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SUMMARY

As is well-known, there is a close and well-defined connection between the notions of Hilbert transform
and of conjugate harmonic functions in the context of the complex plane. This holds e.g. in the case
of the Hilbert transform on the real line, which is linked to conjugate harmonicity in the upper (or
lower) half plane. It also can be rephrased when dealing with the Hilbert transform on the boundary
of a simply connected domain related to conjugate harmonics in its interior (or exterior). In this paper,
we extend these principles to higher dimensional space, more specifically, in a Clifford analysis setting.
We will show that the intimate relation between both concepts remains, however giving rise to a range
of possibilities for the definition of either new Hilbert-like transforms, or specific notions of conjugate
harmonicity. Copyright © 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The motivation for writing this paper comes from the observation that there is an intimate
relationship between the Hilbert transform on the one hand and conjugate harmonic functions
on the other. Let us explain this relationship in the classical setting of the complex plane.
In the first place, it is well-known that given a real-valued function f € L,(R), where the
real axis is to be understood as the boundary of the upper half plane C* ={z=x+iyeC:
y>0}, there exists a unique harmonic function F(x, y)=2[f](x,y) in C*, called the Poisson
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1436 F. BRACKX ET AL.

transform of f, such that, in L,-sense, lim,_,o4 F(x, y)= f(x). Moreover, this function F(x, y)
admits a unique harmonic function G(x, y) in C* vanishing at infinity and such that F+iG is
holomorphic in the upper half plane. This function G(x, ) is known as the conjugate harmonic
function to F(x,y) in C*. It is usually called the conjugate Poisson transform of f and
denoted as 2[ f](x, y). The Hilbert transform [ f](x) may then be defined as the boundary
value lim,_,o. G(x, ), taken in L,-sense. In other words: 2[ f](x, y) =2[A[f]I(x, y).

So, more explicitly, the Hilbert transform on the real line # : L,(R) — L,(R), given by the
convolution integral

+oo¥t)tdt

— 00

AR =PVt 5 f()w)= Py

and the Poisson transform 2 :L,(R)— Harm(C™"), given by

+00

1 y
9 = P(- . == P —
AN =P fO0=1 [ e
are related by the property that for a real-valued function f, 2[f] and 2[#[ f]] are conjugate
harmonic functions in the upper half plane C*. Moreover they constitute the real and imaginary
parts of the holomorphic Cauchy integral of f, given in C* by

1 [t () 1 i
¢ = —— B —————— = = — N
N0 =55 [ G =3 72U+ 5 2017
Sometimes, instead of 2, the Hilbert operator H =i# is considered; this bounded linear
operator on L,(R) squares to unity (i.e. H>=1), it is self-adjoint and unitary.
The above construction may be summarized in the following scheme:

f(x)eLyR) % 2[f]eHarm(C")

l l

HLfUx)eLy(R) <% 2[f]€Harm(C")

Next, if 2 is a bounded, simply connected domain in the complex plane, with C>° smooth
boundary, then, according to Reference [1], the analogue of this scheme is precisely used to
define the Hilbert transform on 0€). Indeed, take u € C*°(0S2) real-valued, then there exists a
real-valued harmonic function U € C>(Q) for which the restriction to the boundary oS is the
given function u. Let V € C*°(£2) be the conjugate harmonic to U for which V(a)=0, ac )
and let v be the restriction to the boundary 02 of V, then v is called the Hilbert transform
of u. This Hilbert transform maps C°°(0f2) into itself and extends uniquely to a bounded
linear operator on L,(0L2).

