PHYSICAL REVIEW B VOLUME 61, NUMBER 24 15 JUNE 2000-II

Two-species percolation and scaling theory of the metal-insulator transition in two dimensions
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Recently, a simple noninteracting-electron model, combining local quantum tunneling via quantum point
contacts and global classical percolation, has been introduced in order to describe the observed “metal-
insulator transition” in two dimensionpY. Meir, Phys. Rev. Lett83, 3506(1999]. Here, based upon that
model, a two-species percolation scaling theory is introduced and compared to the experimental data. The two
species in this model are, on one hand, the “metallic” point contacts, whose critical energy lies below the
Fermi energy, and on the other hand, the insulating quantum point contacts. It is shown that many features of
the experiments, such as the exponential dependence of the resistance on temperature on the metallic side, the
linear dependence of the exponent on density,effia scale of the critical resistance, the quenching of the
metallic phase by a parallel magnetic field and the nonmonotonic dependence of the critical density on a
perpendicular magnetic field, can be naturally explained by the model. Moreover, details such as the nonmono-
tonic dependence of the resistance on temperature or the inflection point of the resistance vs the parallel
magnetic field are also a natural consequence of the theory. The calculated parallel field dependence of the
critical density agrees excellently with experiments, and is used to deduce an experimental value of the
confining energy in the vertical direction. It is also shown that the resistance on the metallic side can decrease
with decreasing temperature by an arbitrary factor in the nondegenerate refgiatg:|.

I. BACKGROUND AND INTRODUCTION Recently® | proposed a simple noninteracting electron
OF THE MODEL model, combining local quantum tunneling and global clas-
sical percolation, to explain several features of the experi-
The surprising experimental observation of a metal-mental observations. At low electron or hole densities the
insulator transition in two dimensions® in contradiction  potential fluctuations due to the disorder cannot be screened
with the predictions of single-parameter scaling theory forand they define density puddigsiensity separation into
noninteracting electrorfshas been a subject of extensive in- Puddles in gated GaAs was indeed observed experimentally
vestigation in recent years. Theories ranging from attributind?y Eytan etal,*® using near-field spectroscopyThese
the effect to scattering by impuritieto those suggesting “a Puddles are connected via saddle points, or quantum points
new form of matter’8 have been proposed_ Some theoriespontaCtS(QPCg. It is now established that even at low tem-
based on the treatment of disorder and electron-electron ifReratures and for open puddidsr quantum dots the
teractions by Finkelsteifi,have been put forwartf, while ~ dephasing time may be shorter than the escape time from the
other approaches considered Spin_orbit scattéhogperco_ puddle.lg Thus it is assumed that between tunneling events
lation of electron-hole liquid? Altshuler and co-workefs through the QPCs dephasing takes place, and the conduc-
gave several arguments why this transition is not due to #nce of the system will be determined by adding classically
non-Fermi-liquid behavior, including the fact that the expo-these quantum resistor& related model was introduced by
nential increase of the conductance with temperature persis@limshoni and co-workef$to describe successfully trans-
to high densities where the conductance is almost two ordef0rt in the quantum Hall regimeEach saddle point is char-
of magnitude larger than the critical conductance, and th@cterized by its critical energy, , such that the transmission
fact that the Hall resistance is rather insensitive to temperathrough it is given byT(e) =0 (e—€c). (I assume that the
ture, and does not display any critical behavior. Some experienergy scale over which the transmission changes from zero
mental results supporting the conclusion that the transition i€ unity is smaller than the other relevant energy scales, to
not driven by interactions that were mentioned in Ref. 13avoid additional parameteysThen the conductance through
included the fact that such a transition was observed also i QPC is given by the Landauer formula,
high-density electron gas upon the introduction of artificial

disordet* and the fact that increasing the density in a parallel _2¢® _ 9fep(e)
. . G(u,T)= del ————|T(e)
electron gas increases the conductaheeen though the in- h de
teractions are screened by the parallel gas. More recently, the
compressibility on the metallic side of the transition was 2e? 1
measuretf and was shown to be accurately described by “h 1+exd (ec— w)/KT]’ )

