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A theoretical investigation is carried out into the effect of spontaneously generated coherence (SGC) on
Kerr nonlinearity of a four-level N-type system. It’s found that the Kerr nonlinearity can be obviously
enhanced with SGC present. We attribute the enhancement of Kerr nonlinearity mainly to the generation
of extra coherences induced by the superposition of the two SGC channels, and when the superposition is
controlled by the interference between two SGC channels properly, the maximal Kerr nonlinearity does
not only enter the electromagnetically induced transparency window as the spontaneous generated
coherences intensify, but also gets enhanced about 10 times with very large SGC coefficients than that
with no SGC effect.

� 2008 Published by Elsevier B.V.
1. Introduction

Optical properties of an atomic medium may be controlled and
modified by the application of a strong electromagnetic field. Phe-
nomena associated with electromagnetically induced transparency
(EIT) have attracted considerable attention in recent years and of-
fer a variety of interesting and potentially important applications.
The essence of EIT is that an atomic coherence is induced in a mul-
tilevel system by a strong controlling laser field, which alters the
response of the system to a probe laser field, and under the right
circumstances, the absorption of a weak-probe beam at the reso-
nance frequency can be substantially reduced.

It is now well known that another kind of coherence, spontane-
ously generated coherence (SGC), which refers to the interference
of spontaneous emission channels, can also change the steady-
state response of the medium. It can be created by the interference
spontaneously emission of either a single excited level to two clo-
sely lying atomic levels (K-type atom) [1] or two closely lying
atomic levels to a common atomic level (V-type atom) [2,3]. In a
cascade three-level (N-type) system, it can also be created in a
nearly spaced atomic levels case [4–6]. The existence of such
coherence requires that two closely lying levels be near-degener-
ate and that the two atomic dipole matrix elements be non-orthog-
onal when the atom is placed in free space.

The effects of SGC on absorption and dispersion [7], transpar-
ency [8], resonance fluorescence [9] and population inversion
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[10], spectral narrowing and elimination [11–15] have been exten-
sively investigated recently. Cheng et al. [16] found, in the case of
small dephasing in a K system, that instead of EIT at resonance,
electromagnetically induced absorption (EIA) can occur due to
the effect of SGC, besides, optical bistability can be realized with
the existence of strong SGC, and the appearance or disappearance
of bistability can be controlled by adjusting the relative phase be-
tween the two coherent fields [17]. Furthermore, it also makes pos-
sible to switch between bistability and multistability via SGC in a
three-level ladder-type system [18]. Bai et al. found that owing
to the effect of SGC, LWI can be realized without the incoherent
pumping or the decay between two upper levels in V system
[19]. Xu et al. [20] found it also because of SGC effect, that the
probe gain can be greatly enhanced and can be modulated by
changing the relative phase between the applied fields in a N-type
system. Xia et al. [21] carried out the first experimental investiga-
tion of constructive and destructive interference effects in sponta-
neous emission interference. However, repetition of this
experiment failed [22] and some controversies arose [23,24]. Re-
cently, there is experimental evidence that SGC plays a role in
charged GaAs quantum dots [25], which have been proposed as
elements in quantum-information networks. In atomic systems,
although it is difficult to realize SGC experimentally, there are sev-
eral proposals to simulate this effect. Ficek and Swain [26] have put
forward a project to obtain SGC from a V-type three-level system
with perpendicular dipole moments by a dc field.

As is known, Kerr-type nonlinear coefficients play a crucial role
in nonlinear optics. The large enhancement of nonlinear suscepti-
bilities with small absorption causes the nonlinear optics to be
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Fig. 1. Four-level N-type atomic system driven by three coherent fields.
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studied at low light levels [27–30], and it have been found various
useful applications such as optical Kerr shutters, generation of opti-
cal solitons, quantum logic operation [31] and so on. Large cross-
Kerr nonlinearity with vanishing linear susceptibility can be ob-
served in coherently prepared four-level N-type rubidium atoms
with a cross-phase modulation (XPM) scheme in experimental
[32]. Nevertheless, the effect of SGC on the self-Kerr nonlinearity
in multilevel systems has never been reported to our best knowl-
edge. Therefore, in this case, we intend to investigate the enhance-
ment of self-Kerr nonlinearity via SGC effect in a four-level N-type
system. Our research was based on a system in 87Rb atoms [33], the
results show that the Kerr nonlinearity can be obviously enhanced
with SGC present. We attribute the enhancement of Kerr nonlinear-
ity mainly to the generation of extra coherences induced by the
superposition of the two SGC channels, and when the superposition
is controlled by the interference between two SGC channels prop-
erly, the maximal Kerr nonlinearity does not only enter the electro-
magnetically induced transparency window as the spontaneous
generated coherences intensify, but also gets enhanced about 10
times with very large SGC coefficients than that with no SGC effect.
2. The system and density-matrix equation

