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Isoscaling in light-ion induced reactions and its statistical interpretation
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Isotopic effects observed in fragmentation reactions induced by protons, deuterons, anda particles of
incident energies between 660 MeV and 15.3 GeV on112Sn and124Sn targets are discussed. The exponential
scaling of the yield ratios with the third component of the fragment isospint35(N2Z)/2 is observed in all
reactions, with scaling parameters that depend on the incident energy. Breakup temperatures for these reactions
are deduced from double ratios of isotopic yields and tested for their relation with the isoscaling parameters.
The quantum-statistical and the statistical multifragmentation~SMM! models are used for interpreting the
results. The observed isoscaling can be understood as a consequence of the statistical origin of the emitted
fragments in these reactions. The SMM analysis shows that the exponent describing the isoscaling behavior is
proportional to the strength of the symmetry term of the fragment binding energy. Using this result, a
symmetry-term coefficientg'22.5 MeV for fragments at breakup is deduced from the experimental data. This
is close to the standard value and supports SMM assumptions for the breakup configuration. An alternative
method of determining the symmetry-energy coefficient, by using isotope distribution widths, is also discussed.

DOI: 10.1103/PhysRevC.65.044610 PACS number~s!: 25.70.Mn, 25.70.Pq, 24.10.Pa, 25.40.Sc
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I. INTRODUCTION

Isotopic effects in nuclear reactions are receiving incre
ing attention because of their relation with the symme
energy in the nuclear equation of state whose density de
dence is of high current interest, in particular, also for as
physical applications@1–4#. In a series of recent papers, th
scaling properties of cross sections for fragment produc
with respect to the isotopic composition of the emitting s
tems were investigated by Tsanget al. @5–7#. The studied
reactions include symmetric heavy-ion reactions at interm
diate energy leading to multifragment emissions as wel
asymmetric reactions induced bya particles and16O projec-
tiles at low to intermediate energies with fragment emiss
from excited heavy residues. The common behavior
served for these reactions, termed isoscaling, concerns
production ratiosR21 for fragments with neutron numberN
and proton numberZ in reactions with different isospin
asymmetry. It is constituted by their exponential depende
on N andZ according to

R21~N,Z!5Y2~N,Z!/Y1~N,Z!5C exp~Na1Zb! ~1!

with three parameters C,a, andb. HereY2 andY1 denote
the yields from the more neutron rich and the more neut
poor reaction system, respectively.

In some of the reactions, the parametersa andb have the
tendency to be quite similar in absolute magnitude but
opposite sign. For multifragmentation following central co
lisions of 124Sn1 124Sn and 112Sn1 112Sn at 50 MeV per
nucleon,a50.37 andb520.40 was obtained from fits to
the fragment yield ratios in the mass range 1<A<18 @5#.

*On leave from Institute for Nuclear Research, RU-117312 M
cow, Russia.
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These parameters suggest an approximate scaling with
third component of the isospint35(N2Z)/2 of the form

R21~N,Z!5C exp@~N2Z!a#exp@Z~a1b!#'C exp~ t32a!,
~2!

which follows from Eq.~1! sinceb'2a.
The isotopic scaling of this latter kind has first been

ported for reactions of protons of 660 MeV energy incide
on targets of112,124Sn @8,9# and subsequently also for othe
reactions with proton and deuteron projectiles in the rela
istic regime of bombarding energies@10#. With the notation
chosen in these early papers,

R12~N,Z!5Y1~N,Z!/Y2~N,Z!5C exp~2t3b t3!, ~3!

parameter values in the rangeb t3'0.7 were obtained for the
reactions withp(6.7 GeV) andd(3.1 GeV) projectiles@11#.
This is rather close to twice the value ofa for the symmetric
Sn1Sn reactions@5# and, according to Eq.~2!, suggests a
very similar scaling behavior for fragmentation reactions
duced by relativistic light ions.

In this paper, we will discuss the isotopic effects observ
by Bogatinet al. for reactions induced by protons, deuteron
and a particles of incident energies between 660 MeV a
15.3 GeV on112,124Sn targets@8–10,12#. Particular emphasis
will be given to their scaling properties, with the aim
incorporate the light-ion induced fragmentation into the
of reactions investigated by Tsanget al. @5#. A complete set
of references to these data and a statistical analysis
formed with the quantum-statistical model~QSM! of Hahn
and Sto¨cker @13# can be found in Ref.@14#.

We will, furthermore, present isotopic temperatures d
rived from double ratios of helium and lithium isotopes f
these reactions and compare their dependence on the inc
energy with that of the scaling parameters. Temperature m
surements, in principle, also permit a test of whether
reaction scenario, and specifically the temperature as an
-
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portant parameter characterizing it, are indeed indepen
of the isotopic composition of the system as commonly
sumed. For isotope temperatures, however, this proper
already implied if isoscaling holds. It is a consequence of
~1! according to which the double yield ratios from whic
isotope temperatures are derived are identical for the pa
reactions. The observations of approximately identical i
tope temperatures in the112Sn1 112Sn and124Sn1 124Sn re-
actions at 50 MeV per nucleon@15#, as well as for the
present reactions, are therefore part of the more general
nomenon of isoscaling.

It has been shown that in both, light-ion induced co
sions and peripheral heavy-ion collisions at high energy,
fragment production and observed isotopic effects can
explained in the framework of a hybrid approach consist
of a dynamical initial stage and a subsequent statist
breakup of a highly excited residual at low density@16–19#.
With the aim to identify reasons for the isotopic scaling
the present case, an analysis with the statistical multifr
mentation model~SMM, Ref.@16#! was carried out. It will be
demonstrated that isotopic scaling arises naturally in a st
tical fragmentation mechanism. The isoscaling parametea
deduced for hot primary fragments is, furthermore, found
be directly proportional to the symmetry part of the bindi
energy of the fragments when they are formed at low den
To the extent that the modification of this parameter dur
secondary deexcitation remains small, this opens the po
bility of testing components of the nuclear equation of st
in fragmentation reactions.