Hartree-Fock approximation, again indicating a normal

Fermi-liquid behavior. Several other recent experimérits ~ wherep is the chemical potential arfgp, is the Fermi-Dirac
have demonstrated weak-localization behavior on the metafistribution function. The system is now composed of clas-
lic side with very little effect of electron-electron interac- sical resistors, where the resistance of each one of them is
tions. given by Eq.(1), with random QPC energies.
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II. TWO-SPECIES SCALING THEORY 0.5 1.0 1.5 2.0 25

In Ref. 13 | presented numerical calculations to be com- O Data (Sample |, Ref. 6)
pared to the experimental data. Here | present a different 15 L A Data (Sample I, Ref. 6)
approach, based on the scaling theory of a two-species per- < n-type Data (Ref. 5)
colation network. At low temperatures the resistors can be & © Data (Ref. 4)
divided into two groups, the conducting ones.€u), “E Fit: 6=0,(n-n,)"’
whose conductance is abou¢?h, and the insulating ones g 1ot -
(e.> ), whose conductance is nearly zero. Thus the distri-  §
bution of the conductances will be a two-peak distribution, 8
where the weight of each peak will be determined mainly by 2 -~
density (or chemical potentigland the position of the con- 8 st s ]
ducting peaks will be determined mainly by temperature. =
Since most properties of such a percolating network are in-
sensitive to details of this distribution, | replace it by a two-
delta-function distribution; namely | replace the network by ° 5 10 15 o 20 25 30
a network comprising of two types of conductors: an effec- density (10)
tive conductoro,, describing the metallic QPCs, and whose _
conductance is given by E@L), with an appropriately aver- FIG. 1. Comparison of the lowest temperature data of Ref. 5

(two sets of data, triangles and squares, 330 mK, the density given
by the lower axiy and of Ref. 3(circles, 57 mK, the density given
262 1 by the upper axis and of then-type data(Ref. 4 (diamonds$to the
—_— 2 rediction of percolation theorgsolid ling). Inset: Logarithmic de-

h 1+exd —A/KT] @ Eivative of thepdata(Ref. 5 Whif:sh gives )a line whoge slope is the
(A, which depends on the potential fluctuations distributionjnverse of the critical exponent. The percolation predictidn (
is taken as unity in the following, i.e., it defines the tempera-=1.3) is given by the solid line. For comparisorta1 slope is
ture scalg and an effective conducter; describing the con-  &!s0 showr(broken line.
tribution of the insulating phase. The conductance of the in-
sulating QPC is dominated by activatiéh, o percolation prediction is excellent. Such an agreement with
=0, exd—A./T]. [Indeed, experimental invesigations re- the classical percolation critical behavior may serve as an
ported that “two different contributions to the conductivity additional experimental indication that the dephasing is still
(or two conducting systemsnay exist, one with a metallic finite at the lowest available experimental temperatures.
temperature behavior and another one with a standard, insu- In  the inset | plot the experimental datafor
lating, weak-localization behavior'?] 1/(dIn o/dInn), which, if indeedo~(n—ny)", is given by

The scaling form of the two-dimensional conductance of(n—n¢)/t. The data indeed fits on a straight line, with a
such a two-phase mixture near the percolation threshold is slope given by 1~1/1.3. For comparison a straight line
well known?223 with a slope of unity is also depicted, in order to demonstrate

that a critical exponent of unity cannot fit the data.
T=NOm0; f[(n_nc)tva'm/a'i] 3

with t=1.3, the conductance critical exponent for two- V. TEMPERATURE DEPENDENCE OF THE RESISTANCE
dimensional percolation, and

agede.:

Om=

As temperature increases, the Fermi-Dirac distribution is
X, X—00 broadened. Consequently the conductance of the transparent
f(x)ox 1 X —o (4)  quantum point contactss{< u) decreases exponentiallto-
' ’ wards half its valug while that of the insulating ones in-
so that in the case;—0 (a regular random resistor net- creases. Thus we expect to see rather dramatic effects as a
work), o(n)~ o(n—n,)", while in the caser,,—~ (a mix-  function of temperature. This is indeed depicted in Fig. 2. In
ture of an insulator and a supercondugtar(n)~a;(n, (& I plot the prediction of the model and i) the experi-
—n)~%. [In the above | used the notatiod=sign(x)|x|'.] ~ mental datd. As temperature is lowered, systems with
The exact form off(x) is not very important, and in the slightly different resistance at high temperatures will diverge

following | have chosen (k)=In(B+exp[K])/In(B exponentially with decreasing temperatures. The resistance
+exp[—X]), with B=2. of systems on the metallic side¥n.) will saturate at zero
temperature, while that of insulating samples will diverge, in
IIl. “ZERO"” TEMPERATURE agreement with the general shape of the experimental curves.