This paper treats a similar relationship between the notions of Hilbert transform and of
conjugate harmonic functions in higher dimensional Euclidean space. Section 3 deals with the
case of Euclidean space R”, embedded in R”*! as the boundary of both upper and lower
half space; the definition of the Hilbert transform is recalled, as it was used in Reference [2]
in a Clifford setting, and its relation to conjugate harmonic functions, now adding up to a
monogenic one, is recalled. In Section 4, we pass to the case of a bounded and simply
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HILBERT TRANSFORM AND CONJUGATE HARMONIC FUNCTIONS 1437

connected domain € in R"*!, with a C*° smooth boundary. We show how every well-chosen
‘Hilbert-like’ operator on 0) may give rise to a specific notion of conjugate harmonicity in §2
and we give some explicit examples. Finally, in Section 5, the roles are inverted, starting from
a well-defined notion of conjugate harmonic functions in the interior (or even the exterior) of
the domain €2, to arrive at new Hilbert transforms on the boundary by means of a construction
as indicated in the scheme above. As an example, we revert to the explicit construction of
a Hilbert-like integral transform on the unit sphere S™, see Reference [3], based upon a
particular notion of conjugate harmonicity in the unit ball and in its exterior, as introduced
in Reference [4]. In order to make the paper self-contained, in Section 2 a quick introduction
is given to those notions of Clifford analysis which are necessary for our purpose.

For an overview of the historical background of the higher dimensional Hilbert transform
and some of its properties, we refer to Reference [5].

2. THE BASICS OF CLIFFORD ANALYSIS

We investigate how the above relationship between the Hilbert transform and the notion of
conjugate harmonic functions behaves in higher dimension within the framework of Clifford
analysis.

Clifford analysis is a function theory which constitutes a generalization to higher dimension
of the theory of holomorphic functions in the complex plane. It is centred around the notion of
a monogenic function, i.e. a null solution to the Dirac operator ¢. For a thorough introduction
to Clifford algebra and Clifford analysis we refer the reader to References [6—8]. Here, we
only recall those notions which are explicitly used in the paper.

Let R®™ be the real vector space R™, endowed with a non-degenerate quadratic form of
signature (0,m), let (ey,...,e,) be an orthonormal basis for R%™, and let Ry, be the universal
Clifford algebra constructed over R%”. The non-commutative multiplication in Ry, is governed
by the rules

ejej+ejej:—25l‘J \V/l,_]E{l,,m}

Foraset A={i\,...,iy}C{l,...,m} with | <i) <ir < --- <@ <m, let e, =e¢;,e;, - - - ;,. Moreover,
we put ey =1, the latter being the identity element. Then (e, : 4 C {1,...,m}) is a basis for
the Clifford algebra Ry ,. Any a € Ry, may thus be written as a= ), ases with a,€R or
still as a= "}, [a]x where [a]; = D= @aea is a so-called k-vector (k=0,1,...,m). If we
denote the space of k-vectors by Rf ., then Ry, = ;" R,

We will also identify an element x =(xy,...,x,)€ R"™ with the one-vector (or vector for
short) x = Z;.":l x;je;. The product of any two Clifford vectors x and y is given by

xy=—Xy) +xAy

where
m 1
(x,y)= lejyj =—5 @y + yx)
J=
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1438 F. BRACKX ET AL.

is a scalar and

1
XANy= Z ej(xiy; —x;yi)= 5 (xy — yx)
i<j

is a 2-vector (also called bivector). In particular x* = —(x,x) = —|x[* = — 37| x7.
Conjugation in R, is defined as the anti-involution for which €;=—e;, j=1,...,m. In
particular for a vector x we have x = —x.
A central notion in Clifford analysis is that of monogenicity, introduced by means of the
Dirac operator, i.e. the first-order Clifford-vector valued differential operator in R given by

0= Z €j axj
j=1
with fundamental solution
1 X
E —_ =
(x) an ]

where a,, =2n"?/T'(m/2) is the area of the unit sphere S”~! in R”.

Now let f be a function defined on R™ and taking values in Ry ,, then we say that f is
left monogenic in the open region 2 of R” if and only if f is continuously differentiable
in  and satisfies in €2 the equation df =0. Similarly, a continuously differentiable function
f satisfying in ) the equation f0=0 is called right monogenic in Q. As 0f = fd=—/10,
the left monogenicity of a function f is equivalent to the right monogenicity of f. As
moreover the Dirac operator factorizes the Laplace operator A, —Qz =00=00=A, a
monogenic function in §2 is harmonic and hence C., in €2, and so are its components.

