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Robustness of quintessence
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Recent observations seem to suggest that our Universe is accelerating, implying that it is dominated by a
fluid whose equation of state is negative. Quintessence is a possible explanation. In particular, the concept of
tracking solutions permits us to address the fine-tuning and coincidence problems. We study this proposal in
the simplest case of an inverse power potential and investigate its robustness to corrections. We show that
quintessence is not affected by the one-loop quantum corrections. In the supersymmetric case where the
quintessential potential is motivated by nonperturbative effects in gauge theories, we consider the curvature
effects and the Ka¨hler corrections. We find that the curvature effects are negligible while the Ka¨hler corrections
modify the early evolution of the quintessence field. Finally we study the supergravity corrections and show
that they must be taken into account asQ'mPl at small redshifts. We discuss simple supergravity models
exhibiting the quintessential behavior. In particular, we propose a model where the scalar potential is given by

V(Q)5(L41a/Qa)e(k/2)Q2
. We argue that the fine-tuning problem can be overcome ifa>11. This model

leads tovQ'20.82 forVm'0.3 which is in good agreement with the presently available data.

PACS number~s!: 95.35.1d, 98.80.Cq
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I. INTRODUCTION

Several observations seem to suggest that our pre
Universe is dominated by a type of matter with a negat
equation of state,vQ[pQ /rQ,0. The first type of observa
tions leading to this conclusion is the recent measuremen
the relation luminous distance versus redshift using type
supernovae@1#. The interpretation of the data are usua
made under the assumption that the unknown fluid i
‘‘true’’ cosmological constantL. Unfortunately, the results
are degenerate in theVm2VL plane and it is difficult to
draw a conclusion on the basis of these measurements
The situation changes drastically if one includes in the an
sis a second type of observations: the measurements o
cosmic microwave background~CMB! anisotropies. In this
case the degeneracy can be removed@2# and one is led to the
conclusion that the matter with negative equation of st
would contribute by 70% to the total energy of the Univer
the remaining 30% being essentially cold dark matter en
ing that the Universe is spatially flat,V051, in agreement
with the standard inflationary scenario. This conclusion c
be traced back to the fact that many CMB experiments sh
a high amplitude of the first Doppler peak located al
'260. For example, this is the case for the experime
Saskatoon@3#, PythonV@4#, or TOCO97@5#. The addition of
a fluid with a negative equation of state has for conseque
that the Integrated Sachs-Wolfe effect reinforces the sc
l'2002300 and increases the peak to values compat
with the error bars of these experiments. Moreover, the
sition of the peak informs on the value ofV0 whereV0 is
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the ratio of the total energy density to the critical ener
density. In the simplest case the position is predicted to
l Doppler'220/AV0. In the case where a fluid with negativ
equation of state is added the peak is shifted towards big
values of l. This seems to be the case for the experime
cited above.

Recently, another method was proposed in order to
move the degeneracy betweenVm andVL using large-scale
peculiar velocities data@6#. These data provide constrain
mainly onVm and are almost independent ofVL . Combined
with the measurement of the relation luminous distance v
sus redshift, they select a region in theVm2VL plan which
is compatible with the results of Ref.@2#. It is remarkable
that, although of different nature, these experimental d
converge towards the same conclusion.

This raises the issue of the physical origin of this flu
with negative equation of state. A useful indicator of t
physical nature of this fluid is the value ofvQ . Recent con-
straints@7# indicate that21<vQ<20.6 whereas in Refs
@8,9# a value such that21<vQ<20.8 is favored. The case
vQ521 corresponds to the existence of a ‘‘true’’ nonze
cosmological constant. This cosmological constant has t
to be explained by current particle physics scenarios. In p
ticular one has to face the task of explaining an energy s
of '5.7h2310247 GeV4, i.e., a value far from the natura
scales of particle physics. Therefore, although perfectly co
patible with the presently available data, this hypothesis r
into theoretical problems since it seems easier to expla
vanishing cosmological constant~by some yet unknown fun-
damental mechanism maybe coming from quantum gra
or string theory, see Ref.@10#! than finding a reason for a
tiny ~in comparison with the high energy physics scales! con-
tribution. In a certain sense the measurements descr
above render the ‘‘quantum’’ cosmological constant probl
worse than before.
©2000 The American Physical Society02-1
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PHILIPPE BRAX AND JÉRÔME MARTIN PHYSICAL REVIEW D 61 103502
Recently, another explanation, named quintessence,
been put forward in Refs.@11#. Quintessence is an alternativ
scenario with a homogeneous scalar fieldQ whose equation
of state is such that21<vQ<0. In this scenario, the miss
ing energy density is due to this scalar field. Let us note t
this explanation allows to come back to the situation wh
there is a vanishing cosmological constant. However
quintessence scenario does not solve the ‘‘quantum’’ cos
logical constant problem.

Quintessence has to address a certain number of q
tions. First of all one must make sure that the fine tun
problem of the cosmological constant does not reappear
different guise. One must also solve the ‘‘coincidence pr
lem,’’ i.e., understand why the quintessential field begins
dominate now. Another conundrum is to try to justify th
presence of such a field from the particle physics point
view. The answers to these questions strongly depend on
form of the potentialV(Q). For example, if one chooses
potential of the formV(Q)5(1/2)m2Q2 then one canno
avoid to fine tune the value of the mass to an extremely sm
number@12#. The problem is then similar to the case of t
cosmological constant.

However, the problems described previously can be
dressed if one considers the following potential@13#:

V~Q!5
La14

Qa
, ~1!

wherea>0 andL are free parameters. This potential po
sesses remarkable properties. The equations of motion
an attractor solution called in Ref.@13# the ‘‘tracking field.’’
The initial conditions can vary by 100 orders of magnitu
leading to the attractor in all the cases. Since the pre
value ofQ'mPl on the attractor, one has that

L'~VQrcmPl
a !1/(41a) ~2!

which is approximately equal to 106 GeV for a56 where
rc58.1h2310247 GeV4 is the present value of the critica
energy density. This value is not in contradiction with usu
high energy scales. It is also noteworthy that the high ene
scaleL is relatively insensitive to small variations ofVQ.
Indeed the small variationsdVQ anddL are related as

dL

L
5

1

a14

dVQ

VQ
~3!

implying that a variation ofVQ by one per cent results in
variation ofL by one per mil fora56. The variation is even
smaller for largera ’s.

One can hope to justify the form of the potential given
Eq. ~1! from high energy physics@14–17#. Finally it should
be noted that, in principle, it is possible to distinguish qu
tessence from a cosmological constant since one has in
eral vQÞ21.