II. EXPERIMENTAL DATA

The experimental data are taken from the literat
@8–10,12#. They were obtained in the JINR laboratories
Dubna with beams of protons of 660 MeV, 1.0 GeV, and
GeV, of deuterons with 3.1 GeV, and ofa particles with 15.3
GeV incident energy. Isotopically resolved cross sections
light fragments were measured with semiconductor te
scopes placed atu lab590° and with thin internal target
made from enriched112Sn ('81%) and 124Sn ('96%).
From the yields, integrated over energy intervals specifie
Refs. @8,10#, ratios R12 for the production of a particula
fragment in the reactions with the two Sn isotopes were
termined. It is convenient to introduce a reduced isoto
effect for a fragment speciesX by normalizing with respec
to the ratio observed for6Li, i.e., R12(X)/R12(

6Li). Uncer-
tainties of the absolute normalizations of the data sets m
sured with the two targets are thus eliminated.

The reduced isotopic effects measured for the five pair
reactions are shown in Fig. 1. The cross section ratios for
most neutron poor and the most neutron rich fragments d
by about one order of magnitude in all cases except for
d(3.1 GeV) reaction for which only a narrow range of is
spin is covered by the detected products. A nearly per
exponential dependence on the third componentt3 of the
fragment isospin is observed, with slope parametersb t3 @Eq.
~3!# that decrease gradually from 1.08 to 0.68 as the pro
tile energy increases~Table I!. This variation of the isotopic
effect with the incident energy has been noted in Ref.@14#
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and tentatively ascribed to a gradual rise of the temperat
of the emitting systems.

Two-parameter fits according to Eq.~1! were also per-
formed, with results that are listed in Table I. The monoto
trend exhibited by the parametera as a function of the inci-
dent energy reflects that ofb t3. It apparently extends to
much lower energies, as evident from the valuea50.60 re-
ported for thea(200 MeV) reaction in Ref.@5#. The depen-
dence onZ is not equally well established for all reaction
since only a limited range of elements has been covere
some cases. There is, however, a tendency of the abs
value ofb being larger thana. For protons of 6.7 GeV, this
is illustrated in Fig. 2 with the results from yet another p
rametrization in terms ofA and t3,

R12~A,t3!5C exp~AaA1t3b t38 !. ~4!

FIG. 1. Isotopic effectR12, normalized with respect toR12(
6Li),

versus the third component of the fragment isospint3. The five
reactions are offset from each other by multiple factors of three
are labeled with the total projectile energy, given in units of GeV.
He, Li, Be, and B fragments are distinguished by different d
symbols as indicated. The lines are the results of exponential
according to Eq.~3!. Some of the data symbols are slightly di
placed horizontally for reasons of clarity.

TABLE I. Parameters obtained from fitting the measured iso
pic yield ratios with the scaling functions given in Eqs.~1! and~3!.
The second column gives the range of fragmentZ over which the
data sets extend.

Projectile Z b t3 a b

p(0.66 GeV) 1–3 1.0860.06 0.5360.04 20.5160.05
p(1.00 GeV) 2–4 1.0060.10 0.5260.04 20.6560.05
d(3.10 GeV) 2–4 0.8860.04 0.4360.03 20.4560.04
p(6.70 GeV) 1–5 0.8160.02 0.3960.01 20.4360.02
a(15.3 GeV) 2–3 0.6860.02 0.3460.01 20.3260.03
0-2
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ISOSCALING IN LIGHT-ION INDUCED REACTIONS . . . PHYSICAL REVIEW C 65 044610
The logarithmic slope of the cross section ratios for givent3
as a function ofA, by its definition equal to half the differ
ence betweenubu and a, is finite with a valueaA5(1.8
61.1)31022. Weighted over the five reactionsubu is found
to be larger thana by 8%64%.

III. INITIAL DYNAMICAL STAGE

For the simulation of the initial stage of the collision th
intranuclear cascade~INC! model developed in Dubna wa
used@20,21#. The INC describes the process of the hadro
nucleon collisions inside the target nucleus. High-ene
products of these interactions are allowed to escape w
low-energy products are assumed to be trapped by
nuclear potential of the target system. At the end of the c
cade, a residue with a certain mass, charge, and excita
energy remains, which then can be used as input for
statistical description of the fragment production.

For p1 112,124Sn reactions, the obtained correlations b
tween the mass number and theN/Z ratio of the residues
with their excitation energy is shown in Fig. 3. The mass
decrease with increasing excitation energy, a behavior th
well known @16,21–23#, but the rate is considerably lowe
for the lower proton energy. TheN/Z ratio also decrease
gradually for both targets with an apparently universal r
that does not depend much on the projectile energy no
the neutron content of the target. As a consequence, the
ferenceD(N/Z) on which the isotopic effect depends lin
early in first order@3,9# remains approximately constant. Th
calculated cross sections show that the covered range o
citation energies depends strongly on the proton energy.

It has been noticed repeatedly that the excitation ener
obtained from first-stage reaction models are larger t

FIG. 2. Isotopic effectR12, normalized with respect toR12(
6Li),

versus the mass numberAf of the detected fragment for the rea

tions of protons with112,124Sn at 6.7 GeV. H, He, Li, Be, and B
fragments are distinguished by different data symbols as indica
The result of a three-parameter fit to the data according to Eq.~4! is
represented by the lines of constant integer~full lines! and half-
integer~dashed! isospin.
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those needed to describe the observed fragment produ
with statistical multifragmentation models@18,24–27#. This
effect has been interpreted as evidence for expansion
additional preequilibrium emission during an intermedia
stage between the cascade termination and the fragmen
mation, not accounted for in the two-stage description
leads to an uncertainty for the input parameters of the sta
tical calculations, which has to be considered for their u
and interpretation.