Note that there is an upward turn even on the metallic side of

At low enough temperatures, such tiagA,A; the con- the transition. In fact, close to the transition, on the metallic
ductors have either zero conductance or a conductance equsidle, as temperature decreases, the conductance of the insu-
to 2e?/h. If the dephasing time is still finite at these tempera-lating part decreases significantly, and its contribution to the
tures, one has a random-resistor network, which exhibits #otal conductance is dramatically reduced. Since the critical
second-order percolation transitiGh.In Fig. 1 | fit the  percolation cluster is very ramifiginh fact of fractal dimen-
lowest-temperature experimental dafato the expected sion), the contribution of the insulating part of the system
critical dependence. Clearly, the agreement with the classicalominates at high temperatures, and the increase of its resis-
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temperature FIG. 3. Comparison of the density dependence of the conduc-

tance between the data of Ref(& and the model(b) for several
mperatures. The density at which the theoretical curves seem to

cross each other is well above the true critical point.

FIG. 2. Temperature dependence of the resistance for systems
different densities, as obtained by the mo¢®l and compared to
the experimental data of Ref.(8). The critical line is denoted by
the bold curve. All curves below the critical line saturate at zero
temperature, while above it the resistance diverges. For syste
close to the transition on the metallic side, the resistance is a n
monotonic function of temperature, as seen both in the m@ziel
and in the datdd).

experimental and theoretical studies demonstrated that the
On{ﬁreshold density where the QPC opensingreasespara-
rbolically with the in-plane magnetic field. This effect was
attributed to the coupling of the in-plane motion to the strong
confinement in the vertical direction, leading to an increase

tance with decreasing temperature leads to an increase of tli{é the ponfining enrgy. Writing, for' simplicity, the three—
resistance as temperature is lowered, even on the metall mensional Hamiltonian that describes free motion in two
side. At low enough temperatures hO\;VGVGI’ when the residimensions and a harmonic confining potential in the third
tance of the insulating part of the network becomes higl“z) direction, with a magnetic field pointing in thedirection
enough, its contribution to the total conductance becomes 2 2

9 . . . P  (py+eB2” p
negligible. Then the total resistance is dominated by the per- H=X Y 77 7z _mwgzz, (5)
colating conducting network, and thus the overall resistance 2m 2m 2m 2

will decrease with decreasing temperature. This leads tocj} is straightforward to see that the bottom of the two-

imensional band shifts fromMiwy/2 to ﬁ\/w02+ wc2/2, with
w.=eB/mc, leading to a corresponding decrease in the ki-
netic energy of all electrons. Thus the effective critical Fermi
ergy, or density, becomes larger. In other words, for a
iven density or chemical potential, if the system at zero
ield is on the metallic side, i.e., if the Fermi momentum is
above the critical momenturfor kinetic energy allowing
ercolation through the system, a parallel field will lower

nonmonotonic temperature dependence on the metallic si
of the critical point, which can be clearly observed both in
the model[Fig. 2(c)] and in the dat4Fig. 2(d)].

The fact that only deep in the metallic regime the overall
resistance increases with increasing temperature sugge
that the density at which the resistance is approximately te
perature independent is not the true critical point, but rathe
deeper on the metallic side. This is clearly seen in Fig),3

where one can see a point where all the Iow-temperaturt i ¢ ds th tical wall ;
curves nearly cross, well inside the metallic regime. The at energy fowards the critical energy, eventually crossing

above discussion suggests that one should be cautious ‘iﬂe criticall point and Iegding to an insulating behavior. Fig-
associating the critical point with the experimentally ob- ure 4 depicts the experimental data of Ref. 25 and the corre-

served “temperature-independent” polifig. 3a)], as done spo_nd?ng predictions of the model. As expected, as the mag-
routinely in the experiment interpretations ' netic field increases, the system gradually crosses over from