The aim of this paper is to study the robustness of
concept of tracker solutions. In Sec. II we quickly review t
main properties of the tracking solutions. Then in Sec.
we analyze whether the nice properties of the tracking fi
10350
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are affected by the quantum corrections to the potential gi
by Eq. ~1! at the one loop level in the case where the und
lying model is not supersymmetric. We show that the qui
essential scenario is robust against these corrections. In
IV, we turn to the study of the supersymmetry~SUSY! mod-
els. We argue, as already noted in Ref.@14#, that potentials
given by Eq.~1! naturally arise in the context of supersym
metric gauge theories where certain flat directions are lif
by nonperturbative effects. We study the phenomenology
these models for which the quantum corrections to the su
potential automatically cancel out. As quintessence requ
a value of the second derivative of the potential of the or
of the scalar curvature of the universe, we also study
corrections due to the fact that the fields live in a curv
spacetime. The curvature effects are evaluated at the
loop level and shown to preserve the tracker field propert
Finally in the supersymmetric case one can take into acco
the effect of the corrections to the kinetic terms of the qu
tessence field. In particular in the low energy description
the supersymmetric gauge theory the Ka¨hler potential re-
ceives corrections suppressed by the gaugino condens
scale. We show that this leads to difficulties for the sup
symmetric models of the tracker potential. In Sec. V, we tu
to the study of supergravity~SUGRA! models of quintes-
sence. We emphasize that such models are the most phy
ones since at the end of the evolution the field is on tra
which implies that its value today isQ'mPl . We analyze
the SUGRA corrections to the inverse power law poten
and show that they lead to inconsistencies due to the pos
negative values of the potential. To remedy this situation
propose a supergravity scenario where the potential is g
anteed to remain positive. We apply this framework to t
case of the heterotic string where the role of the quintesse
field is played by the string moduli. Indeed the moduli a
famous for leading to runaway potentials as expected
quintessence. We find that the resulting potential is expon
tially decreasing, a case already studied in the literat
which fails to give the appropriate energy density. We ev
tually present a toy model where the inverse power law
sults from the SUGRA potential. We end with the concl
sions presented in Sec. VI where we emphasize the prob
of supersymmetry breaking. Indeed a possible coupling
tween the quintessence field and the field whoseF term is
responsible for the SUSY breaking generates a large co
bution to the cosmological constant and a power series iQ
whose effect is to destroy the quintessence behavior@12#. We
also present some ideas towards a possible solution of
problem within the SUGRA approach.

II. TRACKING SOLUTIONS

In this section we quickly review the main properties
the tracking solutions as explained in Refs.@13#.

The Universe is described by a spatially flat Friedman
Lemaitre-Robertson-Walker~FLRW! spacetime whose met
ric can be written as ds252dt21a2(t)dx2.

We assume that the matter content of the Universe
composed of five different fluids: baryons, cold dark matt
photons, neutrinos and the quintessential fieldQ. The energy
2-2
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ROBUSTNESS OF QUINTESSENCE PHYSICAL REVIEW D61 103502
density of baryons and cold dark matter evolves asrm
5rcVm(11z)3 wherez is the redshift. The equation of sta
is pm50 which is equivalent tovm50. Observations indi-
cate thatVm5Vb1Vcdm'0.3. Photons and neutrinos hav
an energy density given byr r5rcV r(11z)4. The equation
of state is given byv r51/3. The contribution of radiation is
negligible today sinceV r5Vg1Vn'1024. Finally, the fifth
component is the scalar fieldQ. Its equation of state is char

acterized byvQ5@ 1
2 Q̇22V(Q)#/@ 1

2 Q̇21V(Q)# where a dot
represents a derivative with respect to the cosmic timeA
priori , vQ is not a constant and is such that21<vQ<1.
Since the Universe is supposed to be spatially flat, we alw
haveVm1V r1VQ51 which leads toVQ'0.7. In the fol-
lowing, we will denote the dominant component in the e
ergy density byrB so that during the radiation dominated e
we haverB5r r and during the matter dominated era,rB
5rm. A similar notation will be used forvB .

The evolution of the scale factor is governed by the Fri
mann equation:

H25S ȧ

a
D 2

5
k

3
~rm1r r1rQ!, ~4!

wherek[8pG/c458p/mPl
2 in the Planck system of units

The evolution of the scalar field is given by the Klei
Gordon equation:

Q̈13HQ̇1V8~Q!50, ~5!

where a prime denotes the derivative with respect toQ.
The inverse power law potential was first studied in R

@18#. If one requires that, during the radiation dominated e
the energy density of the scalar field be subdominant~this is
necessary for not being in conflict with the big bang nucle
synthesis!, i.e.,rQ!rB , and redshift asrQ}a24a/(a12) then
one is automatically led to the potential of Eq.~1!. This was
the original motivation of Ref.@18# for considering the po-
tential ~1!. In that case, it is possible to find an exact soluti
to the Klein-Gordon equation for whichQ}a4/(a12). One
can show that this solution is an attractor@18#. Then, if one
follows the behavior of the scalar field during the mat
dominated era~i.e., forrB5rm) with the same potential, on
can show@18# that Q}a3/(a12) is an exact solution which is
still an attractor. For this solution, one hasrQ}a23a/(a12).
The previous results are equivalent to saying that the att
tor is given by

d2V~Q!

dQ2
5

9

2

a11

a
~12vQ

2 !H2, ~6!

during both the radiation and matter dominated epochs.1 We
can rewrite the parametervQ as vQ5(avB22)/(a12).

1Establishing this relation from Ref.@18# the factor 1/2 is no
longer present because the definition of the potential in that p
differs by this factor from the definition adopted in Ref.@18# and in
the present article.
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SincerQ redshifts slower thanrB , the scalar field contribu-
tion becomes dominant at some stage of the evolution.

As shown in Ref.@13#, this scenario possesses importa
advantages. First, as already stated in the Introduction,
can hope to avoid any fine-tuning. Indeed if the scalar field
on tracks today and begins to dominate and if, in additi
we requireVQ'0.7 thenL'4.83106 GeV ~for a56), a
very reasonable scale from the high energy physics poin
view. Secondly, the solution will be on tracks today for
huge range of initial conditions. If one fixes the initial co
ditions at the end of inflation,z51028, the allowed initial
values for the energy density are such that 10237 GeV4

<rQ<1061 GeV4 where 10237 GeV4 is approximatively
the background energy density at equality where
1061 GeV4 represents the background energy density at
initial redshift. If the scalar field starts at rest, this means t
10218mPl<Qi<1022mPl initially. Thirdly, the value ofvQ is
automatically such that21<vQ<0 today. The precise
value ofvQ depends on the functional form ofV(Q) and on
the value ofVm.

In the following figures, we illustrate these properties f
a56, Vm50.3, and Qi(z51028)'3310218mPl which
roughly corresponds to equipartion at that redshift, that is
sayVQi'1024. Equations~4! and~5! are integrated numeri
cally. Figure 1 represents the evolution of the energy de
ties throughout the radiation and matter dominated epoc

The interpretation of these curves has already been g
in Ref. @13#. The case presented here corresponds to
‘‘overshoot’’ according to the terminology of that referenc
First the scalar field rolls down the potential such that
kinetic energy dominates andQ̇}a23. Then, the field freezes
to some valueQf . And finally, it joins the attractor.

In Fig. 2, the evolution of the equation of state for th
same model is displayed. The value ofvQ today for this
model is found to bevQ'20.4. Therefore it is clear tha
this case cannot be considered as a realistic case but rath
a toy model. In order to illustrate the insensitivity to th
initial conditions, Figs. 3 and 4 show the same case as
viously but with an initial value of the scalar field given b
Qi'0.231024mPl . This case corresponds to an ‘‘unde
shoot.’’ One can see that the field starts directly from
frozen value. Finally, the evolution of the equation of state

er

FIG. 1. Energy density of radiation, matter and quintessenc
function of the redshift starting from equipartition. Dotted line re
resents radiation, dashed line is matter, and the full line is quin
sence.
2-3
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PHILIPPE BRAX AND JÉRÔME MARTIN PHYSICAL REVIEW D 61 103502
displayed. It is apparent that it leads to the same cosmo
today withvQ'20.4.

In the next section we study the influence of the quant
corrections to the potential~1! on the properties described i
this section.