IV. CHEMICAL EQUILIBRIUM

Isotopic effects and isotope yield ratios confront us w
the question of chemical equilibrium in the system. Here,
grand-canonical QSM is useful for extracting relative iso
pic abundances that correspond to the thermodynam
limit. The model of Hahn and Sto¨cker @13#, chosen in the
present case, assumes thermal and chemical equilibriu
the breakup point where the fragmenting system is cha
terized by a densityr, temperatureT, and by its overallN/Z
ratio. The model respects fermion and boson statistics wh
however, is not crucial at high temperature. It does not t
into account the finite size of the nuclear systems nor
Coulomb interaction between fragments but follows the
quential decay of excited fragments according to tabula
branching ratios. It has already been shown that thet3 scal-
ing @Eq. ~3!# exhibited by thep(6.7 GeV)1 112,124Sn reac-
tions is well reproduced by the QSM if appropriate para
eters are chosen@14#. Even if D(N/Z) is fixed, e.g., with the
aid of the INC model, a continuous set of pairs ofT2r
parameters can be found, all of which permit equally go
descriptions of the data. By varying either the temperature
the density the observed variation of the scaling param
with incident energy can be followed.

d.

FIG. 3. Production probability of residual nuclei after the intr
nuclear cascade~top!, their mean mass numbersAres ~middle!, and
their mean neutron-to-proton ratioN/Z ~bottom! as a function of
their excitation energies for collisions of protons with112Sn and
124Sn targets at 660 MeV~solid lines! and 6.7 GeV~dashed lines!.
0-3
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In the grand-canonical approximation, the scaling para
etersa and b @Eq. ~1!# are equal to the difference of th
chemical potentials for neutrons and protons in the two s
tems,a5Dmn /T andb5Dmp /T, provided a common tem
peratureT for both systems exists@5,28#. The observation of
t3 scaling, consequently, implies that these differences ar
different sign and about equal magnitude, or that the sum
mn andmp is invariant with theN/Z ratio of the system. This
is illustrated in Fig. 4 in which the chemical potentials e
tracted from the model calculations are given as a function
N/Z. The chosen parameters areT56 MeV andr/r0 from
0.1 to 0.5 in steps of 0.1@the p(6.7 GeV) data, e.g., are
reproduced withT56 MeV andr/r050.1 @14##. The sum
mn1mp is approximately independent ofN/Z, with a very
small tendency ofmp to change more rapidly thanmn .

For the Sn isotopes withN/Z51.24 and 1.48 and for a
breakup densityr/r050.3 the calculated differences of th
chemical potentials are Dmn52.3 MeV and Dmp
522.9 MeV. From these values coefficientsa50.38 and
b520.48 are obtained, which are not far from the expe
mental observation in central Sn1Sn collisions@5# and in
some of the present reactions. A more stringent model
will have to include a comparison with fragment yields a
an accurate estimation of the temperature. However, as
shown in Ref.@14#, the chemical equilibrium hypothesis
quite adequate for the description of isotopic phenomen
these reactions even though the heavy fragments or resi
in the final channels are not explicitly taken into accou
These degrees of freedom will be included in the SM
analysis presented in Sec. VI.

V. TEMPERATURES

The reported cross sections for helium and lithium is
topes were used to construct temperature observables
double-isotope ratios@28# for the present set of reaction
The production of3,4He and 6,7Li has been measured fo

FIG. 4. Results of QSM calculations for neutron and prot
chemical potentialsmn andmp of systems with different densitiesr
and N/Z ratios. The temperature isT56 MeV; the density in-
creases fromr/r050.1 ~dots! to 0.5 ~triangles! in steps of 0.1
wherer0 is the normal nuclear density.
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incident protons of 660 MeV, and the frequently usedTHe Li
temperature@23# can be determined for this particular cas
Cross sections for the production of3He are not reported for
the reactions at higher energies, so thatTHe Li cannot be used
to follow the evolution of the breakup temperature with i
cident energy.

A common temperature observable for four out of the
of five reactions can be obtained from the4He/6He and
6Li/ 8Li yield ratios, and in two cases6He and8He yields are
available, which can also be combined with the lithium rat
6Li/ 8Li. The corresponding expressions are

THe Li,0513.3 MeV/lnS 2.2
Y6Li /Y7Li

Y3He/Y4He
D , ~5!

THe46/Li68,0528.3 MeV/lnS 1.4
Y6Li /Y8Li

Y4He/Y6He
D , ~6!

THe68/Li68,057.2 MeV/lnS 1.7
Y6Li /Y8Li

Y6He/Y8He
D . ~7!

The two latter isotopic thermometers do not fulfill th
requirement that the double difference of the binding en
gies of the four isotopes, the prefactor in Eqs.~5!–~7!, should
be large compared to the anticipated temperatures@23,29#.
They may thus be more strongly influenced by sequen
decays. In particular, the contributions from residue eva
ration to the inclusive yields of4He will have a large effect
on THe46/Li68. The true breakup temperature is likely to b
underestimated by this observable but its trend with incid
energy may be preserved. Therefore, at this stage, no atte
has been made to derive corrections, and the so-called ap
ent temperatures, labeled with the subscript 0 in the ab
expressions, are presented in Table II and Fig. 5. The dif
ences of the energy intervals of the fragment detection@8,10#
and the systematic errors associated with the isotope ide
fication @12# are taken into account.

The deduced values ofTHeLi,0 and THe68/Li68,0 of about
4–5 MeV are in the range typical for reaction processes n
the onset of multifragment emissions@23,29–32#. The values
obtained forTHe46/Li68,0 are lower by 1 MeV or more, as
expected. Most of the temperatures, within errors, are ab

TABLE II. Apparent temperatures deduced from He and Li is
topic yield ratios, as indicated in column 2, for reactions with t
112Sn and124Sn targets.

Projectile Isotopes 112Sn 124Sn

p(0.66 GeV) 3,4He, 6,7Li 3.860.1 MeV 4.660.1 MeV

p(1.00 GeV) 4,6He, 6,8Li 2.260.2 MeV 2.660.2 MeV
d(3.10 GeV) 4,6He, 6,8Li 2.760.2 MeV 3.160.2 MeV
p(6.70 GeV) 4,6He, 6,8Li 2.960.2 MeV 2.960.2 MeV
a(15.3 GeV) 4,6He, 6,8Li 3.360.2 MeV 3.560.2 MeV

p(6.70 GeV) 6,8He, 6,8Li 4.660.4 MeV 4.760.3 MeV
a(15.3 GeV) 6,8He, 6,8Li 4.360.5 MeV 3.860.3 MeV
0-4
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equal for the corresponding pairs of reactions. Larger dif
ences, as, e.g., ofTHeLi,0 for protons of 660 MeV, reflect
similarly prominent deviations from isoscaling for some
the isotopes involved~cf. Fig. 1!.