Introducing spherical co-ordinates (r,0,...,0,_1) € R™, an arbitrary Clifford vector may be
written as x =r®, with »=|x| and @ € $”"~!. Then the Dirac operator J takes the form

r - r -
while we may write the Laplace operator as
A=+ Lo s LA
r r

A* being the Laplace-Beltrami operator acting on S”~!, and explicitly given by A*=
w0, — 02,,. Form (1) of the Dirac operator can easily be rewritten as

ww*

o) _o
0= (0, —wly) = (E+T)
where

E:r@,: ijéx/
J=1
['=—-wly=-0N0y= — ) eej(x;0y —x;0x)

T i<j

are the (scalar) Euler operator and the (bivector-valued) so-called spherical Dirac operator,
respectively.
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HILBERT TRANSFORM AND CONJUGATE HARMONIC FUNCTIONS 1439

In this paper, we will also use the so-called inner and outer spherical monogenics. Starting
from a homogeneous polynomial P(x) of degree k£ € N which we take to be left monogenic,
it is clear through so-called spherical inversion that the functions Qy(x)= (xX/|x|"*?)P(x)
are left monogenic functions in the complement of the origin, which are moreover
homogeneous of degree —(m + k — 1). By taking restrictions to the unit sphere S”~! of both
Pr(x) and Qi(x) we obtain the inner spherical monogenics Pi(w) and the outer spherical
monogenics Ox(w)= wP;(w), respectively. Together, both notions constitute a refinement of
the concept of a spherical harmonic, i.e. the restriction to the unit sphere of a
homogeneous harmonic polynomial of degree k. Indeed, taking an arbitrary spherical harmonic
Si(w), one may consider its unique orthogonal decomposition into an inner and an outer
spherical monogenic, viz

Si(w)=Pr(w) + Or—1(@) (2)

where obviously O_;(w) = 0.

3. A CARTESIAN APPROACH FOR THE HALF SPACE IN m + 1 DIMENSIONS

From R™ we pass to R™"! by adding one more basis vector e;, which satisfies similar
multiplication rules as the others, i.e.

eg:fl, eoe; +ejeg=0, j=1,....m
In other words, denoting x € R"*! as
X =Xxpe0 +x

with x= 27:1 e;x; €R™, R™ is embedded in R™"! as the hyperplane xo=0. Clearly, this

approach also leads to a cartesian splitting of the Clifford algebra Rg 1, i.e.
[RO,m-H = Ro,m S ?O[RO,m

In this setting, the observations of Section 1 may be rephrased quite literally.
To this end, take a function f € L,(R™), which is Ry ,-valued and consider its Hilbert
transform, defined by the convolution integral

AU = P g fO0 = P [ ) ar ()

Am+1

Similarly as in the complex plane, instead of 2, one may consider the Hilbert operator
H =ey#, which then is a bounded linear operator on L,(R™), which squares to unity, is
self-adjoint, and hence also unitary.

The Poisson transform to upper half space (xo>0) of the same function f is the unique
harmonic extension of f to R™™! given by

Am+1 X0€0 + X —

P =P + [O) = o [ B (v ()
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1440 F. BRACKX ET AL.

where the limit

lim 2[f1(x) = f(x)

has to be interpreted in the sense of L, non-tangential boundary values.
Explicitly, one has that

2x —
ASNx) = 2IATS N = Qxo0, ) * f()x) = — 1 /R ey S dr(y)

m+1 m ‘Xoeo +& - X|m+1
and
21+ e?[Af]]

is a monogenic function in R™"!, with respect to the Cauchy-Riemann operator 0, + 0,
consequent to which one says that U =2[f] and V = 2[ f]=2[#[ f]] are conjugate harmonic
functions in [Rﬂ“ in the sense of [2], i.e. they satisfy the system

00V +0U =0
OV +0,U=0

Moreover, up to a factor %, the monogenic function to which they add up is exactly the

Cauchy integral €[ f], which is given by

anw=," [ T2 rar)

Api |X _ X|m+1

and indeed decomposes as

Cf1=321/1+ 302 A f1]

Here, note that the additional basis vector ey plays a similar, although not identical, role
as the imaginary unit i in the complex plane. Indeed, both may be interpreted as unit normal
vectors with respect to the boundary (either R or R™) of the domain in which the conjugate
harmonicity is defined (either C* or R”").