III. QUANTUM CORRECTIONS TO NON-SUSY MODELS

At the classical level we have chosen a potential given
Eq. ~1!. However, it is a generic effect that this potential w
be modified when quantum corrections are taken into
count. In this section, we only study the one loop correctio
These types of corrections automatically cancel out when
model is supersymmetric. Other corrections such as the
rections due to curvature effects and to the kinetic terms
be studied in the next sections.

The modified potential reads@19–21#

V~Q!5
L41a

Qa
1

L4

32p2
ln

L2

m2
1

m2L2

32p2
1

m4

32p2 Sln m2

L2
2

3

2D ,

~7!

whereL is an effective cutoff already defined andm is the
natural energy scale of the theory. This expansion is obta
by calculating the one loop Feynman diagrams. T
amounts to evaluating the integral*d4pln(p21m2) properly
regularized byL. This choice has been made becauseL
turns out to be the natural cutoff in the physical mod
considered in this paper@14#. The energy scalem appears in

FIG. 2. Equation of state in function of the redshift starting
equipartition.

FIG. 3. Energy density of radiation, matter and quintessenc
function of the redshift starting atQi'0.231024.
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the renormalization conditions. It turns out that its prec
value is not important for our purpose since it only appe
in the logarithm. The effective ‘‘mass’’m2 is equal by defi-
nition to

m2[
d2V~Q!

dQ2
5a~a11!

L41a

Qa12
. ~8!

The second term in Eq.~7! does not depend on the fieldQ.
This term will contribute as a cosmological constant.
course all the other fields in the Universe also give contri
tions to the cosmological constant. It is hoped that, by so
unknown mechanism, the total contribution vanishes; see
Introduction. This assumption is in the spirit of the quinte
sential models in which there is no need of a cosmolog
constant in the Einstein equations. For all these reasons
will not consider the second term in Eq.~7! in what follows.

Introducing the expression givingm2 into the formula of
the corrected potential, one finds

V~Q!5
L41a

Qa
1

a~a11!L61a

32p2

1

Qa12

1
a2~a11!2L812a

32p2

1

Q2a14

3F lnS a~a11!L21a

Qa12 D 2
3

2G . ~9!

We see that the functional form of the potential is no long
the same.

We now need to estimate the orders of magnitude of
corrections to see whether they can be important. As an
ample, let us consider the casea56 for which L'4.8
3106 GeV. The first change is that, now, we must haveQi
>4310215mPl initially in order thatrQ<rB at z51028. In-
terestingly enough this constraint comes from the last term
Eq. ~9! which is dominant at this redshift. This means th
there exists a region for which the quantum corrections
more important than the unperturbed potential. As expec
this happens in the early Universe, at high energy. A qu
estimate enables us to show that quantum corrections
dominant if Qi<2310213mPl , i.e., for 1025 GeV4<rQ

t

in

FIG. 4. Equation of state for quintessence starting atQi'0.2
31024.
2-4
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ROBUSTNESS OF QUINTESSENCE PHYSICAL REVIEW D61 103502
<1061 GeV4 initially. Therefore, among the 95 orders o
magnitude in which the initial energy density of quintessen
can vary, 35 of them are dominated by quantum correcti
including the most physical case of the equipartition
which we haveQi'6310215mPl corresponding toVQi
'1024. We conclude that,a priori, quantum corrections
must be taken into account in any realistic model of quint
sence.

However, we find numerically that the final value ofrQ
and vQ is the same with and without quantum correctio
even if we start from equipartition. As this conclusion is n
changed if one considers other values fora, we have dem-
onstrated that quintessence possesses another rema
property: it is stable against quantum corrections. In fact
evolution of both the energy density and the equation of s
with and without the quantum corrections is the same dur
all the cosmic evolution. This is due to the fact that at t
beginning of the evolution the field rolls down the potent
very quickly and leaves the region where quantum corr
tions are important in a very short time.

In conclusion we have shown that non-SUSY models
quintessence are stable against one loop quantum correc
to the effective potential. This property is generic and do
not depend on the precise value ofa.

In the next section, we start examining SUSY models
quintessence. In that case the quantum corrections studi
this section automatically cancel out.

IV. SUSY MODELS

As seen in the previous sections the quintessence
varies over a large range of values, as high as the Pla
scale. It is therefore compulsory to treat the quintesse
behavior within the framework of models encapsulating
expected behavior of high energy physics. We will use
persymmetric models. One of the advantages of these mo
is their stability with respect to quantum corrections. In p
ticular it is known that the nonrenormalization theorem p
serves superpotentials, there is only a wave function re
malization.

A. SUSY gauge theories

The potential in 1/Qa which leads to quintessence has
natural supersymmetric origin. This was first shown in R
@14#. The aim of this section is to generalize the mod
investigated in Ref.@14#. This type of potential is generate
at low energyE<L in supersymmetric gauge theories due
nonperturbative effects along flat directions of the scalar
tential. In this section we present the general features of
persymmetric gauge theories. More details can be foun
@22,23#.

Before dealing with the general case let us recall the m
famous example constructed with the gauge groupSU(Nc)
and Nf quarks and antiquarks (za

i ,z̄a
i ), i 51, . . . ,Nf and a

51, . . . ,Nc , in the fundamental and antifundamental rep
sentations of the gauge group. The dynamics of this mod
governed by the renormalization evolution of the gauge c
pling constant. Forb53Nc2Nf.0 the gauge coupling con
10350
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stant becomes strong at low energy. In this infrared regim
is relevant to study the configurations of the scalar com
nents of the quarks and antiquarks which have zero ene
The potentialVD5g2D2/2 vanishes when theD-terms Da

5za
i* Tab

a zb
i 2 z̄a

i Tab
a z̄i* b vanish leading to

za
i zb

i* 2 z̄a
i* z̄b

i 5ld ab . ~10!

The manifold of solutions of these equations is called
moduli space of the gauge theory. The moduli space is in
to one correspondence with the gauge invariant polynom
I a via the equation

] I a

] za
i

5za
i* . ~11!

In the caseNf,Nc there is just one gauge invariantI a

[Mi j 5za
i z̄a

j called the meson field. The low energy dynam
ics is expressed in terms of the meson field. As the ga
group becomes strongly interacting at low energyE<L
whereL is the strong interaction scale, nonperturbative
fects due to the condensation of gauginos lead to a non
superpotential for the meson field,

W}
Lb/(Nc2Nf)

~det M !1/(Nc2Nf)
. ~12!

This potential is deduced forNf5Nc21 by an instanton
calculation and for allNf using the decoupling technique. Le
us now focus on the amplitude modeMi j 5Q2d i j obtained
from zi5Qz0

i ,z̄i5Qz̄0
i . Note that the case of two field di

rections has recently been investigated in Ref.@17#. Starting
from a flat Kähler potentialK5tr(zz†1zz̄†) the classical
Kähler potential at low energy becomesK5QQ* after nor-
malizing tr(z0z0

†1 z̄0z̄0
†)51. This yields the low energy sca

lar potential for the amplitude mode

V~Q!5
L2b/(Nc2Nf)

Q2(Nc1Nf)/(Nc2Nf)
. ~13!

From the previous equation, it is clear that the so far ar
trary coefficienta is now given by

a52
Nc1Nf

Nc2Nf
, ~14!

which is always greater than two. This result had alrea
been obtained in Ref.@14#. The analysis carried out in thi
particular model is in fact typical of most supersymmet
gauge theories. We now show how this approach can
generalized.