Lastly, the resistance at the metallic regime is given b)/a 'T‘ritall'g t?/ agimsulai'urr\]g t|>|el;/1vawor. ntitative orediction of
some geometrical factor times the inverseogf [Eq. (2)], f? ati\c/) € ritiSClIJSSnor a icr)1 sa Elflal fi ald € prediction o
which naturally gives the observed exponential temperaturgqe etiective critical energy in a parailet Tield,

dependence observed experimentally. The high-temperature _ -~ _
resistance of the critical density network is naturally around e(H)=e(H=0)+7(Vog+ wcz wq)/2. (6)

h/e?, the only resistance scale in this model. At zero temperature, when the resistance on the insulating
side is infinite, we expect the resistance on the metallic side
V. PARALLEL MAGNETIC FIELDS > €e(H=0) to diverge with increasing field,
The effect of a parallel magnetic field on the overall con- R(H)~[pn—e(H)]" @)

ductance is determined by the way it affects the individual
points contacts. The effect of a parallel field on transport For a finite temperature this divergence is cutoff by the
through a single QPC has been studied in défallhese finite resistance of the insulator, and the magnetic-field de-
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FIG. 4. Comparison between the experimental d&taf. 25
and the predictions of the model, demonstrating that a parallel mag-
netic field causes the metallic system to cross over gradually to the 10°F
insulating regime. 3

pendence changes as one crosses into the insulating side.
This behavior is clearly seen in the experimental data of Ref.
25 (very similar data was also reported by Mergtsal %®).
Figure 5 depicts the experimental df&téor the magnetic-
field dependence of the reSIStgnce, Compared tq what is e redictions. On the metallic side, the magnetic field shifts the criti-
pected fro_m the mod_el. Th? dlfference n behavior betwee al point towards the chemical potential, leading to a divergence in
the_ me_talllc and the msulatlng regimes is clear. On_ the meg,o resistance, which is cut off by finite temperature.
tallic side we see that the resistance increases rapidly as the
magnetic field brings the critical point closer to the chemical
B e o St change ofbehivir 2 e S/ Bependence of e crial fild on densy, wich can be
insulating side to begin with, then the magnetic field depen- educed from the inversion of E¢),
dence of the resistance is similar to what is usually seen in
systems where transport is via variable-range hoppirig. He=m*c/eA(H)?+ 2k woA(H), (8)
these systems the positive magnetoresistance is due to spin
polarization?® The magnetic-field dependence on the insulatwhere A(H)=¢.(H)—e,(H=0). The comparison of the
ing side depicted in Fig. 5 is assumed here to be due to thatrediction of this simple equation to the data is depicted in
process. In this regime, however, the magnetic field at whiclirig. 6 for two samples cut from the same wafer. The fitting
there is a marked change in behavior is spin-related angarameters are the zero-field critical point, which can be read
should depend only weakly on density. The fact that thedirectly from the data, the gate capacitance—the rate at
resistance keeps changing with magnetic field, even thougWwhich the Fermi energy changes with density, and the con-
the spins saturated and the insulator resistance is fieldining energy in the perpendicular directiohgwg. It is en-
independent in this regime, is due to the fact that the criticatouraging to note that while the critical energy, which is
energy keeps shifting, and thus the relative contribution ofletermined by the disorder realization, and the gate capaci-
the insulating and the metallic QPCs is still changing. Atance, which is determined by the geometry, are different for
recent experimental investigation of the magnetoresistance ithe two samples, both sets of data can be fitted by the same
the insulating sid® indeed supports this mechanism. value of the perpendicular confining energy, which ought to
As was mentioned above, the critical point in the density—be the same for the two samples, and turns out td g
magnetic-field plane shifts towards higher densities with in-=0.8 meV, leading to an extension of the wave function in

B,(T)

FIG. 5. Comparison of the experimentally measured resistance,
as a function of the parallel magnetic figlRef. 25 to the model

creasing magnetic field. Yoaet al?® have also measured the
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i ; FIG. 7. The critical density—the number of electrons in the
FIG. 6. Comparison of the measured density dependence of th|t‘§‘uddle, so that the topmost energy will allow transport through the

critical magnetic flgld(.Ref. 29 (circles to the prediction (.)f the point contact—as a function of the magnetic field in the presence of
theory[Eq. (8), solid lined. The two data sets are tWO, different a finite disorder. The continuous curve is an averaged fit through the
samples cut from the_ same Waf_ef' and can be fitted using the sanEﬁecessarily integgedata points. Top-right inset: the corresponding
value of the perpendicular confining energy. experimental data(Ref. 39. Bottom-left inset: results of the

effective-medium theoryRef. 36.
the perpendicular direction of the order of 11 nm, similar to

the value used by the authors of Ref. 15 to fit their experi-. _1 ive. leadi inale dio in th
mental data. tion, nearv=1, may survive, leading to a single dip in the