Hence we may conclude that in the context of R” embedded in R™"!, a scheme completely
similar to the one in the complex plane is valid: the Hilbert transform of a function f € L,(R™)
is the L, non-tangential boundary value of the function in R7*!' which is conjugate harmonic
to the Poisson transform of the original function f.

4. THE CASE OF A DOMAIN Q IN R™*!: FROM HILBERT-LIKE OPERATORS
TO CONJUGATE HARMONICITY

Now, let Q c R"*! be a bounded and simply connected domain, with a C> smooth boundary,
denoted by 0€2. In what follows, a crucial role will be played by the so-called Hardy space
on 0. This is the function space defined as the closure in L,(0f2) of the L, non-tangential
boundary values (NTBVs) on 02 of all monogenic functions in €2, having such a NTBV in
L,(09). This space is denoted as H?(0S2; Ro 11), or shortly H?(0Q).

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1435-1450
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A first characterization of the space is given in Proposition 4.1. To this end, we define the
Cauchy integral of f € L,(0S2) by

Gf) = /e x‘afﬁl NOSQ)ASQ), x ¢ 09 (3)

i1 Joo X —

where N({) denotes the unit Clifford vector, outward normal to 02 at the point { € 0). As
above, again note the appearance of this normal vector to the boundary, however now no
longer being constant and thus playing its role in the integral. One has

Proposition 4.1
A function i € Ly(0€2) belongs to the Hardy space H%(9Q) if and only if

xegl_é)ééﬁ

where the limit has to be understood as an L, NTBV.

Introducing also the so-called Poisson transform 2[ f] of f € L,(0f)) as the unique harmonic
function in 2 for which the NTBV is precisely f, i.e.

AZ[f1(x)=0in Q@ and  lim Z[f](x)=7(¢)
XG;CZEé(’?Q

we are immediately led to a second characterization of this Hardy space.

Proposition 4.2
A function % € L,(092) belongs to the Hardy space H2(0R2) if and only if its Cauchy integral
and its Poisson transform coincide, i.e.

€[h](x)=2[h](x) in Q

Proof
On account of Proposition 4.1 we have that ¥[4] is a monogenic, hence harmonic, function
with the same boundary value as 2[h], if and only if h € H*(0Q). O

We will now introduce a so-called ‘Hilbert-like’ operator on 052, denoted as % : L,(0S)) —
L,(092), and satisfying the following properties:

(i) % is a bounded linear operator 4)

(i1) ! _;g is a (skew) projection operator on H*(9Q) (5)
One may then easily prove the following result.

Proposition 4.3
Let the operator % : L,(02) — L,(0S2) satisfy conditions (4)—(5). Then

o B =1,
o he H*(0Q) <= #B[h]=h.

Observe that the second statement in the above proposition may be seen as a third
characterization of H?(0Q).

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1435-1450



1442 F. BRACKX ET AL.

With each operator # satisfying conditions (4)—(5), one may now easily associate a
corresponding notion of conjugate harmonicity. Indeed, for any f €L,(02), consider the
function

h=1f+ 18]

On account of Proposition 4.3, it directly follows that #[h]=h, or equivalently, & belongs
to H?(0Q2). Hence, on account of Proposition 4.2 one has that ¢[h]=2[h], or, using the
linearity of the Poisson transform

Ch = €15 f +38[/11=321/1+ 328/ 1]

This implies that the harmonic functions 2[ 1] and 2[%[ f]] add up to the monogenic Cauchy
integral of I/ + $#[f]. These observations lead to the following definition.

Definition 4.4
Let % be an operator satisfying properties (4)—(5) and let f € L,(012), then 2[ f] and 2[4[ f]]
are called #-conjugate harmonic functions in €.

The above ideas are now illustrated in three concrete examples.