Consider a gauge groupG and the matter fieldszi in the
representationRi of the gauge group. Define the Dynkin in
dex m i of a representationRi to be

tr~TaTb!5
m i

u2
dab, ~15!
2-5
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PHILIPPE BRAX AND JÉRÔME MARTIN PHYSICAL REVIEW D 61 103502
where theTa’s are the Hermitian generators of the repres
tation Ri andu is the long root of the Lie algebra ofG. For
instance forG5SU(Nc), the previous results are retrieve
using m f51 for the fundamental representation andmadj
52Nc for the adjoint representation. The beta function d
termining the evolution of the gauge coupling constant
pends on 2b53madj2m wherem5( im i is the sum of all the
Dynkin indices of the matter fields. The gauge theory is
ymptotically free and strongly coupled in the infrared wh
b.0. At low energy along the flat directions determined
the vanishing of theD terms the dynamics of the gaug
theory is encoded in the properties of the polynomial ga
invariantsI a. When the Dynkin indices satisfym,madj the
ring of gauge invariants is free. In terms of these gauge
variants the strong nonperturbative dynamics of the ga
theory generates a superpotentialW(I ) whose form is dic-
tated by symmetry arguments. This superpotential when
pressed in terms of the original matter fieldszi reads

W~Q!}
Lb/(madj2m)

S)
i

~zi !m i D 2/(madj2m) . ~16!

As for the SU(Nc) case one is interested in the amplitu
modeQ whose classical Ka¨hler potential is flat. This leads to
the scalar potential

V~Q!5
L2b/(madj2m)

Q2(madj1m)/(madj2m)
, ~17!

where the exponenta is now given by the following expres
sion:

a52
madj1m

madj2m
~18!

which is always greater than two.
Therefore, the inverse power potential is a generic pre

tion of supersymmetric gauge theories. Nevertheless it is
pendent on the hypothesis that the Ka¨hler potential is flat.
This is plausible whenQ>L but needs to be reconsidere
below this scale. This leads to the dangerous Ka¨hler correc-
tions which will be studied later. It has also been assum
that spacetime was flat. Curvature corrections are studie
the next section.

B. Curvature corrections

In the previous section we have treated the globally
persymmetric case as if the spacetime was not curved. T
curvature effects are usually neglected as the typical scaH
is too small compared to the particle physics scales~recall
that H0'2.1h310242 GeV!. Concerning quintessence th
assumption has to be carefully checked as Eq.~6! implies
that the effective mass of the quintessence field is also
orderH. This requires to study in a painstaking fashion t
effects of curvature on global supersymmetry. A general
gument is presented in an appendix while an explicit cal
lation is given here.
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We assume that the quintessence field belongs to a c
supermultiplet, i.e., a complex scalar field and a Weyl spin
We shall first examine the case of a free field showing t
global supersymmetry is broken explicitly by curvature e
fects in a FLRW spacetime. This is due to the fact that
bosonic particles are created from the gravitational ba
ground whereas this is not the case for the fermions si
they are conformally invariant. In the interacting case t
breaking of supersymmetry by the curvature follows from
supergravity argument. In that case we evaluate the effec
action at the one-loop level using the zeta function te
nique.

1. Complex scalar field

The action of the complex scalar fieldw(xm) is given by
the following expression:

Sw52E d4xA2ggmn] mw] nw* . ~19!

It is convenient to separate the real and imaginary parts
the field and to write

w5
1

A2
~w11 iw2!, ~20!

wherew i , i 51,2, are now real scalar fields. Since the spa
sections are flat, the fields can be Fourier decomposed.
convenient to perform this decomposition according to

w i~h,x!5
1

a~h!

1

~2p!3/2E d3km i~h,k!eik•x, ~21!

where we have extracted a factor 1/a(h) in the time depen-
dent amplitude of the Fourier component for future conv
nience. The Fourier componentsm i(h,k) are such that
m i(h,k)* 5m i(h,2k) because the fieldsw i are real. It can
be easily seen thatm i(h,k) obeys the equation of a parame
ric oscillator:

m i~h,k!91S k22
a9

a Dm i~h,k!50. ~22!

This equation reduces to the equation of an ordinary h
monic oscillator in a Minkowski or radiation dominated Un
verse wherea950.

When quantization is carried out the fieldsw i become
operators. In the canonical approach, the complex scalar
can be expressed as

ŵ~h,x!5
1

a~h!

1

~2p!3/2
E d3k

A2k

3@d1k~h!eik•x1d2k
† ~h!e2 ik•x#, ~23!

where the operatorsdik are related to the operators of cr
ation and annihilationcik(h) and cik

† (h) associated to the
2-6
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field operatorsŵ i and satisfying the commutation relatio
@cik(h),cj k8

† (h)#5d i j d(k2k8) through the expressions

d1k[
c1k1 ic2k

A2
, d2k

† [
c1k

† 1 ic2k
†

A2
. ~24!

The expression~23! can be used in order to express t
Hamiltonian operator for the complex scalar field in terms
creation and annihilation operators. The result reads

H5
1

2 (
i 51

2 E d3kS k~cikcik
† 1ci ,2k

† ci ,2k!

2 i
a8

a
~cikci ,2k2cik

† ci ,2k
† ! D . ~25!

The first term of the Hamiltonian represents the Hamilton
of a collection of harmonic oscillators. The second term r
resents the interaction between the classical background
the quantum field. It is proportional to the first derivative
the scale factor and therefore vanishes in the Minkow
case. This term is responsible for the creation of~pair of!
particles. If we start from the vacuum stateu0& ~no particle!,
then due to the presence of this interaction term, the s
will evolve in a vacuum squeezed state@24#.

2. Weyl spinor field

The action of the Weyl spinor field is given by the fo
lowing expression:

Sc52
1

2E d4xA2gi„c̄ ȧ~ S̄m!ȧaDmca

2~Dmc̄ȧ!~ S̄m!ȧaca…. ~26!

In this expressionSm are the Pauli matrices in a FLRW
universe and Dm denotes the covariant derivative for a We
spinor. In the following, we specify more the definitions us
here. The Dirac matrices in curved spacetime,Gm, are de-
fined according to the equation$Gm,Gn%522gmn. As a con-
sequence, these matrices can be expressed in terms o
vierbein ea

m defined bygmn[ea
men

bhab , wherehab is the
Minkowski metric. This results in the equationGm5em

aga

where thega are the Dirac matrices in flat Minkowski spac
time. In the case of a FLRW universe, one hasgmn

5a2(h)hmn which means that the vierbein are given
ea

m5a(h)da
m ,em

a5@1/a(h)#dm
a . This implies that the

FLRW Dirac matrices can be written asGm5@1/a(h)#gm.
Since in the Weyl representation the Dirac matrices are
tidiagonal and can be expressed as

Gm5S 0 Sm

S̄m 0 D , ~27!

whereSm are the Pauli matrices in a FLRW spacetime, o
reaches the conclusion thatSm5@1/a(h)#sm wheresm are
the Pauli matrices in Minkowski spacetime. Let us now tu
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to the expression of the covariant derivative. For a fo
dimensional Dirac spinorCD which can be written in the
Weyl representation as

CD5S ca

x̄ȧ D , ~28!

the covariant derivative can be expressed through the
expressions

Dmca5] mca1
1

2
wabm~sab!a

bcb , ~29!

Dmc̄ȧ5] mc̄ȧ2
1

2
wabm~s̄ab!ḃ

ȧc̄ ḃ . ~30!