The trend with incident energy exhibited byTHe46/Li68,0 is
found to follow very closely that of the inverse of the scali
parametersa andb t3 ~Fig. 5!. This suggests that the gradu
flattening of the slopes of the isoscaling curves, as the p
jectile energy increases, is indeed caused by a rising m
temperature. A variation of isotopic observables associa
with a temperature change has recently been reported fo
fragmentation of28Si projectiles in collisions with112,124Sn
targets at 30 and 50 MeV per nucleon@33#.

VI. SMM INTERPRETATION

The SMM is based upon the assumption of statisti
equilibrium at a low-density freeze-out stage@16#. All
breakup channels~partitions! composed of nucleons and e
cited fragments are considered and the conservation of m
charge, momentum, and energy is taken into account.
formation of a compound nucleus is included as one of
channels. In the microcanonical treatment the statist
weight of decay channelj is given byWj}exp(Sj), whereSj
is the entropy of the system in channelj, which is a function
of the excitation energyEx , mass numberAs , chargeZs ,
and other parameters of the source. In the standard versio
the model, the Coulomb interaction between the fragmen
treated in the Wigner-Seitz approximation. Different break
partitions are sampled according to their statistical weig
uniformly in the phase space. After breakup, the fragme
propagate independently in their mutual Coulomb field a

FIG. 5. Apparent isotope temperatureTapp deduced from4,6He
and 6,8Li yield ratios ~top! and the inverse isoscaling paramete
~bottom! 1/a @Eq. ~1!# and 1/b t3 @Eq. ~3!# as a function of the tota
projectile energy. The dashed lines represent the logarithmic ris
1/b t3, multiplied by appropriate factors for comparison with th
trends observed for 1/a andTapp.
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undergo secondary decays. The deexcitation of the hot
mary fragments proceeds via evaporation, fission, or Fe
breakup@34#.

A. Liquid-drop description of primary fragments

An important difference of the SMM from other statistic
models, e.g., QSM@13# or the Berlin statistical multifrag-
mentation model@35,36#, is the treatment of the hot frag
ments at the freeze-out density. In the SMM, light fragme
with mass numberA<4 are considered as stable particl
~‘‘nuclear gas’’! with masses and spins taken from th
nuclear tables. Only translational degrees of freedom of th
particles contribute to the entropy of the system. Fragme
with A.4 are treated as heated nuclear liquid drops, a
their individual free energiesFAZ are parametrized as a su
of the bulk, surface, Coulomb, and symmetry-energy con
butions,

FAZ5FAZ
B 1FAZ

S 1EAZ
C 1EAZ

sym. ~8!

The standard expressions@16# for these terms areFAZ
B

5(2W02T2/e0)A, where the parametere0 is related to the
level density andW0516 MeV is the binding energy of in-
finite nuclear matter;FAZ

S 5B0A2/3@(Tc
22T2)/(Tc

21T2)#5/4,
where B0518 MeV is the surface coefficient andTc
518 MeV is the critical temperature of infinite nuclear ma
ter; EAZ

C 5cZ2/A1/3, wherec is the Coulomb parameter ob
tained in the Wigner-Seitz approximation,c5(3/5)(e2/
r 0)@12(r/r0)1/3# with the charge unite and r 051.17 fm;
EAZ

sym5g(A22Z)2/A, whereg525 MeV is the symmetry-
energy parameter.

These parameters are those of the Bethe-Weizsa¨cker for-
mula and correspond to the assumption of isolated fragm
with normal density in the freeze-out configuration, an a
sumption found to be quite successful in many applicatio
It is to be expected, however, that in a more realistic tre
ment primary fragments will have to be considered not o
excited but also expanded and still subject to a resid
nuclear interaction between them. These effects can be
counted for in the fragment free energies by changing
corresponding liquid-drop parameters, provided such mo
fications are also indicated by the experimental data. In
following, it will be shown that for the symmetry energy, th
information may be obtained from the isoscaling pheno
enon.

B. Grand-canonical approximation

In the grand-canonical approximation, first developed
Ref. @37#, the mean multiplicity of a fragment with mas
numberA and chargeZ is given by

^NAZ&5gAZ

Vf

lT
3

A3/2expF2
1

T
@FAZ~T,r!2mA2nZ#G ,

~9!

wheregAZ is the degeneracy factor of the fragment,lT is the
nucleon thermal wavelength,Vf is the ‘‘free’’ volume, andm
and n are the chemical potentials responsible for the m

of
0-5
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A. S. BOTVINA, O. V. LOZHKIN, AND W. TRAUTMANN PHYSICAL REVIEW C 65 044610
and charge conservation in the system, respectively@16#. It
follows immediately that for two systems 1 and 2 with d
ferent total mass and charge but with the same tempera
and density, the ratio of fragment yields produced in th
systems is given by Eq.~1! with parametersa5(m1
2m2)/T andb5@(m12m2)1(n12n2)#/T. Isoscaling arises
very naturally in the SMM.

Calculated chemical potentials for systems with differe
mass andN/Z ratio as a function of temperature are shown
Fig. 6. A freeze-out densityr/r051/3 has been chosen bu
as apparent from the QSM calculations~Fig. 4!, other densi-
ties lead to a similar behavior of the chemical potentia
Furthermore, corresponding to the excluded volume appr
mation@16#, a fixed free volumeVf52V0 (V0 is the volume
of the system at normal density! has been used instead of
multiplicity-dependent volume. For other parameters of
model their standard values were chosen, see, e.g., Ref.@17#.

The potentialm decreases with the temperature, whi
has the simple physical meaning that the average size~mass
number! of the produced fragments decreases. However,
regions with different rates of change in fragment mass
be discerned. At low temperature, the rate is small, espec
for large systems. Here the corresponding mass distribu
is of the so-called ‘‘U shape,’’ with a compoundlike fragme
still dominating in the system. At temperatures near 5
MeV, the rate increases rapidly. At this point, the U sha
disappears and the system disintegrates into many fragm
with an approximately exponential mass distribution.

