAc��,z�
dz

= −
!c

2
Ac��,z� − i��0

�
dijkApj�� − �pj,z�Apk

* ��

− �pk,z�exp�− i�kz�exp�−
! j + !k

2
z �A6�

where 2dijk=�ijk
�2�, �k=kpj −kpk−k0c, and ! j and !k are the

absorption coefficients for the components of pump fields,
respectively. Equation �A6� is a simple linear differential
equation of the first order that is easily integrated. The solu-
tion of Eq. �A6� requires only single BC at the entry inter-
face of nonlinear medium. Most of the papers and textbooks
use the trivial zero BC at z=0: �Ac�� ,z��z=0=0. Such a
choice of BC is usually justified by the argument that strictly
at the interface z=0, because of zero length of nonlinear
medium, no generation of converted field is able to build up.
With such choice of BC, the solution of Eq. �A6� for the field
amplitude is given by

Ac�z,�� =

i��0

�
dijkApjApk

��k�2 + �! j + !k − !c

2
2�− i�k

−
! j + !k − !c

2
�exp�−

!c

2
z�1 − exp�− �i�k

+
! j + !k − !c

2
z�� . �A7�

The quantity

Ac�z,��Ac
*�z,�� =

�2�0

�
dijk

2 Apj
2 Apk

2

��k�2 + �! j + !k − !c

2
2 exp�− !cz��1

− 2 cos��kz�exp�−
! j + !k − !c

2
z�

+ exp�− 2�! j + !k − !c�z	� �A8�

determines the power of converted wave. It is easy to see that
the power, proportional to the quantity expressed by Eq.
�A8�, oscillates with z as cos��kz�, if �k�0. The power
oscillations decay with z with the composite absorption co-
efficient �!=! j +!k−!c and the power of generated wave
decays with the absorption coefficient !i. Using the notations
for the power densities,

Pc

S
=

1

2
�0

�c
AcAc

* Ppj

S
=

1

2
�0

� j
ApjApj

* Ppi

S
=

1

2
�0

�k
ApkApk

* ,

�A9�

we obtain the widely used formula �see, e.g., Ref. 62� for the
power conversion efficiency for nonlinear generation and/or
conversion at three-wave interaction process at phase match-
ing condition, �k=0, on the length of nonlinear medium z:

Pc =
8

S
�2�0

�0
3/2 PpjPpk

ninjnk
�dijk�2z2

�exp�− !cz�
�1 − exp�−

�!z

2
�2

��!z

2
2 . �A10�

The apparent simplicity of the linearized wave equations
�Eqs. �A6�–�A10�	 is bought at a certain price. First of all, it
must be stated that Eqs. �A7�–�A10� seem to establish the
generation of EMR due to nonlinear coupling of EM fields
everywhere in the medium. This is strikingly inconsistent
with the exact result �Eq. �17�	 of Sec. II B. Another major
drawback of the linearized approach is demonstrated in Fig.
8. Figure 8 plots the wave forms calculated for a semi-
infinite medium using inverse Fourier transform of Eq. �A7�.
Although it produces a twin pulse structure of EM field pat-
tern inside the medium, in marked comparison with Fig. 2,
this reveals physically unreasonable properties of these
twins. Two more striking misfits are in predicted position for

pulse B̃ and pulse Ã whose propagation through medium is
predicted with infinitely high velocity.

The major difficulties stem from the reduction of the or-
der of the differential equation that leads to the loss of cor-
rect solution. The approach based on the scheme of SVEA
�Eq. �A1�	 and linearization �Eq. �A3�	 of Maxwell equations
leads to Eqs. �A6�–�A10�. The linearized equation of reduced
order, the first-order differential equation �Eq. �A6�	, does
not require the BC at the output interface. Without going into
the details of legitimacy of the widely used assumption
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�A�z ,���z=0=0 �e.g., used in Refs. 11, 15, 16, and 63�, we
state that the absence of the BC at the output interface ulti-

mately leads to the wrong physics: The solution simply does
not “feel” the output boundary. It is also true, even if the
correct choice of the BC at the entry interface, the continuity
of tangential components for E and H vectors, applies. As a
consequence of this, there is a misleading behavior of the
power of the generated wave oscillations with propagation
distance in nonlinear medium z as cos��kz� at arbitrary
WVM �k�0. Furthermore, being applied to calculate the
time domain wave form pattern, Eq. �A7� generates two
pulses with physically unreasonable properties. The field
wave form emitted out of a slab in collinear direction is Eq.
�A7� multiplied by the Fresnel transmission coefficient T
=4n / �n+1�2. In Ref. 63, Eq. �A7� has been applied to the
analysis of a structure of terahertz wave forms in ZnTe mea-
sured with excitation wavelengths ��1.07–1.24 m. As it
is shown above, particularly in Fig. 8, widely used formulas
�A6�–�A10�, when applied to the description of nonlinear
optics phenomena, give clearly wrong answers on the details
of time-frequency domains kinetics. It creates even more
confusions to the understanding of optical phenomena when
one deals with short pulses, e.g., single or few cycles pulses.
Therefore, for the correct description of the physics related to
optical nonlinearities with single or few cycles EM pulses,
the full set of Maxwell’, equations must be deployed without
the use of the linearization procedure and the SVEA approxi-
mation.
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