The matricessab ands̄ab are defined according to the usu
expressions, namelysab[(1/4)(sas̄b2sbs̄a) and s̄ab

[(1/4)(s̄asb2s̄bsa) @25#. In a FRLW universe, the com
ponents of the spin connection can be written as

w0005w0i05wi005wi j 050, ~31!

w00i5wmni50, wj 0i52w0 j i 5
a8

a
d i j . ~32!

Let us now redefine the spinorca by ca[xa /a(h)3/2. Then
the LagrangianL given in Eq.~26! can be rewritten as

L52
i

2
„x̄ ȧ~ s̄m!ȧa] mxa2~] mx̄ȧ!~ s̄m!ȧaxa…. ~33!

This equation shows that the spinor field in FLRW spaceti
is conformally invariant@26#. Contrary to the case of a scala
field, there is no interaction term between the backgrou
geometry and the quantum field. As a consequence the
no creation of~massless! fermionic particles. Another way to
put it is to say that if we start from the vacuum state, t
system will remain in this state for ever. At this level, w
could already conclude that SUSY is broken in a FLR
spacetime. Indeed the previous phenomenon is equivale
say that the bosons possess a time dependent mass wh
the fermions still have a constant mass. Therefore, the c
dition mB5mF can no longer be satisfied and global SUS
must be broken. The phenomenon of creation of particle
curved spacetimes is responsible for the SUSY breaking

In order to demonstrate explicitly how this proper
shows up, let us pursue the calculations in more details. H
ing seen that the fermionsxa behaves like free fermions w
can canonically quantize the fermionic field. To do so w
need to define the zero modes of the Dirac operator acting
Weyl fermions

ua
1~k!5

2 i

Ak01k3

S 2k2

k01k3
D , ~34!
2-7
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ua
2~k!5

i

Ak02k3

S k2

k02k3
D , ~35!

where k6[k16 ik2. Then, the fermionic field operatorx̂a
can be canonically decomposed according to

x̂a~h,x!5
1

~2p!3/2
E d3k

A2k0

eik•x
„b1,kua

1~k!eik0h

1b2,kua
2~k!e2 ik0h

…, ~36!

where the creation and annihilation operators satisfy the
ticommutation relation

$b1,k ,b1,k8
† %5d~k2k8!, $b2,k ,b2,k8

† %5d~k2k8!.
~37!

We are now in position to study the explicit breaking
supersymmetry due to the curvature of the FLRW spac
This is the aim of the next section.

3. SUSY breaking in curved spacetime

The free Lagrangian in the rescaled bosonic and fermio
is a free supersymmetric Lagrangian apart explicit break
terms proportional toa8/a. The supersymmetric current is n
longer conserved leading to a time dependent supersym
ric charge. A natural definition of the current is provided
the following expression which involves only the rescal
fields:

Ja5xa]0~aw!2aw]0xa . ~38!

Accordingly, the supersymmetric charge can be expresse

Qa5E d3xJa . ~39!

The supersymmetric charge can be expressed in terms o
canonical creation and annihilation operators. Using E
~23! and ~36!, this leads to the relation

dQa

dh
5

a9

a E d3k

2k0
„ua

1~k!b1,kd1k
† 1ua

1~2k!b1,2kd2ke
ik0h

1ua
2~k!b2,kd1k

† 1ua
2~2k!b2,2kd2ke

2 ik0h
…. ~40!

Recalling that the scalar of curvature is given byR
56a9/a3 we have obtained that supersymmetry is explici
broken by curvature effects. Notice that whenR50 super-
symmetry is preserved. This corresponds to eit
Minkowski spacetime or the radiation dominated FLR
spacetime for which one hasa(h)}h. This results is not
particular to the noninteracting theory but can be generali
by consideringN51 supergravity in four dimensions. In th
low energy limit when nonrenormalizable gravitational inte
actions are neglected, i.e.,mPl→`, the supergravity La-
grangian reduces to the curved action that we have con
ered previously. Supersymmetry is preserved when
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background metric of the curved spacetime possesses en
Killing spinors, i.e., solutions of the spinorial equation

Dme50, ~41!

where Dm is the covariant derivative ande is the supersym-
metry variation parameter. By considering@Dm ,Dn#e50
and the maximal symmetry of the FLRW metric one fin
that supersymmetry is only preserved for flat FLRW spa
times, i.e.,R50. Since this is true even in the presence
interacting chiral superfields, this generalizes the previ
result.

The fact that SUSY is broken in a curved spacetime w
induce corrections to the quintessential potential since
one is no longer protected. We now evaluate the order
magnitude of these corrections. We have derived in App
dixes A and B the one-loop effective potential in the inte
acting case in the presence of curvature effects. The one
effective potential reads

d Veff~Q,h!5
1

32p2 H F umu22
R

6G2F lnS umu22R/6

m2 D 2
3

2G
2F umu21

R

12G
2F lnS umu21R/12

m2 D 2
3

2G J ,

~42!

where m is the renormalization scale. As for the quantu
corrections, the dependence inQ appears through the relatio
m[mB5mF5d2V(Q)/dQ2. In addition there is now an ex
plicit time dependence due to the presence of the scala
curvature in Eq.~42!. The evolution starts during the radia
tion dominated epoch where global SUSY is preserved si
R50. As a consequence, Eq.~42! implies thatd Veff(Q,h)
50, i.e., no corrections are generated. Notice that in cont
with the quantum corrections the curvature effects mani
themselves at later times. In the matter dominated era,
effects of curvature no longer vanishes and the correcti
modify the power law potential. These corrections are
usual quantum corrections plus additional contributions p
portional toH2. It has been shown in the previous secti
that quantum corrections are important only deep in the
diation dominated era. SinceH2 is a tiny number during the
matter dominated era, we conclude that the curvature eff
for quintessence are therefore negligible.

C. Kählerian corrections

In gauged supersymmetric models where flat directio
are lifted nonperturbatively below a scaleL where the dy-
namics of the gauge group becomes strongly coupled,
have seen that the effective superpotential for the amplit
modeQ has the required form to lead to an inverse pow
law quintessential scalar potential provided the Ka¨hler poten-
tial is flat. The nonrenormalization theorem guarantees
the superpotential does not receive quantum corrections
to radiative corrections. This is not the case of the Ka¨hler
potential which is not protected, and therefore is modified
2-8
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ROBUSTNESS OF QUINTESSENCE PHYSICAL REVIEW D61 103502
low energy. The low energy Ka¨hler potential becomes
complicated functionK(Q,Q* ;L) which can be expande
in Taylor series as

K~Q,Q* ;L!5QQ* 1S (
m.0,n.0
m1n.2

amn

QmQ* n

Lm1n22
1c.c.D .

~43!

This expansion is valid as long asQ<L which means that
the Kähler potential will be modified at the beginning of th
evolution, deep in the radiation dominated era. As alre
mentioned, whenQ>L, the Kähler potential can be consid
ered as flat. In this respect the situation is similar to w
happens for the quantum corrections studied previously
the case of theSU(Nc) gauge theory withNf flavor there is
a useful ansatz for the Ka¨hler potential which illustrates the
Kähler correction. Indeed a Ka¨hler potential of the formK
5(1/Nf)tr(MM†1L4)1/2 leads to an expansionK
'(QQ†)2/(2L2)2(QQ†)4/(8L6)1••• when Q!L and
K'QQ† whenQ@L. This is typical of the situation we ar
going to describe.

