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Dissipative Quantum Dynamics with a Lindblad Functional
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A Lindblad operator is proposed to describe quantum dynamics of an open system with linear
dissipation. Its functional form is determined based on the microscopic Caldeira-Leggett model.
It yields a new master equation which preserves positive density evolution on short times and
approaches equilibrium at high and low temperatures. The new master equation is applied as an
example to study the femtosecond dynamics of vibrational relaxation and desorption at a metal surface.
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Dissipation and fluctuation in an open quantum syste
play an important role in a variety of phenomena in physic
and chemistry. While dissipation in classical mechanic
can be well described by the Langevin or the Fokke
Planck equation, quantum dynamics of an open syste
remains to be a challenging field [1–3], and is of gener
concern in many different areas such as quantum noise
tunneling junctions, quantum theory of measurement [3
and reaction rate theory in condensed phase [4].

The description of quantum dissipation of an ope
system has largely been based on the reduced density
trix formalism [5,6], within which both intrinsic quantum-
mechanical fluctuation of the system and external noise
its environment can be conveniently incorporated in a un
fied manner. During the past few decades, efforts ha
been made to devise various phenomenological mod
[7] and more recently to derive in a first-principle way
the dissipation functional from microscopic Hamiltonian
[8–10]. A quantum master equation, in analog with th
Fokker-Planck equation, for the dynamics of the open sy
tem can be obtained in the high temperature or Marko
ian limit [8–12]. As given by Caldeira and Leggett in
their pioneering work [8], the reduced density matrixr of
a harmonic oscillator, linearly coupled to an Ohmic env
ronment (linear dissipation) at temperatureT , obeys the
following master equation:

dr

dt
1

i
h̄

fH, rg ­ 2
g

h̄

(
2mkT

h̄
fffx, fx, rgggg

1 ifffx, fp, rg1ggg

)
. (1)

Here g ­ hy2m is the characteristic damping rate o
the oscillator with massm and HamiltonianH, and h

is the friction coefficient. Similar master equations hav
been obtained along this line for a particle in a gener
environment [9–11]. Unfortunately, master equations lik
Eq. (1) are known to violate the positivity requirement o
the density operator [11–14], and therefore lead, in certa
cases, to unphysical results, particularly on a time sca
comparable with the characteristic damping timeg21.
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This problem does not exist in an alternative approa
of open quantum systems, namely, the theory of quant
dynamical semigroups by Lindblad [15] and Kossakows
and colleagues [16]. In particular, Lindblad showed th
the generator [15] for a positive dynamical map should
of the following form:

LD ­
X
m

hfVm, rVy
mg 1 fVmr, Vy

mgj , (2)

where theVm’s are the Lindblad dissipation operators
However, these operators are in general unknown and
not assure equilibrium with the bath. The Lindblad theor
albeit its neat and concise layout, remains to be more lik
formal structure than an approach of practical applicatio
although a few constructions of such operators have b
available in the literatures [17–19].

Here we propose a Lindblad operator to describe qu
tum dynamics of an open system with linear dissipatio
Its explicit form is so determined as to reproduce the d
sipation terms of the Caldeira-Leggett model at high te
peratures and their generalizations to low temperatur
We arrive at a new master equation which preserves po
tive density evolution on short times and leads to equili
rium at high and low temperatures. This master equat
closely connects two formally well-developed theories
open quantum systems, namely, the Lindblad formalis
and the first-principle quantum master equations. Mo
over, it provides an efficient scheme to study dissipati
quantum dynamics, since it can be solved by propag
ing either the density matrix in a double-space repres
tation rsx, x0, td or a set of stochastic wave packets [18
hCksx, tdj with the given Lindblad operator. As a firs
example of application, the new master equation is us
to study the femtosecond dynamics of vibrational rela
ation for a Morse oscillator induced by a bath of met
electrons.

Our proposal of the Lindblad operator is motivate
partly by the known functional of a damped harmon
oscillator, where the simplest dissipation operator is
annihilation and/or a creation operator [16]. We thu
look for a single Lindblad operatorV which is a linear
© 1997 The American Physical Society 3101
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combination of coordinatex and momentump [19],Ω
V ­ mx 1 inp

Vy ­ mx 2 inp , (3)

where coefficientsm and n are arbitraryc numbers that
will be determined below. The equation of motion fo
r, dr

dt 1
i
h̄ fH, rg ­ LDfrg, can be written out explicitly

according to Eqs. (2) and (3),

dr

dt
1

i
h̄

fH 0, rg ­ 2 m2fffx, fx, rgggg 2 2imnfffx, fp, rg1ggg

2 n2fffp, fp, rgggg , (4)

H 0 ­ H 2 2mnh̄xp ,

wherefA, Bg1 represents an anticommutation relation be
tween operatorsA andB. In obtaining Eq. (4), the iden-
tity fx, pg ­ ih̄ has been used to rearrange the cross ter
of x and p. The three terms on the right-hand side an
the last one on the left are all traceless (due to the cyc
property of trace), which guaranteesd

dt Tr r ­ 0, i.e., the
norm conservation of the reduced density matrix. In fac
the general form Eq. (2) is traceless and thus the Lindbl
approach is generally norm conserving.