Interestingly, it seems that the effects of parallel fields caﬁ:”t'Cal density vs the magnetic field plot, as was observed

be understood without employing the electron spin. As aexperimentally. In order to allow for the averaging proce-

parallel field will also reduce the conductance of some of thedure’ one h‘.'j‘S to take the full conduc'gance d|.str|but|on Into
point contacts from 82/h to e2/h, the Zeeman effect will account, which is beyond the two-species scaling theory. For

also increase the system’s resistance. It should be noted thgfmpleteness | report here re%glts of numerical calculdtions
while the coupling of the in-plane motion to the confining and effect!ve-medlum theory:*® In the numerical calcula-
potential in the perpendicular direction was also considered®"” | studied the energy Ieyels of one puddle of electrons,
by Das Sarma and Hwari§the magnetoresistance predicted W.h'Ch Vr‘g? modeled by a cwgulgr. disk, n tf,‘,e presence of
here, in contrast with Ref. 30, should not exhibit any anisot-dlsorde " In Fig. 7 1 plot the “critical density”—the num-
ropy. The reason is that the direction of transport through th(!?er of electrons that need to occupy the puddle, so that the

; ; : nergy of the highest-energy electron will be enough to
guantum point contacts is expected to be random, with n ) .
preferred direction. (?ransverse the QP equivalent in the bulk system to the

critical density—as a function of magnetic field. Indeed a dip
near v=1 is clearly seen, with all other oscillations
VI. PERPENDICULAR MAGNETIC FIELDS smoothed out by the disorder. This curve has a strong resem-
blance to the experimental dalatop-right insel. The re-
While the longitudinal resistance depends exponentiallysyts of the effective-medium theory are depicted in the
on temperature, the weak-field Hall resistance is practicallyyottom-left inset, again demonstrating a dip near1. In
independent of temperatuféSuch an observation might be aqdition, it is expected that as the magnetic field is lowered
hard to account for in theories that argue for new non-Fermig|ow they=1 minimum, more than one channel will trans-
liquid-like behavior, but it is trivial in the present model— yerse some QPCs, leading to an increase in the critical con-
the critical exponent for the Hall coefficient in a two dimen- gyctance, as indeed reported experimentally.
sional percolation problem is exactly zefoand thus the
Hall coefficient should display no critical behavior at the

c_ritical point. This predi_ction was in_deed cor)fi(med in clas- VIl. REDUCTION FACTORS LARGER THAN 2
sical percolation experiment3,and is very similar to that
observed by Pudalov et 3. In the degenerate electron limiT&Eg), the biggest re-

The situation in larger perpendicular magnetic fields isduction factor in the resistance on the metallic side with de-
more interesting, as quantum H&H) states are formed. creasing temperature is a factor of 2. On the other hand,
Transport through a single QPC in the perpendicular fieldeduction factors close to an order of magnitude and even
and the crossover between the zero-field limit and the QHargef° have been observed experimentally, especially in
limit have been studied in detdft. As expected, one finds silicon-based samples. Here | show that when temperature
that the critical energy oscillates with magnetic field due tobecomes of the same order of magnitudeEef, the reduc-
the depopulation of Landau levels. In the present case, thigon factor in the model can assume arbitrarily large
oscillations are smoothed out by the disorder and by théactors*
averaging over many QPCs. Thus only the strongest oscilla- The electron density is given by
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2.0