Let recall the structure of the low energy Lagrangian
the presence of a nonflat Ka¨hler potential. In a flat gravita-
tional background the Lagrangian reads

L5E d4xS g] Q] Q* 2
1

g U] W

] QU2D , ~44!

where we have denoted byQ the chiral superfield whose
scalar component isQ. The metric on the one-dimension
complex curve defined byK is given by the following ex-
pression:

g5] Q] Q* K. ~45!

Using the Taylor expansion of the Ka¨hler potential given by
Eq. ~43! and the previous relation, one can easily deduce
expression of the Ka¨hler metric:

g511 (
m.0,n.0
m1n.2

mnamn

Qm21Q* (n21)

Lm1n22
. ~46!

Notice that the flat metric is modified by the quantum c
rections in 1/L. The scalar Lagrangian can be rearranged
order to render the physical meaning of the nontrivial Ka¨hler
potential more transparent. Let us redefine the fields acc
ing to

dQ̃

dQ
5Ag, ~47!

where we are now specializing our results to the real c
Q5Q* . The square root ofg can be expanded in a serie
Ag511(n.1bn(Qn/Ln) leading, after an inversion which
can be carried out inductively, to

Q5Q̃1 (
n.1

cn

Q̃n11

Ln
. ~48!
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This redefinition transforms the kinetic terms ofQ into ca-
nonically normalized ones forQ̃, namely] mQ̃]mQ̃. On the
other hand, the scalar potential becomes then

V~Q!5
1

g@Q~Q̃!#

L41a

Qa~Q̃!
, ~49!

where we have explicitly shown the dependence ofQ on Q̃.
The metricg depends on the new fieldQ̃ and is expandable
in a seriesg511(n>1dn(Q̃n/Ln). As a consequence th
scalar potential becomes now an infinite series the exp
sion of which is given by

V~Q!5
L41a

Q̃a S 11 (
n.1

en

Q̃n

LnD , ~50!

where the coefficientsen are easily computed inductively
This potential must be seen as the effective potential of qu
tessence in the region whereQ<L. This potential has the
usual quintessential inverse power behavior but is correc
by positive powers ofQ̃. Whether the properties of the track
ing solutions will be preserved crucially depends on the
efficientsen .

Let us conclude this section by stressing that building
realistic model of quintessence based on global SUSY
pears to be a difficult task. Even if these models are f
from quantum corrections to the potential and from curvat
corrections, the tracking properties could be destroyed by
Kählerian corrections as shown by Eq.~50!. Nevertheless the
main difficulty is that at the end of the evolutionQ'mPl ,
rendering the SUGRA corrections unavoidable. We can
neglect contributions in the scalar potential which are s
pressed by the Planck mass. Therefore, any realistic mod
quintessence must be based on SUGRA. The aim of the
section is to study such models.

V. SUPERGRAVITY MODELS

A. SUGRA corrections

In this section we consider the SUGRA version of t
model considered previously with a superpotential of
form W}1/Qa. At tree level the supergravity scalar potenti
depends on the potentialG[kK1 ln(k3uWu2) whereK is the
Kähler potential andW the superpotential. The scalar pote
tial is given by

V5
eG

k2
~GiGi23!1VD , ~51!

where the indices have been raised using the metricGi ̄
[] i] ̄G and where the derivatives have been taken with
spect to the scalar fields. The termVD comes from the gauge
sector of the theory and is always positive. In the quint
sence context there is only one field and the Ka¨hler potential
is chosen to be flatK5QQ* . This leads to the following
scalar potential:
2-9
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V5ekQ2 L41a

Qa S ~a22!2

4
2~a11!kQ21k2Q4D . ~52!

There are a few remarks at hand about this potential.
first term corresponds to the global supersymmetry sc
potential while the other two terms are supergravity corr
tions in Q/mPl . There are two important effects of the s
pergravity corrections. The exponential term in the sca
potential introduces positive powers ofQ of arbitrary de-
grees. Fortunately this only becomes relevant forQ of order
of the Planck mass, i.e., for the redshiftz'0. More impor-
tantly the potential can become negative due to the sec
term. This implies that the model can become nonsensic
the end of the evolution whenkQ'mPl . In the casea56,
we have checked numerically that this is indeed the case.
higher values ofa this is still the case proving that globall
supersymmetric models with an inverse power law super
tential do not resist the supergravity corrections.

The appearance of dangerous negative contribution
the potential is not accidental, it stems from the23 term in
the potential. A possible way out is to impose that the sca
potential exactly vanishes and that the scalar potential is
tirely due to a nonflat Ka¨hler potential. This is what we ar
going to study in the next section.

B. Moduli quintessence

Let us consider a supergravity model where there are
types of fields, the quintessence fieldQ and matter fields
(X,Yi). We assume that the gauge group of the mode
broken along flat directions of theD terms such thatX
Þ0,Yi50 whereVD50. As explained in the previous sec
tion we impose that the scalar potential is positive to prev
any negative contribution to the energy density. This
achieved by considering that

^W&50, ~53!

when evaluated along the flat direction. Moreover, we
sume that one of the gradients of the superpotentialWY does
not vanish. With these assumptions the scalar potential
comes

V5ekKKYY* uWYu2. ~54!

As expected the scalar potential is positive and becom
function of the quintessence fieldQ only. The quintessence
property is achieved if this potential possesses the runa
behavior of the quintessence field to infinity.

In the following we shall use string-inspired models wi
an anomalousU(1)X gauge symmetry@27,28#. In the context
of the heterotic string theory it is natural to identify the qui
tessence field with one of the moduli of the string comp
tification. Indeed the values of the moduli naturally goes
infinity. This is usually called the moduli problem which i
fact turn into a blessing in the context of quintessence. C
sider the compactification of the weakly coupled hetero
string on a Calabi-Yau manifold. The compactification d
pends explicitly on the moduliTa , a51, . . . ,3,represent-
10350
e
ar
-

r

nd
at

or

o-

to

r
n-

o

is

t
s

-

e-

a

ay

-
o

n-
c
-

ing deformations of the Ka¨hler class of the Calabi-Yau man
fold. We shall concentrate on one moduliTa5Q on which
the modular groupSL(2,Z) acts asQ→(aQ2 ib)/( icQ
1d) with ad2bc51. Moreover, we suppose that the gau
group factorizes asG3U(1)X whereG contains the standard
model gauge group andU(1)X is an anomalous Abelian
symmetry. The fields of the model split into three groups,
field X has a charge 1 underU(1)X and is neutral underG,
the field Y is a matter field neutral underG and of charge
22 underU(1)X while the matter fieldsYi are charged un-
derG and possess chargesqiÞ22 underU(1)X . Under the
modular group the matter fields transform with a modu
weight 21, i.e., Yi→( icQ1d)21Yi , and similarly for Y.
This is the modular weight of untwisted states for orbifo
compactifications. We also assume that the fieldX has modu-
lar weight zero. The scalar potential comprises two term
the usual scalar potential of supergravity and theD terms of
the gauge symmetry. Associated toU(1)X is theD term

VD5
gX

2

2 S KXX22KYY1(
i

qiKYi
Yi1

g2 Tr~X!

192p2
mPl

2 D 2

,

~55!

where gX is the U(1)X gauge coupling andg the unified
string coupling. Modular invariance is compatible with th
Kähler potential

K5XX* 2
3

k
lnS Q1Q* 2kuYu22k(

i
uYi u2D . ~56!

The D term potential vanishes altogether along a flat dir
tion where the fieldX acquires a vacuum expectation valu
~VEV! breaking the Abelian symmetryU(1)X at

^X&5A2g2 Tr~X!