To determine coefficientsm and n, one easily realizes
that the first two terms on the right-hand side of Eq. (4
are essentially the same terms as in the Caldeira-Legg
master equation (1). The latter was exactly derived fro
a microscopic Hamiltonian in the high-temperature limi
or equivalently the classical limit̄h ! 0, where the force-
force correlation function becomes localized in time. Th
comparison suggests the following conditions for choosin
m andn: 8<: m2 ­ g2kTmyh̄2

2mn ­ gyh̄ , asT ! ` ,
n2 ­ 0

(5)

which yields straightforwardlyn2 ­ gy8mkT in the high-
temperature regime. The latter is different fromDqq ­
gy6mkT , a diffusion coefficient that has recently been de
rived by Diósi by going beyond the lowest order Markov
ian approximation at high and medium temperatures [11

To extend the functional to low temperatures, we poi
out that the two dissipation terms in Eq. (1) have diffe
ent physical origin. The second term, which is given b
the imaginary part of the force-force correlation functio
astd ­ kFstdFs0dl, describes the dissipation effect and i
temperature independent [8,10,11]. This indicates th
2mn ­ gyh̄ is valid at all temperatures. On the con
trary, the first term, which is given by the real part o
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the same correlation function, results from environmen
induced fluctuation (noise) and depends on temperat
T as aRst, Td ­

RVc

0 Isvd coths h̄v

2kT d cossvtd dv. Here
Isvd ­ hvyp is the spectral function for the Ohmic envi
ronment, andVc is the bandwidth of the spectrum. At low
T , v coths h̄v

2kT d is a smooth function ofv while cossvtd is
fast oscillating. This observation leads us to the followin
approximation:

aRst, Td .
h

p
vc coth

µ
h̄vc

2kT

∂ Z Vc

0
cossvtd dv

­ hvc coth

µ
h̄vc

2kT

∂
d̃std ,

(6)

where d̃std ­
1
p

RVc

0 cossvtd dv, and vc is a parameter
factorizing the noise kernel and has approximately t
physical meaning as the center of theIsvd band. The
Markovian limit is recovered ifVc ! ` and thusd̃std ap-
proachesdstd [20]. This approximation is different from
the earlier ones [8,10,11], which are all based on a te
perature expansion of the noise kernel. It leads to a
placement of2kT ! h̄vc coths h̄vc

2kT d in the first diffusion
term of Eq. (1) and thus in our choice ofm2. In fact,
this is a simple replacement from the classical to qua
tum representation of the fluctuation-dissipation relatio
in the narrow band approximation. The parametervc can
be uniquely determined by a harmonic oscillator approx
mation atT ­ 0, where the system should essentially o
cupy its ground state near the potential minimum. Th
Lindblad operatorV then reduces to the annihilation op
erator of the harmonic oscillator, givingmyn ­ mV and
in turn vc ­ Vy2, i.e., half of the oscillator frequency.
The temperature dependence of the two coefficients th
reads

m2sTd ­
gmV

2h̄
coth

µ
h̄V

4kT

∂
, (7)

n2sTd ­
g

2h̄mV
tanh

µ
h̄V

4kT

∂
, (8)

with the accompanying relation2mn ­ gyh̄. Both ex-
pressions reduce to Eq. (5) in the high-temperatu
regime, and have their physical bases on the quant
fluctuation-dissipation theorem. They thus bring th
equilibrium behavior into the Lindblad formalism through
their temperature dependence.

In coordinate space, the master equation (4) takes
following form:
≠rsx, x0, td
≠t

1
i
h̄

fH̃sxd 2 H̃?sx0dgrsx, x0, td ­ 2

Ω
m2sT d sx 2 x0d2 1 gsx 2 x0d

µ
≠

≠x
2

≠

≠x0

∂
2 n2sTdh̄2

µ
≠

≠x
1

≠

≠x0

∂2æ
rsx, x0, td , (9)

H̃sxd ­ Hsxd 1 ih̄gx
≠

≠x
1 i

h̄g

2
. (10)
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The last two terms of Eq. (10) come fromH 0 of
Eq. (4), namely, kxjf22mnh̄xp, rgjx0l ­ 22mnh̄ 3

kxjxpr 2 rpx 2 ih̄rjx0l ­ ih̄gsx ≠

≠x 1 x0 ≠

≠x0 1 1d 3

rsx, x0, td. This master equation differs from all previou
ones in two aspects: (1) A renormalized Hamiltonia
with a frictional force and an imaginary term and (2) a
additional diffusion term (then2 term) with temperature-
dependent diffusion coefficient. This new term, which
vanishing in the high-temperature limit as in Eq. (1),
important to preserve intrinsic quantum fluctuation [21
at low temperatures. In addition, as Eq. (9) is direct
constructed from the Lindblad functional, it is therefor
norm conserving (which can be explicitly proved [18]
and guarantees the positivity of the density matrix ev
on short time scales. This is extremely important for th
description of dissipative quantum dynamics involved
a variety of transient phenomena.