The closed, four-level N-type atomic system is shown in Fig. 1.
2j i and 1j i are two lower levels and they are closely lying near-

degenerate. A probe field Xb is applied to the transition 2j i $ 3j i,
while the other two laser fields Xa and Xd are used to drive tran-
sitions 1j i $ 3j i and 2j i $ 4j i, respectively, and all the Rabi fre-
quencies (Xb, Xa, Xd) are considered real in our problem. c31 and
c32 denote the spontaneous decay rates from levels 3j i to levels
1j i and 2j i, respectively, c3 = c31 + c32; c42 and c41) denote the

spontaneous decay rates from level 4j i to levels 2j i and 1j i; respec-
tively, c4 = c41 + c42. xa, xb and xd are carrier frequencies of the
corresponding fields, and Da = x31�xa, Db = x32 �xb and Dd ¼
x42 �xd are detunings of the corresponding fields.

Because the two lower levels 2j i and 1j i are closely spaced so
that the two transitions to the excited state interact with the same
vacuum mode, spontaneously generated coherence can be present.
This N-type system can be regarded as concluding two K-type sys-
tems, one is 3j i � 1j i � 2j i; the other is 4j i � 1j i � 2j i; so there are
two spontaneous emission pathways respectively, they are, 3j i to
1j i and 2j i; and, 4j i to 1j i and 2j i; therefore, two SGC terms must

be taken into consideration. Under the rotating-wave approxima-
tion, the systematic density matrix in the interaction picture
involving the SGC can be written as

_q11 ¼ �iðq13 � q31ÞXa þ 2ðc41q44 þ c31q33Þ
_q12 ¼ iððDa � DbÞq12 þ q32Xa � q13Xb � q14XdÞ

þ 2ðg1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c31c32

p
q33 þ g2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c41c42

p
q44Þ

_q13 ¼ iðDaq13 þ ð�q11 þ q33ÞXa � q12XbÞ � ðc31 þ c32Þq13

_q14 ¼ iððDa � Db þ DdÞq14 þ q34Xa � q12XdÞ � ðc41 þ c42Þq14

_q22 ¼ �iððq23 � q32ÞXbÞ þ ðq24 � q42ÞXd þ 2ðc42q44 þ c32q33Þ
_q23 ¼ iðDbq23 � q21Xa þ ð�q22 þ q33ÞXb þ q43XdÞ � ðc31 þ c32Þq23

_q24 ¼ iðDdq24 þ q34XbÞ þ ð�q22 þ q44ÞXd � ðc41 þ c42Þq24

_q33 ¼ iððq13 � q31ÞXa þ ðq23 � q32ÞXbÞ � 2ðc31 þ c32Þq33

_q34 ¼ �iððDb � DdÞq34 � q14Xa � q24Xb þ q32XdÞ
� ðc31 þ c32 þ c31 þ c32Þq34

_q44 ¼ iðq24 � q42ÞXd � 2ðc41 þ c42Þq44

ð1Þ

The above equations are constrained by q11 + q22 + q33 + q44 = 1,
and q�ji ¼ qij. The effect of SGC is very sensitive to the orientations
of the atomic dipole moments l31 and l32 (l41 and l42). The
parameter g1 (g2) denotes the alignment of the two dipole mo-
ments and is defined as g1 ¼ ~l31 � ~l32=j~l31 � ~l32j ¼
cos h1ðg2 ¼ ~l41 � ~l42=j~l41 � ~l42j ¼ cos h2Þ, and h1 (h2) is the angle
between the two induced dipole moments, it is always nonzero,
though it could be small. The terms g1

ffiffiffiffiffiffiffiffiffiffiffiffiffic31c32
p ðg2

ffiffiffiffiffiffiffiffiffiffiffiffiffic41c42
p Þ in

Eq. (1) represent the quantum interference resulting from the cross
coupling between spontaneous emission paths 3j i � 1j i and
3j i � 2j ið 4j i � 1j i and 4j i � 2j i). If the two dipole moments ~l31