Example 4.5

For the case of a bounded and simply connected domain Q in R™! with a C> smooth
simply connected boundary 0f2, the Hilbert (or short: H-) transform has been defined in
Reference [8]. We recall this definition: take f € L,(0S2) and put

_ 2 M-
H[f](é)—amHPV/m17_£|m+1N(’7)f(77)dS(71), e

where again, N(#) is the outward unit normal Clifford-vector to 0f2 at the point 5 € 5.
This H-transform arises as part of the NTBV of €[ f], viz

GG = lim  GLf1x) =3/ + HL/1O)

x€Q, Cfé@Q

As, clearly, H is bounded and (1 + H)/2 is a (skew) projection on H?(d)), we immediately
have that 2[ f] and 2[H|[ f]] are H-conjugate harmonics in §2 in the sense of Definition 4.4.
Moreover

Clyf + 3HL 1= 3201+ 321H[f]]
a relation which for this particular operator H further reduces to
CLf1= 321 1+ 32H[f]]

since in this case (6[% f+ %H [f]1] and €[ f] are two monogenic, hence harmonic functions
with the same L, NTBV, which consequently have to coincide. Note however that, as opposed
to the Cauchy integral €[ /], the kernel of the Poisson integral #[ f] is not explicitly known
for a general domain (2.

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1435-1450



HILBERT TRANSFORM AND CONJUGATE HARMONIC FUNCTIONS 1443

Example 4.6
Consider the orthogonal decomposition of L,(dQ) w.r.t. the Hardy space H2(09), i.e. let
f=PLf1+ P[]

where P[f]1€ H2(3Q) and PL[f]e H> (09)) are the so-called Szegd projections of
1 €Ly(09). One has that

PLLAIE) = —N(OPINC)f()IE)

The above result allows to decompose any f € L,(0f2) as

F(©)=PLf1C) = N(OPINfI(E), e (6)
Consequent to this decomposition, we now define the operator K : L,(9€2) — L,(992) by
K[f1(Q)=PL/IE) + N(OPINSI(E), <edf (7

Roughly speaking, the K-transform K[f] is obtained by orthogonal reflection of the

HZL—component of f. It turns out that K is a bounded linear operator on L,(0f2), enjoy-
ing the following properties:

K2=1,

K[1]=1,

K*=K,

he H*(09Q) <= K[h]=h,
geH>(09) < K[g] = —g.

Furthermore, combination of (6) and (7) yields
PLf1=5f + 3K[f]
PLf]1= 5/ — 3K[/]

Hence, in particular, K is a ‘Hilbert-like’ operator in the sense of Definition 4.4, inducing a
corresponding concept of conjugate harmonicity: the functions 2[ ] and Z[K[ f]] are qualified
as being K-conjugate harmonic in ).

Note that if f is real-valued then 2[f] is real-valued, while 2[K][f]] is a para-bivector,
i.e. a scalar plus a bivector. Furthermore, we have

Cl3f + 3K N=321/1+ 32K f]]

Comparing both examples, we will in general have that K # H, since K* =K, while one
may check that H* = NHN, an equality to be interpreted in the sense that

H IO =NOHN()S()IE)

Furthermore, (1 + H)/2=%™ is a skew projection on H2(Q), while (1 + K)/2=P is an
orthogonal projection.

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1435-1450
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However, in the case of the unit sphere (i.e. 2=18,.1(0,1) and 02=S5") the K- and the
H-transform do coincide, since here it has been shown that %™ constitutes an orthogonal
projection, forcing it to coincide with P. In addition, a straightforward calculation reveals that
here H* =H as well. as it should, since we already know that K* =K.

The Poisson kernel for the unit ball being explicitly known, we treat this particular case in
the following example.

Example 4.7
Let @=B,:1(0,1) and 0Q2=S™, and take f € L,(S™). Then we have that

1 1 — |x|?

m+1 JSm |x - é‘m-H

210 = [ PO = f(©)ds(e)

1 / 1+|x\2+2x§f(é)ds(é)

|x_ é‘m-&-l

AW = [ 0=

m+1

where Q(x,&) is conjugate harmonic to the Poisson kernel P(x,&) and 2[f](x) denotes
2IH[f]] (=2[K][f]1]). Furthermore

L0 =5 20110 + 5 A1)

1 1+ x¢ 1 x—¢
| e roaso = [ i er@as©

A1

the last expression being in correspondence with (3).