192p2
mPl , ~57!

while the other fields vanish altogether. The value of t
VEV ^X& is equal to a scalej which is fixed in the heterotic
string. This is not the case any more in the context of typ
strings wherej is a moduli which is not fixed in perturbatio
theory. Expanding the superpotential in terms of Yuka
couplings, we obtain

W5l~Q!X2Y1•••, ~58!

where we have only taken into account the coupling su
that WY5l(Q)^X&2 along the flat direction. The function
l(Q) is a modular form of weight22. The scalar potentia
along the flat direction is

V~Q!}
^X&4l2~1!

12Q2
. ~59!

As already mentioned for the Ka¨hler corrections, the kinetic
term in such models is not standard. In the present case
kinetic term for the moduliQ is @3/(4kQ2)#(]Q)2. There-
fore, it is more convenient to redefine the fields such that
2-10
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ROBUSTNESS OF QUINTESSENCE PHYSICAL REVIEW D61 103502
kinetic term becomes standard. This is achieved by mean
the following expression: dQ̃5A3/(A2kQ)dQ. The scalar
potential then transforms into

V~Q̃!}
l2~1!

12
^X&4e22A2k/3Q̃. ~60!

It has been shown in Refs.@18,29# that this potential also
possesses remarkable tracking properties even if it ha
inverse power factor of the quintessence field. Howeve
suffers from phenomenological problems. First of all t
slow decrease of the potential and the large value of the V
^X& imply that the quintessence field will have to be mu
larger than the Planck scale at the end of its evolution. T
is a drawback as this would be in the string regime where
supergravity approximation is not valid anymore. In ad
tion, one can show that the equation of state for this poten
is suchvQ5vB both in the radiation and matter dominate
epochs@29#. The scalar field follows exactly the behavior
the background. As a consequence, the value ofVQ has been
shown@18,29# to be limited to the relatively low valueVQ
'0.15. This is not enough to reproduce the data which se
rather to indicate thatVQ'0.7. Nevertheless, the fact tha
the moduli field possesses a tracking behavior is relevan
it could represent one of the components of the energy d
sity of the universe.

C. An inverse power law SUGRA model

We now present a toy supergravity model with an inve
power law potential. To our opinion, this model is the mo
interesting one although we only present it as an existe
proof of the quintessence property in supergravity.

Let us use the same framework as in the previous sec
We assume that theU(1)X Abelian symmetry is broken by
the Fayet-IliopoulosD term. The superpotential is expande
as

W5lX2Y1•••, ~61!

where l is taken to be constant. This superpotential p
serves the gauge symmetry of the model. As claimed ea
we do find that̂ W&50 along the D-term flat directions. Th
main difference between the present model and the cas
the moduli field of the heterotic string is the different form
the Kähler potential. We choose the geometry of the mod
space to be singular at the origin, namely

K5XX* 1
~QQ* !p

mc
2p22

1uYu2
~QQ* !n

mc
n

, ~62!

wheremc'1015 GeV is the cutoff of the theory. It is reason
able to choose it of the order of the unification scale. Hig
order terms inuYu2 can also be included. This is the on
relevant terms in the Ka¨hler potential if one assumes th
existence of a modular symmetry. This modular symmetr
also important to prevent any Ka¨hler correction. The scala
potential of this supergravity model is given by
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V~Q!5
L41a

Qa
e(k/2)Q2

, ~63!

where it is understood thatQ is now the canonically normal
ized field. The constant L is given by L41a

52n/pl2^X&4mc
a where a52n/p. This potential has been

studied in details in Ref.@15#. There, it has been shown tha
despite the appearance of positive powers of the field,
tracking properties are completely preserved. Using the c
straint ^X&>102 GeV as the Abelian symmetry has to b
broken above the weak scale we find that the fine tun
problem can be overcome provided thata>11, see Ref.
@15#. This means that in order to obtainVQ'0.7 today, one
should fix L to a value which is not far from the natura
scales of high energy physics. Fora511, actually we have
L'1011 GeV. The evolution of the energy density of th
quintessence field is given in Fig. 5.

The evolution of the equation of statevQ for this model is
displayed in Fig. 6. The evolution of the equation of state
almost unchanged during all the cosmic evolution. This
due to the fact that during this epochQ/mPl is very small. As
a consequence the exponential factor in the SUGRA po

FIG. 5. Energy density in the SUGRA model of quintessence
a511. The solid line is the energy density of quintessence whe
dashed-dotted and the dashed lines are the energy density of r
tion and matter, respectively. The dotted line is the energy den
of quintessence for the potentialV(Q)5L41aQ2a for a511. The
initial conditions are such that equipartition is realized just af
inflation.

FIG. 6. The dotted line represents the evolution ofvQ for the
potential V(Q)5L41aQ2a with a511 whereas the dashed lin
represents the evolution of the equation of state for the same v
of a and for the SUGRA model presented in this article.
2-11
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tial plays no role and the SUGRA potential reduces to
usual potential. The situation changes at the end of the e
lution. Since the field is on tracks one hasQ'mPl . This time
the exponential factor in the potential plays a vital role a
modifies the value ofvQ today.

We see that the value of the equation of state today,
a511, is given by@15#

vQ'20.82. ~64!

This is a remarkable property since in the context of us
tracking solutions it is not possible to obtain a number l
than'20.7 @11# whereas the observations seem to indic
that the value of the equation of state today is rather s
that 21<vQ<20.8. We would like to note that this nic
property is almost independent ofa. This is illustrated in
Fig. 7 where the relationvQ2a is displayed.

The equation of state is almost independent ofa because
its value today is roughly speaking determined by the ex
nential term in the potential which isa independent. As a
consequence, no fine tuning ofa is required in order to ob-
tain a reasonable value forvQ .

The implications for structure formations of this mod
seem to be also very interesting and are currently under
vestigation@30#. More details on this model can be found
Ref. @15#.

VI. CONCLUSIONS

We have studied the quintessence scenario recently
posed in Ref.@13#. We have concentrated on models with
inverse power law potential and the diverse corrections
duced by its embedding into high energy physics mod
More particularly we have focused on the quantum corr
tions in the nonsupersymmetric setting, the curvature
Kähler corrections in the supersymmetric case, and the ef
of the nonrenormalizable interaction suppressed by
Planck mass in the supergravity context. We have veri
that quintessence is stable to the one-loop quantum co
tions, preserving the existence of tracking solutions at sm
redshift. We nevertheless argue that the solution to the fi
tuning problem requires to consider the quintessence mo
within the framework of particle physics beyond the stand
model. Emphasizing the supersymmetric scenario, the m

FIG. 7. Equation of statevQ in function of a for the SUGRA
model of quintessence proposed in this article.
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likely candidate to describe the physics beyond the w
scale, we generalize the usual inverse power law potentia
the SU(Nc) super-QCD case to more general supersymm
ric gauge theories with Dynkin indicesm<madj. In super-
symmetric models the quantum corrections to the supe
tential vanish. However, there are two types of potentia
dangerous corrections. First the smallness of the effec
mass of the quintessence field implies that one must cons
the small SUSY breaking induced by curvature effects. W
show that these effects are not a threat to the quintess
scenario. Second, we investigate the corrections to
Kähler potential and show that they play only a role at t
beginning of the evolution, decoupling at a scale of the or
of the gaugino condensation scale, and are strong enoug
jeopardize the quintessence property. Far more relevan
the necessary inclusion of dangerous supergravity cor
tions due to the presence of Planck mass suppressed int
tions which induce negative contributions to the potentia
small redshift. They destroy the quintessence property if
quintessence models are not treated within the realm
SUGRA.