The behavior of the chemical potentialn is particularly
interesting. As shown in Ref.@34#, the average chargêZA&
of fragments with massA can be written as

FIG. 6. Results of SMM calculations in the grand-canoni
approximation for the chemical potentialsm ~top! andn ~bottom! as
a function of the temperature of systems with differentN/Z ratios
as indicated and with sizesZ550 ~solid lines!, Z5100 ~dashed!,
andZ525 ~dotted!. The density isr5r0/3.
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^ZA&.
~4g1n!A

8g12cA2/3
. ~10!

The chemical potentialn is, therefore, directly connecte
with the isospin of the produced fragments. In gran
canonical models, as, e.g., in the QSM@13#, sometimes the
chemical potentialsmn and mp , responsible for the conser
vation of the total numbers of neutrons and protons, are u
If expressed in terms of the SMM potentials, they aremn
5m andmp5m1n, with the consequence that not onlymn
but alsomp will decrease withT; the mean numbers of bot
neutrons and protons in the produced fragments decreas
their mass decreases. By using the potentialsm and n the
variations of the average mass and of isotopic composi
are separated.

The potentialn is nearly constant at both low and hig
temperature. These limits correspond to the isospin of fr
ments produced at the ‘‘liquid’’ and ‘‘gas’’ phases. There is
relatively fast transition between these limits at a tempe
ture of 5–6 MeV, leading to a growing neutron content
light fragments as the U shape disappears. This evolutio
the fragment isospin has been confirmed by microcanon
calculations@38#. It is apparent from Fig. 6 that the effect
more pronounced for larger systems and that its rela
magnitude depends weakly on the overallN/Z ratio.

For systems with different mass but with the sameN/Z
ratio, the chemical potentials differ only in the U shape
gion at low temperatures. At high temperature, the chem
potentials coincide, which leads to a total scaling of the fra
ment yields for systems of all sizes. This is equivalent
what is obtained by applying the grand-canonical ensem
for the region of abundant multifragmentation. Examples
fragment charge distributions that are independent of the
tem size have been presented recently@39#.

C. Chemical potentials

It is the difference of the chemical potentials of syste
with different N/Z ratios that is directly connected with th
isoscaling phenomenon. Results of calculations for the
tin isotopes are shown in Fig. 7. Despite a considera
variation of the individual potentials, their differencesDm
5m1122m124 andDn5n1122n124 change only slightly as a
function of temperature. For the lower densityr/r0 5 1/6,
an increased modulation is observed but, overall, the po
tial differences remain remarkably stable in the most imp
tant temperature region. This means that a variation of
scaling parametersb t3 or a5Dm/T is connected with a tem
perature change as suggested by the comparisons show
Fig. 5.

Calculations were also performed with the Markov-cha
version of the SMM with parameters identical to those us
for the grand-canonical calculations. The Markov-cha
model is a completely microcanonical approach, which
actly conserves mass, charge, energy, and linear and an
momentum@38#. It was used to calculate the ratios of is
topes produced by the two different sources and the mic
canonical temperatureTmicr of the system, whereTmicr is

l
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ISOSCALING IN LIGHT-ION INDUCED REACTIONS . . . PHYSICAL REVIEW C 65 044610
taken as the mean temperature of the generated partition
fixed excitation energy. From these quantities effective
tential differencesDm andDn were determined according t

Dm5TmicrlnS Y1~A,Z!Y2~A11,Z!

Y2~A,Z!Y1~A11,Z! D , ~11!

Dn5TmicrlnS Y1~A,Z!Y2~A,Z11!

Y2~A,Z!Y1~A,Z11! D . ~12!

Here only light fragments withZ from 3 to 6 were used
similar to the experimental case. These potentials are v
close to the grand-canonical results at temperatureT
.5 MeV, which are of relevance for the production of fra
ments. The remaining small difference may arise from
need of using slightly different ensembles in the two types
calculations. At low temperatures the results diverge, indic
ing that here the exact conservation of mass, charge,
energy is essential~cf. Fig. 5.6 in Ref.@16#!. A small differ-
ence to the results reported in Ref.@6# exists insofar as the
variations ofDmn and Dmp at high temperature, obtaine
there in the canonical approximation, are not reproduced
the present calculations. It may be a consequence of the
straint of the energy conservation, of another method of
culating chemical potentials, or of other differences of t
used model versions. The grand-canonical QSM calculat
predict negligible variations of the potential differences w
temperature.

FIG. 7. Differences of the chemical potentialsm ~top! and n
~bottom! for the 112Sn and124Sn systems as a function of the tem
perature and for symmetry-term coefficientsg0525 MeV, g1

514.4 MeV, andg258.3 MeV. Solid and dotted lines represe
grand-canonical calculations forr5r0/3 andr5r0/6, respectively.
The dashed lines are microcanonical Markov-chain calculations
r5r0/3.
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The symmetry term in the binding energy strongly infl
ences the potential differencesDm andDn. This is illustrated
in Fig. 7 with examples obtained for valuesg1514.4 MeV
and g258.3 MeV, both smaller than the standard valueg0
525 MeV. The effect is significant and, in particular, larg
than the variations associated with the choice of ensem
or with the choice of the density and, therefore, should
observable.

As the comparison shows, the grand-canonical appro
is applicable only~i! if the average mass of the largest fra
ment of a partition is considerably less than the total size
the system and~ii ! if the extra energy necessary for the pr
duction of an additional fragment is small compared to
available thermal energy. However, because the differenc
the chemical potentials is nearly constant in the full tempe
ture range, the values obtained in the grand-canonical
proximation at low temperatures may be extrapolated to h
temperatures and applied in the multifragmentation regi
In the low temperature limitT→0, analytical formulas for
Dm andDn can be derived. Here only the channels includi
a compoundlike nucleus withA'A0 and Z'Z0 will exist,
whereA0 andZ0 denote the mass and atomic number of t
system. Mathematically, it is required that the numerator
der the exponent in Eq.~9! approaches zero, i.e.,

FA0Z0
~T→0!5mA01nZ0 , ~13!

which is equivalent to the thermodynamical potential of t
compound nucleus being zero. From Eq.~10!, with the same
approximations, the potential

n.
Z0

A0
~8g12cA0

2/3!24g ~14!

can be obtained. Inserting this expression into Eq.~13! yields
the chemical potential

m.2W01
B0

A0
1/3

2c
Z0

2

A0
4/3

1gF12S 2Z0

A0
D 2G . ~15!