5. THE CASE OF A DOMAIN 2 IN R"!: CONJUGATE HARMONICS INDUCING
NEW HILBERT TRANSFORMS

We now turn our attention to the inverse case, starting from a well-defined notion of conjugate
harmonic functions in the interior (or even the exterior) of a domain 2, to arrive at new
Hilbert transforms on the boundary by means of a construction as indicated in the scheme of
Section 1.

To this end, we revert to the notion of angular conjugate harmonic function, as introduced in
Reference [4] for a given real-valued harmonic function u(x). We recall the basic definitions
and main results established there. Note in particular that the explicit construction of an
angular conjugate harmonic holds in a broad class of the so-called radially normal domains,
the definition of which is given below.

Definition 5.1 N
Let Q C R™*! be open and let  be its projection on S™ along the radial direction. Then € is

called a radially normal domain if there exists a constant ¢ € R; such that for all we Q the
set 2N {tw:t>=0} is non-empty, connected and moreover contains the point cw.

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1435-1450
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Clearly, the most simple, yet important examples of radially normal domains are the unit
ball and its complement.

We first reformulate the main result of Reference [4] concerning the construction of a
tangential conjugate to a given real-valued harmonic function in such a radially normal domain.

Proposition 5.2
Let Q C R™! be an open and radially normal domain, and let u(x)=u(rw) be a real-valued
harmonic function in €2. Furthermore, let C(w) be a real-valued C..-function satisfying

A*C(w) = —c"(0rtt)y—e, W EQ

with ¢ as in Definition 5.1 and A* the Laplace—Beltrami operator on S™. Put

h(ro) = r'"%l </c’ P 2u(pw)dp + C(w))

Then

1. h(rew) is a real-valued harmonic function in 2.
2. w(rw)=—TTh(rw)] is a # -valued harmonic function in 2, with

W =span{wey,,...,wey,_,} C [R{ff,)nﬂ
the subspace of bivectors spanned by products of @€ S™ with the tangent unit vectors
eg,,---»€p, , to the sphere S™ at w.

3. fro)=u(ro)+wirw)=(E —T +m — 1)[h] is left monogenic in 2.

In Reference [4], the function v(rew)= — e,w(rw) is called the tangential conjugate to u
in 2; note that this function is not harmonic, since the decomposition of the monogenic
function f in the harmonic terms u + w=u + e,v involves the non-constant basis vector e,
(or w). Hence, for the present purpose, we will use the actual harmonic function w and call
it ‘the harmonic complement’ of u.

It is clear that, in principle, the following scheme allows for the introduction of a new
Hilbert operator % on the boundary of any radially normal domain €2,

feL(09,R) —  2[f] harmonic in (2

I+ 1

BIf1e L0 w) 2 9[f] harmonic complement in

However, up to now, only on S™ the explicit construction of suitable Hilbert-like
integral transforms, based on the above concept of conjugate harmonicity and its constructive
determination, has been established, see Reference [3]. This case is treated in the examples
below. Here, we first sketch the main lines in the method.

In a first step, we start from a function f € L,(S™) of which we determine the Poisson
transform 2[f] in R”™T'\S™, given by the following integral (see also Section 4), here

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1435-1450
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expressed in spherical co-ordinates:

)
: o SO0 ds()

ANro)= [ Peomsmasm=—— [

sm A1 Jon [ro —
The obtained function [ f] is harmonic in R"*1\S™ and vanishes at infinity. Restriction of
2[f] to the unit ball B, 1(0,1) yields the unique harmonic function 2™[f](x), of which
the L,(S™) non-tangential boundary value for » — 1— is precisely f(w). In order to obtain
the analogue in R™*'\B,, (O, 1), we need the Kelvin inversion, given by

%(u(x))—%l(u(x))—lu( x )

EEEN
and leading to the function 2°[ (], viz

P 1) = A (P D)

which is the unique harmonic function in R"*'\B,,.,(O, 1), vanishing at infinity, of which the
L>(S8™) non-tangential boundary value for » — 1+ is f(w).