As an example of application of the new master equati
(9), we study the dynamics of vibrational relaxation of
Morse oscillator induced by electrons at a metal surfac
This is a problem of high current interest in surface physi
and can be described by a model of linear dissipati
[22]. To be specific, we simulate O2 on a Pt(111) surface.
Nonadiabatic electron-hole pairs are believed to be t
dominant mechanism for the damping of vibration o
Pt(111) with a lifetimeg21 ­ 3 ps [22]. The Hamiltonian
of the free oscillator takes the following form:

H ­ 2
h̄2

2m
d2

dx2
1 Dfe22ax 2 2e2axg , (11)

with parameters (̄hV ­ 0.049 eV, a ­ 2.545 a.u., and
D ­ 0.4 eV) chosen to represent those of the adsorb
O2 molecule on Pt(111) [22]. The relaxation dynamic
is obtained by propagating an initial wave packet co
responding to the first vibrationally excited state of th
oscillator, rsx, x0, 0d ­ C1sxdC1sx0dy. Equation (9) is
solved numerically using the splitting operator techniqu
where the terms with onlyx or p operators are propagated
in the coordinate and momentum space, respective
with the help of the fast Fourier transform (FFT) [23]
The terms containing bothx and p operators are propa-
gated by the two-step Wendroff-Lax scheme for the flu
conservative differential equations [23]. We used a tim
stepDt ­ 10 a.u. and 512 grid points sampled on a leng
of Lx ­ 3 a.u.

Figure 1 shows the wave packet evolution as a functi
of time. Without dissipation, i.e.,g ­ 0, the initial wave
packet would remain in the excited pure state for an i
finitely long time. Because of coupling to electrons, an
nonthermal distribution relaxes and approaches equil
rium with its environment. Figure 1 shows the dynamic
process during the first 500 fs. The wave packet evolv
from the excited state to a thermalized Gaussian wa
packet. Figure 2 shows the development of the vibr
tional temperature,Ty ­ h̄Vyfk lnsP0yP1dg with Pistd ­R

dx
R

dx0 Cisxdyrsx, x0, tdCisx0d, at longer times for dif-
ferent bath temperatures. The wave packet approaches
s
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FIG. 1. The diagonal density evolutionrsx, x, td of a Morse
oscillator as a function of time atT ­ 200 K. The parameters
are chosen to represent an O2-Pt(111) bond with a damping
rate g ­ 3.3 3 1011 s21 due to coupling to electrons at the
metal surface. The initial density matrix corresponds to th
first excited state of the Morse oscillator.

electron temperature within the vibrational lifetimeg21 ­
3 ps, even in the low temperaturekT ø h̄V regime. The
final equilibrium that the wave packet reaches does not d
pend on the initial density distributions.

To illustrate the importance of positivity of the density
matrix, we plot in Fig. 3 the desorption rate (current)
jstd ­ 2

i h̄
2m s ≠

≠x 2
≠

≠x0 drsx, x0, tdjx­x0­xd , at the desorp-
tion boundaryxd as a function of time during the vibra-
tional relaxation. This provides a critical test of a mode
because the evolution from a pure state to equilibrium
a transient and extremely nonequilibrium process. Th
rate given by Eq. (1) does not have the correct sign

FIG. 2. The development of the vibrational temperature fo
the same initial wave packet shown in Fig. 1 at different bat
temperatures (T ). Initially the wave packet has a nonthermal
distribution and the temperature is not well defined. Not
that the vibrational quantum of the oscillator corresponds to
temperature ofh̄Vyk ­ 570 K. The wave packet approaches
equilibrium with the electron bath at both high and low
temperatures.
3103
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FIG. 3. The calculated desorption rate as a function of tim
before absorbing boundary atT ­ 200 K. The rate given
by Eq. (1) does not have the right sign in the subpicoseco
regime due to the unphysical negative density distribution. Th
problem does not exist in the rate given by the new mas
equation (9).

the subpicosecond regime due to the unphysical nega
density distribution at the desorption boundary. In com
parison, the new master equation (9) correctly describ
the desorption rate as a function of time during relaxatio

Finally, we point out that Eq. (9) becomes poor in th
zero-temperature limit for a particle in an anharmon
potential due to the harmonic oscillator approximatio
Nevertheless, it is applicable to most physical systems
nonzero temperatures.

In summary, we have proposed a Lindblad operat
for describing dissipation in quantum regime based
the microscopic Caldeira-Leggett model, and obtained
new quantum master equation. This approach, thou
demonstrated here for linear dissipation, can be gene
ized to systems with nonlinear couplings to more gene
environment.
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