The terms small compared to the bulk terms can be sa
disregarded~the errors are below 3% for the112,124Sn iso-
topes considered here!. This leads to

Dm5m12m2'24gS Z1
2

A1
2

2
Z2

2

A2
2D ,

Dn5n12n2'8gS Z1

A1
2

Z2

A2
D , ~16!

whereZ1 ,A1 andZ2 ,A2 are the charges and mass numb
of the two systems. The potential differences depend es
tially only on the coefficientg of the symmetry term and on
the isotopic compositions.

The values of the chemical potentials deduced in this li
are close to the separation energies of nucleons, apart

or
0-7
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the difference in sign~see also Ref.@6#!. For example, the
neutron separation energysn in the liquid-drop approxima-
tion is given by

sn'W02gF12S 2Z0

A0
D 2G2

2B0

3A0
1/3

1
e2Z0

2

5r 0A0
4/3

. ~17!

The surface and Coulomb terms in this expression app
with different coefficients than in Eq.~15! but are, again,
usually small in comparison to the dominating bulk~volume
and symmetry! terms. As expected from the definitions of th
chemical potential and the separation energy, this corres
dence must be exact in the thermodynamical limit.

From Eqs.~16! another interesting relation can be d
duced,

Dm'2
Dn

2 S Z1

A1
1

Z2

A2
D . ~18!

It implies that uDnu.u2Dmu or, equivalently, uDmpu
.uDmnu for the usually considered systems withA.2Z. Al-
though the effects of secondary deexcitation are impor
~see below! this inequality is reflected by the observed sc
ing parameters. The magnitude ofb exceeds that ofa in all
reactions discussed in Ref.@5# and, on average, also in th
reactions presented here~Table I!.

D. Fragment distribution widths

There is a simple physical explanation within the SMM
why isoscaling should appear in finite systems. Charge
tributions of fragments with fixed mass numbersA, as well
as mass distributions for fixedZ, are approximately Gaussia
with average values and variances, which are connected
the temperature, the symmetry coefficient, and other par
eters@37#. With a Gaussian distribution for an observableX
~mass number or charge!, Y(X)}exp@2(X2^X&)2/2s2#, the
ratio of this observable for two different systems is given

Y1~X!

Y2~X!
5expF2

X2

2 S 1

s1
2

2
1

s2
2D 1XS X1

s1
2

2
X2

s2
2D 1constG ,

~19!

whereX1 ,X2 ands1 ,s2 are the mean values and varianc
for the two systems. The mean values depend on the
mass and charge of the systems, e.g., via the chemical p
tials in the grand-canonical approximation@Eq. ~10!#, while
the variances depend mainly on the physical conditi
reached, the temperature, the density, and possibly o
variables. For example, the charge variancesZ'A(AT/8g)
obtained for fragments with a given mass numberA in Ref.
@37# is only a function of the temperature and of th
symmetry-term coefficient since the Coulomb contribution
very small. If these physical conditions are the same,
s15s2, the exponential scaling for the ratio follows from
Eq. ~19!. Furthermore, by using Eqs.~10! and ~16! for X
5Z, the approximate relationb5Dn/T is again obtained, as
in the usual grand canonics.
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The Gaussian distributions obtained in the gran
canonical approximation are reproduced by the Mark
chain SMM calculations~Fig. 8!. The mass distributions o
fragments with Z56 emitted by 112Sn and 124Sn with
Ex /A55 MeV are shifted with respect to each other beca
the N/Z ratios of the sources are different. Scaling will r
sult, and the value of the scaling coefficient is determined
both the shift, i.e., the difference in the mean masses, and
width of the distributions. The width, in turn, is influence
by the symmetry coefficient; with a reduced coefficientg,
the mass distribution widens considerably~Fig. 8!. Thus, if
the temperature is known the symmetry coefficient can
principle, be determined using the distributions.

The calculations indicate that the secondary deexcita
reduces both the differences between the mean values o
distributions and the magnitude of the variances, thereby
taching a considerable uncertainty to this method. Howe
the sensitivity to the symmetry-term coefficient survives t
deexcitation stage. This is illustrated in Fig. 9, which sho
the SMM predictions for the ratios of isotopic yields that a
obtained for the same thermal source with different coe
cients g. The characteristic bell shape of the distributio
reflects the quadratic term of Eq.~19!, which dominates in
this case whens1Þs2.

E. Secondary deexcitation of fragments

In the SMM the secondary deexcitation of large fragme
with A.16 is described with Weisskopf-type evaporati
and Bohr-Wheeler–type fission models while the decay
small fragments is treated with a Fermi-breakup mo
@16,34#. In this model all ground and nucleon-stable excit
states of light fragments are taken into account and the po

FIG. 8. Mass distributions of primary hot fragments withZ
56 produced at freeze-out by112Sn and124Sn systems, as obtaine
from Markov-chain calculations forEx /A55 MeV and r5r0/3
~the corresponding microcanonical temperature isTmicr

'5.3 MeV). The symmetry coefficientsg525 MeV ~solid lines!
andg514.4 MeV ~dashed line! were used.
0-8
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ISOSCALING IN LIGHT-ION INDUCED REACTIONS . . . PHYSICAL REVIEW C 65 044610
lation probabilities of these states are calculated accordin
the available phase space. The model thus simulates a s
taneous breakup microcanonically. This procedure is
pected to reliably describe a decay that happens at short
scales after the freeze-out if the excitation energy of the
mary fragments is high, of the order of 2–3AMeV or higher.