Next, we will determine the harmonic complements of the functions ™[ f](x) in B, 1(O, 1)
and [ f](x) in R"™\B,,.1(O, 1), respectively, denoted by 2i"[f] and 25[ f].

The constructive procedure is concluded by taking the non-tangential boundary values in
Ly(S™)-sense of the harmonic functions 2iM[ ] and 25%[f], hence obtaining the Hilbert-like
transforms ™[ f](w) and 2°[ f](w) according to the scheme

fl@)els™y 2% P f]e Harm(Bm;1(0,1))

| l

T fN@)€Ly(S™) =  2M[f]€Harm(B,.1(0, 1))
and similarly for 2'[ f7].

Example 5.3 (the interior Z-transform)
We first consider the above method for 2™, i.e. in the interior of the unit ball, where we
will obtain an explicit form for the corresponding &™-transform of a function f € L,(S™).

To this end, a first strategy is to construct the harmonic complement of the Poisson kernel
P(rw,n). This construction was established in Reference [4], leading to the conjugate Poisson
kernel Q(rw,n), given by

~ 1 2 m—1
= — F
Q(}’CO, ’7) Ayt <,,.a) _ ;,llm+l pm (I", <CO, 17>)> ro A n

where F(0, (w,n))=0 and 0,.F =r"+D2/(1 — 2r{w,n) + r*)m+D72,
There is however an alternative way to proceed, where we start from the decomposition of
the given function f into spherical harmonics, viz

flw)= ,i SiLf1(w)
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where S; denotes the projection of f onto the vector space #(k) of spherical harmonics of
degree k in R"*!, given by

Sl fUw)= P ({w,m) f(n)dS(n)

N (m +1 k) /
in which A/"(m+ 1,k) is the dimension of (k) and Py ,+1(¢) are the Legendre polynomials
of degree k in m + 1 dimensions.

We then may write

P () = é SLf1(x)

since clearly the uniquely determined harmonic function in R”*! with non-tangential boundary
value S;(w) on the unit sphere, is S;(x)=7r*S;(w). Applying Proposition 5.2, we arrive at the
harmonic potential function 4, given by

Si[f1(x)

1 e}
O T (LT o

The harmonic complement to 2™[ f](x) then is

Jint _ R IE D)
TN = = %

Strictly speaking, this construction is only valid for real-valued functions f, see
Reference [4]. However, decomposing a Clifford algebra-valued function f into its real
components f(w)= >, fu(w)ey, and applying the theorem to each of them, the result is
easily extendable to arbitrary Clifford algebra-valued functions.

The L,(S™) non-tangential boundary value of 2™(x) is given by

ity 2 TS (w)
2= = = T

an expression which may be refined by means of the orthogonal decomposition of a spherical
harmonic into an inner and an outer spherical monogenic

k+m—1-— k+T

Sl f1=Pilf14+ Qc1lf1= i m k[f] 2k+m_1Sk[f]

As moreover
TP [f]1=—kP[f] and TOw[f]=(m+k—1)0k-1[f]
we obtain

A o0 k k
2 Ny =3 ———

Pl /(@) = Qe [/ (@)= Z i —1 Dl (@) = Ol f (@)

In the above, Pi[f] and Q[ f] are to be interpreted as the projections of the function f onto
the vector spaces .# (k) and .#~ (k) of inner and outer spherical monogenics, respectively.
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In an integral form, they are given by

Py Lo(S™) — 't (k)

S Pl fi(o)=—-

/{c“”*”/z(t) =GR Ony () dS ()

A+

Ok + Lo(S™) =t~ (k)

[ Odflw)= (o — C" VP (Onyn f(n)dS(n)

where ¢ =(w,n) and C(’”H)/ %(¢) denotes the Gegenbauer polynomials in m + 1 dimensions.

These formal calculatlons eventually lead to the following definition.

Definition 5.4 ‘
The interior Z-transform 2™ f] of an L,-function f on the unit sphere S™ is given in terms
of the spherical monogenic decomposition of f by

k

7™ fl@)= Z k=1 Pl f (@) = [/ (@)

The main properties of Z'™ are summarized in the following proposition.