effects are irrelevant. For example, the formation of the elec-
tron puddles may be dominated by interaction effdstse,
e.g., Ref. 12 and dephasing is certainly dominated at these
low temperatures by electron-electron interactions. Other ef-
fects, including the energy dependence of the transmission
coefficient and the possibility of more than one channel
through the QPCs, the role of interband-scatterimgd
temperature-dependent impuritiesay also be important to
understand quantitative aspects of the data. Nevertheless, the
fact that several important aspects of the experimental data
can be explained in the context of a simple model is quite
encouraging.
Some predictions made in Ref. 13, where the model was
presented, were already confirmed. The mechanism for the
00,0 02 oa o8 0B 10 quenching of the metallic phase by a parallel magnetic field
temperature was suggested there, and, as discussed above, agrees very
well with recent experiments. Moreover, it was suggested
FIG. 8. The temperature dependence of the conductance in thiat local measurements will be able to explore the percola-
degenerate KT<Eg) and in the degenerate regim&T=Er).  tjve nature of the insulating phase. Indeed, llanal*® have
While in the nondegenerate regime, the conductance can decreagge( |ocal probes to measure the change of the local chemi-
by a factor of two, it can decrease arbitrarily in the nondegenerate potential with density. While on the metallic side the
regime, due to the temperature dependence of the chemical poteiy a5 from all probes were identical, and were accurately
tial (inse}. described by Hartree-Fock theory, these probes gave differ-
ent signals on the insulating side, which the authors inter-
_ (" Po _ preted as a signature of a percolative phdge indirect
n= fo d61+exp[(e—,u)/T] =poTIN[1+expu/T)] experimental verification of the percolation process in the
(9)  QH regime was already reported in Ref,)42s the metallic
) ) ) uddles can be thought of as quantum dots, one can use the
where po, assumed constant, is the electronic density 0gbundant information about such structdfe® gain addi-
states(per energy and per volumeand u, the chemical (jonal understanding of the characteristics of the puddles and
potential, is measured relative to the bottom of the bandye phase separation. Such local prébé%can give a
Inverting the above equation, the chemical potential for asmoking gun” verification of the picture presented here by
given density is looking for the periodic oscillations of the local chemical
potential on the insulating side, due to depopulation of the
Landau levels, as was observed in quantum tfoiRe-
cently, after the submission of my work, the authors of Ref.
atléS reported the formation of local puddles or local states as
e system crosses from the metallic to the insulating side.
To conclude, a semiclassical model, combining local
uantum transport and global classical percolation was em-
loyed to explain the observed metal-insulator transition.
he model attributes the transition to the finite dephasing
ngth in these temperatures. As temperature is lowered even

Substituting the above expression in the expression for th rther. and the dephasing lenath becomes laraer than the
conductance through a single point contédldtdemonstrates u e phasing ‘'eng ger than
uddle size, quantum localization effects should kick in.

that the conductance can decrease arbitrarily with increasin@uch weak-localization corrections in the metallic side were
temperature(or, equivalently, that the resistance can de-;

crease by an arbitrary factor with decreasing temperatlre indeed observed experimentalfy;” confirming the expecta-

Fig. 8 the temperature dependence of the conductance Eg)n that if the dephasing 'e'?gth indeed diverges at zero tem-
plotted for two values of the Fermi energs . The curve perature, these systems will eventually becomes Anderson
F .

for Eg>T shows the expected behavior for the degeneraténsmators'
electron gas—the conductance decreases and saturates at a
value smaller from the zero temperature conductance by a
factor of 2. On the other hand, in the nondegenerate regime,
E~T, the conductance decreases by a much larger factor. | thank many of my colleagues for fruitful discussions: A.
Auerbach, Y. Gefen, Y. Hanein, S. llani, P. McEuen, D.
VIIl. CONCLUSIONS Shahar, E. Shimshon'i, U. Sivan, A. Stern, N. S Wingreen,
A. Yacoby, and Y. Yaish. In particular, | would like to thank
All the above results and discussion demonstrated that. Hanein and D. Shahar and U. Sivan and Y. Yaish for
many of the experimental observations can be explained imaking their data available to me. This work was supported
the context of the simple semiclassical, noninteracting moddby The Israel Science Foundation—Centers of Excellence
introduced here. This is not to say that interactions and othéProgram, and by the German Ministry of Science.

-
2]

conductance (e°/h)
(=]

o
)

p=TIn[expn/poT)—1]=TIn[exp(EL/T)—1], (10

where the Fermi energy is defined as the:0 limit of the
chemical potential. These textbook expressions demonstr
that while the Fermi energy varies linearly with the density,
the chemical potential may be more sensitive to density
variations in the nondegenerate linfit- Er . Moreover, the 9
chemical potential is now temperature dependent, and délj:
creases with increasing temperat@see the inset in Fig.)8
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