The ratios of light element yields (2<Z<5) calculated
with the Markov-chain SMM are shown in Fig. 10 for ho
fragments produced at breakup and for cold fragments a
the sequential decay. The exponential scaling with isospi
observed for both cases but with scaling coefficients that
systematically smaller for the final cold fragments~Table
III !. On more general grounds, it is expected that the sca
property is preserved because the excitation energies
nucleon are similar for all fragments, so that their relat
nucleon content will decrease in a similar way. The seco
ary deexcitation has a trend, however, to populate
b-stable region, which may reduce the shift between
mass distributions and also reduce their widths. A modifi
tion of the scaling coefficients is thus expected even tho
these two effects may partially compensate each other. In
respect, different isotopes can behave differently. The p
dicted reduction of the mass widths is typically 30% f
boron isotopes, i.e., significant as expected, but is practic
negligible for the lithium isotopes.

According to the calculations, the coefficientsb t3 anda
are reduced to, on average, 77% of their values by the
ondary decay~Table III!. The coefficientb is more strongly
reduced to about 60% of its value at 2AMeV and to about
70% at 8AMeV. However, since the coefficients are decre
ing with the energy, the absolute magnitude of this reduct

FIG. 9. Ratios of isotopic yields calculated for different symm
try coefficientsg0525 MeV andg1514.4 MeV for the breakup of
a 112Sn source withEx /A55 MeV at a densityr5r0/3. The top
and bottom panels give the ratios for hot and cold fragments,
spectively.
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decreases also. Moreover, additional calculations sho
that the secondary-decay effect decreases considerably i
coefficients themselves become smaller, e.g., a primara
'0.46 is reduced to'0.44. In this respect, we confirm th
conclusions of Ref.@6# regarding the small variation of thea
parameter. The calculations of Ref.@6# were done forEx /A
56 MeV with several statistical models, including other ve
sions of the SMM. In some of these calculations, the de
procedure is based on a sequential emission of particles f
primary fragments, following the tabulated branching rat
and a Weisskopf scheme. This seems adequate for a
deexcitation stage with isolated fragments at relatively l
excitation energy and without the influence of a comm
Coulomb field, and without a residual nuclear interaction t
can modify fragment properties including the branchin
The obtained modifications of the scaling parametera do not

TABLE III. Parameters obtained from fitting the yield ratios o
isotopes with 2<Z<5 as calculated with the Markov-chain SMM
for excitation energiesEx /A52, 5, and 8 MeV with the scaling
functions given in Eqs.~1! and~3!. Uncertainties are of the order o
0.01–0.02.

Ex /A ~MeV! b t3 a b

2 Hot 1.74 0.93 21.31
5 Hot 1.23 0.67 20.91
8 Hot 1.09 0.57 20.77

2 Cold 1.33 0.69 20.82
5 Cold 0.95 0.52 20.63
8 Cold 0.84 0.45 20.55

-

e-

FIG. 10. Ratios of isotope yields produced at the breakup
112Sn and124Sn sources from Markov-chain SMM calculations f
three excitation energiesEx /A52, 5, and 8 MeV and a densityr
5r0/3. The top and bottom panels are for hot and cold fragme
respectively. The solid lines correspond to the logarithmic slo
parametersb t3 given in Table III.
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exceed the order of 5% whereasb is reduced more strongly
similar to the present case.

The primary values of the scaling parametera'0.4 to
0.45 reported in Ref.@6# for the 112,124Sn systems are smalle
than the corresponding values given in Table III. This, app
ently, reflects significant differences between different v
sions and parametrizations of, in principle, the same mo
They are of the same order as potential effects of the s
metry term that are to be studied. This emphasizes the n
for exclusive analyses of experimental data, which sho
constrain the model parameters. The two secondary dee
tation procedures should be considered as partly complem
tary, and the range of the differences of the obtained res
may characterize the reliability of treating secondary dec
with model calculations. These corrections are essential@40#,
but it will be important to reduce the uncertainties. Expe
mental methods, e.g., based on correlation techniques@41#,
may prove very useful for this purpose.

F. Interpretation of the data

The deduced relations will now be used for the interp
tation of the experimental data. We will concentrate on
two reactions initiated by the projectiles with the highe
energies, protons of 6.7 GeV anda particles of 15.3 GeV, for
which the contributions from instantaneous breakups i
multifragment channels should be enhanced in compariso
the other cases. The inclusive nature of the measurem
nevertheless, presents an inherent difficulty since a w
range of excitation energies is covered by the fragment e
ting sources.

The 112,124Sn targets used in these experiments were
topically enriched to 81.7% and 96.6%, respectively@10,12#.
The effects of the impurities, known to be distributed a
proximately as the natural abundances of tin isotopes, h
to be taken into account in a quantitative analysis. Corr
tions were estimated by assuming Gaussian mass dist
tions for the produced fragments, centered around mean
ues that vary linearly with the mass number of t
considered tin isotopes. It was found that for the spec
enrichments of the used targets and for scaling coefficiena
in the range 0.3–0.6, the impurities cause a reduction of
measureda by 10% to 15%.

The analytical expressions for the differences of
chemical potentials, derived in the grand-canonical appro
mation @Eqs.~16!#, depend only ong and the isotopic com-
position of the sources. In the case ofDm, the difference of
the squaredZ/A values is required, which is found to be th
same within a few percent, independently of whether it
evaluated for the original targets112,124Sn or for the excited
systems as predicted by the INC calculations~Fig. 3, Sec.
III !. For the original targets it amounts to (Z1 /A1)2

2(Z2 /A2)250.0367, leading tog5Dm/0.147. To obtain an
experimental value ofDm5aT ~Sec. VI B!, the mean values
of the scaling coefficienta and of the isotope temperatur
THe68/Li68 for thep(6.7 GeV) anda(15.3 GeV) reactions are
used, after applying corrections. A measured^a&50.365 is
obtained from Table I, corresponding to 0.417 for isoto
cally pure targets, and the effect of the secondary deexc
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tion is assumed to be 23%, as suggested by the Mark
chain calculations~Table III!, thus leading to a primarya
50.542.