and ~l32ð~l41 and ~l42Þ are parallel, g1 (g2) = 1, and SGC is maximum,
if the two dipole moments ~l31 and ~l32vecl41 and ~l42) are orthog-
onal, g1 (g2) = 0, and Eq. (1) reduce to the equation for a four-level
N-type atomic system without SGC. With the restriction that each
field acts only on one transition, the Rabi frequencies are con-
nected to the angle h1(h2) and represented by XaðbÞ ¼ X0

aðbÞ sin h1 ¼
X0

aðbÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� g2

1

q
ðXd ¼ X0

d sin h2 ¼ X0
d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� g2

2

q
Þ. It should be noted that

only for small energy spacing between the two lower levels are
the interference terms in Eq. (1) significant; otherwise the oscilla-
tory terms will average out to zero and thereby the SGC effect
vanishes.
3. Analytical solutions obtained by iterative method

It is known that the response of the atomic medium to the
probe field is governed by its polarization P ¼ e0ðEavþ
E�av�Þ=2;with v being the susceptibility of the atomic medium. By
performing a quantum average of the dipole moment over an
ensemble of N atoms, we find P = N(l32q23 + l23q32). In order to
derive the linear and nonlinear susceptibilities, we need to obtain
the steady-state solution of the density-matrix equations. In the
present approach, an iterative method is used and the density-ma-
trix elements are expressed as qmn ¼ qð0Þmn þ qð1Þmn þ qð2Þmn þ qð3Þmn þ � � �
Assuming that the probe field is much weaker than the other
two laser fields, the zeroth-order solution will be qð0Þ22 ¼ 1 and other
elements are equal to zero. For simplicity, we set the parameters
c31 = c32 = c41 = c42 = c, Da = Dd = 0 during calculation [20,34]. Un-
der the weak-probe approximation, we get the matrix element
q23 up to third order:

qð1Þ23 ¼�ð8c2DbXb�6icD2
bXb�D3

bXbþDbX
2
aXbþ4icXbX

2
dþDbXbX

2
dÞ=A

qð1Þ12 ¼�ð8c2XaXbþ6icDbXaXb�D2
bXaXbþX3

aXb�XaXbX
2
dÞ=Aþ32ic3Db

qð1Þ34 ¼�ð�2cDbXbXd� iD2
bXbXd� iX2

aXbXdþ iXbX
3
dÞ=ð�iAþ32c3DbÞ

ð2Þ

qð2Þ12 ¼ ðð2cþ iDbÞXbð8c2 þ 6icDb � D2
b þX2

a þX2
dÞð4c2g1ðq

ð1Þ
23

� qð1Þ32 ÞX
2
a þ icðg1 þ g2Þðq

ð1Þ
34 þ qð1Þ43 ÞX

2
aXd

þ ð2c2ðg1 � g2Þðq
ð1Þ
23 � qð1Þ32 Þ � icðg1 þ g2Þðq

ð1Þ
12 þ qð1Þ21 ÞXa

þ 2ðg1 � g2Þðq
ð1Þ
23 � qð1Þ32 ÞX

2
aÞX

2
dÞÞ=ð4BCÞ ð3Þ
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qð2Þ22 ¼ ðXbð4c3ðqð1Þ12 þ qð1Þ21 ÞXa þ cðqð1Þ34 þ qð1Þ43 Þð4c2 þ 3X2
aÞXd