Proposition 5.5 4
The interior Z-transform, 2™ : L,(S™) — Ly(S™), is a self-adjoint bounded linear operator.

Example 5.6 (the exterior 9-transform)
The definition and properties of the exterior Z-transform are obtained in a similar way as in
previous section, now starting from

P f(x) = ki:éo H (S f1(x)) = ki::orl—k—msk[f](w)

Definition 5.7
The exterior Z-transform Z°'[ /] of an L,-function f on the unit sphere S” is given in terms
of the spherical monogenic decomposition of f by

T @)= 5 Rl N)+ L o)

Proposition 5.8
The exterior Z-transform, 2 : L,(S™) — Ly(S™), is a self-adjoint bounded linear operator.

Still note that, unlike the Hilbert transform, the Z-transforms do not square to the unity
operator and that in particular the &-transforms of a constant are zero. Moreover, only in the
case where m =1, the interior and exterior Z-transforms coincide and reduce to the so-called
circular Hilbert transform (see e.g. Reference [9]). For other dimensions, one has the formula

glnt + gext (m _ I)Z 1

S | L@+ Q)
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6. CONCLUSION

It may be clear that the notions of conjugate harmonicity in an open, bounded and simply
connected domain 2 in Euclidean space, and of Hilbert transform on the smooth boundary
0 of such a domain, both are not uniquely determined. However, they remain strongly
connected to each other since each appropriate notion of conjugate harmonicity in €2 induces
a Hilbert-like transform on 0f2 and vice versa.

This situation is essentially different from the one in the complex plane. Indeed, given a
real-valued harmonic function u(x, y) in an open, simply connected region G of the complex
plane, there is—up to a constant—a unique conjugate harmonic v(x, y), such that u + iv is
holomorphic in G. As opposed to that, given a real-valued harmonic function U(x) in an open,
simply connected region 2 of Euclidean space, there exists a wealth of harmonic functions
V(x) such that U(x) + V(x) is left-monogenic in {2, which at the same time explains the
absence of a standard notion of conjugate harmonicity.

In order to illustrate the interplay between the two protagonists under consideration, we
summarize the results obtained for the unit ball, which offers the advantage of an explicitely
known Poisson kernel,

1 —|xf?
Am+1 |)C i‘erl ’

P(x,&)=

xEBm+1(Oﬂl)a ée‘gm

Starting from the Hilbert transform of Reference [8] for f € L,(S™), which is given by
U= [ S dsa. ceon
A1 oo =&
since N(n)=mn, for all n€S™, the H-conjugate Poisson kernel has been shown to be

11+ x4 2x¢
Am+1 |x - é|m+l ’

O(x, &)=

XE€B,.1(0,1), Eesm

Note that, if the function f is decomposed into spherical harmonics, and subsequently in
spherical monogenics as well, viz

S () :liSk[f](w) :]iPk[f](w) + Ol f(w), wes™
then the Hilbert transform of f takes the form
H f](w)=1§1’k[f](w) — O [f(@), wes”

on account of the fact that Py[ f] and Q[ f] are eigenfunctions of H with respective eigen-
values +1 and —1, see Reference [5]. Meanwhile, this also nicely illustrates the properties
H?>=1 and H[1]=1.

On the other hand, if we start from the notion of angular conjugate harmonics, a Hilbert-
like integral transform Z™ on S™ is obtained for which, again in terms of the decomposition
of f € L,(S") in spherical monogenics, we have found

k

TSN =2 g

Pk[f](co) — O fl(®), weS"
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As mentioned above, here we have that (2™)? 1 and that 2™[1]=0. So clearly, # and
g™ are different operators. Moreover, the Z™-conjugate Poisson kernel reads

Ot = (s~ " P o)) x v

‘X _ ;/l|m+l

where the function F' has been specified in Example 5.3. With P, the kernel @ adds up to
a monogenic kernel, which obviously is not the Cauchy kernel. Note in particular that the
H-conjugate Poisson kernel Q is para-bivector valued (i.e. a scalar plus a bivector), while the
new ( is a pure bivector by construction.
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