The predictions of the QSM@13# are used for the correc
tion of the temperature. It does not significantly depend
the assumed density but it is large, as expected. The m
apparent temperatureTHe68/Li68,054.35 MeV ~Table II! cor-
responds to a breakup temperatureT56.2 MeV in this
model. The results obtained with these inputs areDm
53.36 MeV and g522.8 MeV, a symmetry coefficien
slightly but not significantly smaller than the adopted sta
dard value of 25 MeV.

For the interpretation of the isoscaling coefficient in t
microcanonical limit the excitation energy needs to be spe
fied. Exclusive data for hadron induced reactions on Au
gets indicate that fragments will be emitted if energies
ceeding'400 MeV, corresponding toEx /A'2 MeV, are
deposited by the projectile@42,43#. Since the cross section
decrease and the fragment emission probabilities incre
with excitation energy, a rather wide distribution results. F
the p2 projectiles of 8 GeV/c studied by the ISiS Collabo
ration this distribution extends from below 3 to above 8 Me
per nucleon with a weighted mean value ofEx /A'5 MeV
@42,43#. A similar or, because of the lighter targets, a sligh
higher value may be expected for the case of protons of
GeV on 112,124Sn. The INC calculations for this reaction
again weighted by the fragment production cross sect
predict an average excitation energyEx /A56.2 MeV. With
this interval, 5.0 MeV–6.2 MeV per nucleon, for the excit
tion energy and with the assumption thata}g as in the
grand-canonical approximation, values betweeng
521.4 MeV and 22.6 MeV are obtained from the compa
son of the measureda50.39 (a50.45 for pure targets! with
the predictions given in Table III for which the standa
value g525 MeV was used. If̂ Ex /A&58 MeV is consid-
ered as realistic fora(15.3 GeV) a similar symmetry coef
ficient g521.6 MeV will result.

Towards the lower projectile energies, the isoscaling
efficient a increases up to 0.53, corresponding to 0.61
pure targets, which is still lower than the SMM predictio
for small excitation energies~Table III!. With the INC result
^Ex /A&52.7 MeV for protons of 660 MeV, the interpolate
prediction isa50.65, andg523.3 MeV is obtained from
the comparison with the measured value. It thus seems
for the reactions studied here, the deduced values ofg fall
consistently into the range of 21 to about 23 MeV, with
significant dependence on the energy. In this respect, h
ever, it has to be considered that the constraint of ene
conservation in the microcanonical calculations may lead
unrealistically narrow widths of the isotope distributions
low excitation energies. This would cause an overpredict
of the scaling coefficients and a deducedg that is too low.
This effect will bringg even closer to the standard value f
the reactions at lower incident energies, which primarily p
ceed via the formation of excited compound nuclei.

VII. SUMMARY AND CONCLUSIONS

In the first part of this paper, the existence of isoscal
for reactions induced by relativistic light particles was de
0-10
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onstrated. The deduced exponents vary smoothly with
incident energy. Their trends, apparently, extend beyond
range studied here to low-energy projectiles as, e.g.,a par-
ticles of 200 MeV for which isoscaling parameters were
ported in Ref.@5#. The values obtained for protons of 6
GeV anda projectiles of 15.3 GeV are close to those f
central 112,124Sn1 112,124Sn reactions at 50 MeV per nucleo
given in the same reference. The observation oft3 scaling
was illustrated and discussed. As a function of the projec
energy, a very similar variation of the inverse scaling para
eters and of the isotope temperatureTHe46/Li68 was observed.

In the second part, a statistical formalism for the interp
tation of the isoscaling phenomenon was developed. Ana
cal expressions were derived in the grand-canonical appr
mation and their validity and applicability illustrated. Resu
of calculations in the grand-canonical approximation a
with the microcanonical Markov-chain version of the SM
were presented and the connection with the symmetry t
of the fragment binding energy was established. It was fo
that the difference of the chemical potentials for the t
isotopically different systems does not depend on the t
perature. For the Markov-chain calculations, this conclus
is valid for temperaturesT>5 MeV, the range of relevanc
for multifragment processes. The invariance ofDm with
temperature is consistent with the interpretation that the
served variation of the scaling parameters is caused b
change in temperature, as suggested by the temperature
surement.

In the last part~Sec. VI F!, an attempt was made to de
duce values for the symmetry-energy coefficientg from the
experimental data. The analytical formulas derived in
grand-canonical limit of the SMM and the results of the m
crocanonical calculations were used and very similar val
in the rangeg522.561 MeV were obtained. Besides th
scaling coefficient, experimental values for either t
breakup temperature in the grand-canonical or for the e
tation energy in the microcanonical approach were requi
In the latter case, estimates obtained for similar reactions
from INC calculations were used.
n
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We estimate the uncertainties of the methods, in parti
lar, the errors associated with the determinations of
breakup temperature or of the excitation energy for the
crocanonical method, to be at least of the same order as
deviations of the results from the standard valueg
525 MeV. The sequential decay corrections are substan
and, e.g., in the grand-canonical case are required twice
the scaling coefficient and for the temperature. The pres
results, therefore, do not contradict the assumptions mad
the statistical multifragmentation model in using standa
liquid-drop parameters for describing the nascent fragme
at the breakup stage.

A problem associated with the present data is the w
range of excitation energies over which an average is ta
in the inclusive measurements. Smaller variations may
smeared out. For these reasons, the presented analysis
marily intended to serve as an example of how to extract
symmetry-energy coefficientg from the experimental data. I
is, nevertheless, of interest that the obtained result for fr
mentation reactions induced by relativistic light projectil
has a tendency to be smaller than the conventional valu
25 MeV. A reduction with increasing energy may even
suggested by the microcanonical analysis. Provided it can
substantiated by other data and analyses, this would indi
that the symmetry part of the fragment binding energy
slightly weaker than that of isolated nuclei. Fragments,
they are formed at breakup, may have a lower than nor
density. Such effects may be enhanced as the energy de
ited in the fragmenting system is increased. Therefore, ex
sive studies with possibly heavier projectiles will be requir
to more clearly identify potential variations of the symmet
energy with the reaction parameters.
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