This is what we do in the final section considering mod
where the expectation value of the superpotential vanis
altogether. This prevents the appearance of the negative
tributions to the energy density. We give two explicit mode
where this scenario is at work. One is based on the heter
string at weak coupling, the role of the quintessence fi
being played by a moduli. The runaway behavior of t
moduli is of the exponential type limiting the possible co
tribution to the energy density toVQ50.15. Finally, we
present an existence proof of an inverse power law poten
in SUGRA by constructing a model based on a particu
Kähler potential. This model is particularly promising as
provides a scenario for which the value ofvQ is 20.82 for
Vm50.3. This is within one sigma of the recent experime
tal analyses@9#.

Let us emphasize that the models of quintessence wi
the framework of SUSY or SUGRA suffer from a proble
raised in@12# concerning the necessary breaking of sup
symmetry. Indeed there are two aspects to this problem, b
linked to the types of corrections considered here. Let us
deal with the SUSY case. As advocated in@12# the presence
of a nonzeroF5MS

2 term of the order 1010 GeV leads to an
intolerably large value of the cosmological constant. T
necessitates to invoke the prejudice already used in our p
that one does not know the mechanism which would fo
the cosmological constant to vanish. Quintessence scen
do not aim at solving the quantum cosmological const
problem, see the conclusion of Ref.@18#. Another difficulty
springs from the possible nonflatness of the Ka¨hler potential
and a coupling between the quintessence fieldQ and the field
responsible for the supersymmetry breaking leading to
term given by

dV~Q!5k~Q!MS
4, ~65!

where the series expansion ofk is a power series suppresse
by the Planck scale. It gives a large contribution to the m
of Q and the cosmological constant.
2-12
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Of course one should repeat the arguments within
SUGRA context. At tree level one can always fine-tune
minimum of the potential to be zero. The power law expa
sion of the potential might just give a correction to the qu
tessence behavior which would only modify the end of
evolution ofQ while preserving quintessence. In the expli
model of Sec. V C, the SUSY breaking is induced by theF
terms of the dilaton and the moduli. The dilaton does
couple directly to the quintessence field Q in the Ka¨hler po-
tential because of the anomalousU(1)X symmetry. This im-
plies that our model is not affected by a dilatonic SUS
breaking. Assuming the existence of a modular symme
we find that the effect of the SUSY breaking by the modul
to induce terms likeF2/Q2p in the scalar potential. More
studies are required to evaluate the effect of this term
particular its order of magnitude. However, the fact that t
term is proportional to the inverse of the quintessence fi
suggests that it will cause no problems. This question will
addressed elsewhere@31#.

In conclusion we would like to emphasize the expli
construction of particle physics models leading to the qu
tessence property is still to be further developed. It seem
us clear that the indications given in this paper show that
building of SUGRA models should turn out to be very fru
ful.
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APPENDIX A: THE EFFECTIVE ACTION IN CURVED
SPACE

In the following we shall consider the case of curv
spacetimesRÞ0. Let us consider the following Lagrangian

S52E d4xA2gS ] mw] mw* 1 i c̄S̄mDmc

1
m~w!

2
cc1

m̄~w!

2
c̄c̄1V~w! D , ~A1!

where, for convenience, we have not written the spino
indices. The mass and the potential are related to the su
potentialW as

m~w!5
] 2W

] w2
, V~w!5U] W

] w U2

. ~A2!

This is the usual globally supersymmetric Lagrang
coupled to gravity. As supersymmetry is not preserved
the background curved space the Lagrangian receives q
tum corrections. The effective potential is renormalized d
to the background geometry. Let us calculate this potentia
the one loop level.
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It is technically necessary to perform a Wick rotation
obtain a Euclidean field theory on a curved Riemann
manifold. This is globally feasible if one chooses the curv
spacetime manifold to be a globally hyperbolic manifo
with a Lorentzian signature. This implies that the time co
dinate is globally defined allowing us to perform the app
priate rotationt→ i t . In order to have a good control on th
Feynman path integral it is convenient to expand the boso
field w around the classical solutionwc of the Klein-Gordon
equation2Dwc1(] V/] wc* )50 whereD is the curved La-
placian on the Riemannian manifold. Let us denotew5wc

1w̃ where w̃ is a full-fledged quantum field. The effectiv
potential does not involve derivatives ofwc , we will only
retain nonderivative terms in the expansion of the effect
action

e2Seff(wc)5E Dw̃DcDc̄e2S, ~A3!

whereSeff is defined by the equation

Seff[E d4xAgVeff~wc!. ~A4!

The effective potential is the sum of the classical part c
rected by a quantum contribution

Veff~wc!5V~wc!1d V~wc!. ~A5!

The correction term is due to the integration over the W
fermions and the bosonic fields. To leading order the eff
tive action is

Seff~wc!5tr ln~D1umu2!2
1

4
tr ln~DF!, ~A6!

whereDF is the operatorDF5DF
†DF and

DF[S iD m̄

m i D̄
D , ~A7!

where D and D̄are the Dirac operators acting on Weyl fe
mions of both chiralities. The previous expression can
computed using thez function regularization where the de
terminant of an operator is det 2A5exp@2zA8 (0)# and thez
function is z(s)5(n1/ln

s as a function of the eigenvalue
ln . ThezA function is related to the heat kernel solution

AG~x,x8,s!52
]

] s
G~x,x8,s!, ~A8!

with the boundary conditionG(x,x8,0)5d(x2x8) via the
Mellin transform

zA~s!5
m2s

G~s!
E

0

`

dsss21E d4xAgG~x,x,s!. ~A9!
2-13
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The scalem is a renormalization scale. The determinant
the operatorA is essentially given by the asymptotic expa
sion of the heat kernel

G~x,x,s!'
1

~4ps!2
„12t1s1O~s2!…, ~A10!

leading to

det A5expXE d4xAg
t1

2

32p2 S ln
t1

m2
2

3

2D C. ~A11!

The asymptotic expansion of the heat kernel of the oper
2D1umu2 givest152R/61umu2 and for the Dirac operato
it yields t1

F5umu21R/12 whereR is the scalar curvature. Th
one loop effective potential is then

d Veff~Q,h!5
1

32p2 H F umu22
R

6G2F lnS umu22R/6

m2 D 2
3

2G
2F umu21

R

12G
2F lnS umu21R/12

m2 D 2
3

2G J .

~A12!

Notice that the one loop correction vanishes if the curvat
is zero.
rd

tt

et

s.
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APPENDIX B: SUPERGRAVITY VACUA

In this appendix we shall be interested in finding wheth
a given FLRW spacetime preserves supersymmetry.
FLRW background does not break supersymmetry in an
plicit manner when the gravitinocm50 is invariant under
supersymmetry transformations. We have assumed tha
quintessence fieldQ is only coupled to other field via the
gravitational interactions. In a hidden sector the supergra
can be broken with a nonvanishing massm3/2 leading to the
condition

Dme1
i

2
m3/2smē50, ~B1!

where e is a Weyl spinor representing the supersymme
variation. Computing the commutator@Dm ,Dn# and using
Rmnrs5(R/2)(hmrhns2hnrhms), we find that the super-
symmetry is generically broken apart from two cases. If
gravitino mass vanishes, the supersymmetry is fully p
served by FLRW spaces with vanishing curvature. When
gravitino mass is not zero the supersymmetry is not broke
the FLRW space is the anti–de Sitter manifold with curv
ture R52m3/2
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