þ cðqð1Þ12 þ qð1Þ21 ÞXaX
2
d þ 2iðqð1Þ32 � qð1Þ23 Þðc2 þX2

aÞð4c2

þX2
dÞ=8cB ð4Þ

qð2Þ23 ¼ ðXaXbð8c2 � 6icDb � D2
b þX2

a �X2
dÞð4c2g1ðq

ð1Þ
23

� qð1Þ32 ÞX
2
a þ icðg1 þ g2Þðq

ð1Þ
34 þ qð1Þ43 ÞX

2
aXd

þ ð2c2ðg1 � g2Þðq
ð1Þ
23 � qð1Þ32 Þ � icðg1 þ g2Þðq

ð1Þ
12 þ qð1Þ21 ÞXa

þ 2ðg1 � g2Þðq
ð1Þ
23 � qð1Þ32 ÞX

2
aÞX

2
dÞÞ=ð�2iBCÞ ð5Þ

qð2Þ31 ¼ Xbð2c3ðqð1Þ23 � qð1Þ32 ÞXa � iðc2ðqð1Þ34 þ qð1Þ43 ÞXaXd

þX2
aðc2 þX2

dÞðq
ð1Þ
12 � 2c2X2

dq
ð1Þ
21 ÞÞÞ=4cB ð6Þ

qð2Þ33 ¼ Xbð4ic2ðqð1Þ23 � qð1Þ32 ÞX
2
a � cðqð1Þ34 þ qð1Þ43 ÞX

2
aXd

þ ðcðqð1Þ12 þ qð1Þ21 ÞXa þ 2iqð1Þ23 ðc2 þX2
aÞ

� 2iqð1Þ32 ðc2 þX2
aÞÞX

2
dÞ=8cB ð7Þ

qð2Þ34 ¼ ðð2cþ iDbÞXaXbXdð4c2g1ðq
ð1Þ
23 � qð1Þ32 ÞX

2
a þ icðg1 þ g2Þ

� ðqð1Þ34 þ qð1Þ43 ÞX
2
aXd þ ð2c2ðg1 � g2Þðq

ð1Þ
23 � qð1Þ32 Þ � icðg1

þ g2Þðq
ð1Þ
12 þ qð1Þ21 ÞXa þ 2ðg1 � g2Þðq

ð1Þ
23

� qð1Þ32 ÞX
2
aÞX

2
dÞÞ=ð2BCÞ ð8Þ

q2
42 ¼ Xbð�2ic2qð1Þ43 X2

a þ cðicðqð1Þ12 þ qð1Þ21 ÞXa þ 2qð1Þ23 ðc2 þX2
aÞ

� 2qð1Þ32 ðc2 þX2
aÞÞXd þ iðqð1Þ34 � qð1Þ43 Þðc2 þX2

aÞX
2
dÞ=4cB ð9Þ

qð3Þ23 ¼ ðXbð4ic2ðqð2Þ31 þ g1ðq
ð2Þ
23 � qð2Þ32 ÞÞX

3
að8c2 þX2

aÞ

� cX3
að8c2a1 þ 4icqð2Þ42 Xa þ a3X

2
aÞXd þXað16ic4ð2qð2Þ31

þ a2ðþ8c3ða1 þ 2ðqð2Þ22 � qð2Þ33 ÞÞXa þ 2ic2ð16qð2Þ31

þ ð7g1 � 9g2Þðq
ð2Þ
23 � qð2Þ32 ÞÞX

2
a þ ca1X

3
a þ 2ið2qð2Þ31 þ a2ÞX4

aÞX
2
d

þX3
aðca3 � 4iqð2Þ42 XaÞX3

d þ ð16cðc2 þX2
aÞðq

ð2Þ
22 � qð2Þ33 Þ

þXað�2ic2ð2qð2Þ31 þ a2Þ � ca1Xa þ 2ið2q31ð2Þ þ a2ÞX2
aÞÞX

4
d

þ 4iqð2Þ22 ðc2 þX2
aÞX

5
d þ D2

bð4c2X2
að6cðqð2Þ33 � qð2Þ22 Þ � iðqð2Þ31

þ g1ðq
ð2Þ
23 � qð2Þ32 ÞÞXaÞ þ cX2

að�4icqð2Þ42 þ a3XaÞXd

þ ð24cðc2 þX2
aÞðq

ð2Þ
33 � qð2Þ22 Þ þXað2ic2ð2qð2Þ31 þ a2Þ þ ca1Xa

þ 2ið2qð2Þ31 þ a2ÞX2
aÞÞX

2
d � 4iqð2Þ42 ðc2 þX2

aÞX
3
dÞ

þ 4iD3
bðq

ð2Þ
22 � qð2Þ33 ÞBþ 2Dbð2iqð2Þ33 ð8c2 þX2

a þX2
dÞDÞ

þ cð12c2ðqð2Þ31 þ g1ðq
ð2Þ
23 � qð2Þ32 ÞÞX

3
a þ cX2

að4cqð2Þ42 þ 3ia3XaÞXd

þ 3Xað2c2ð2qð2Þ31 þ a2Þ � ica1Xa þ 2ð2qð2Þ31 þ a2ÞX2
aÞX

2
d

þ 4qð2Þ22 ðc2 þX2
aÞX

3
dÞ � 2iqð2Þ22 ð8c2 þX2

a þX2
dÞBÞÞÞ=4Bð�C

þ 16ðDbð2c2 þX2
a þX2

dÞ � D4
bÞÞ ð10Þ

A ¼ ð�16ic3Db � 20c2D2
b þ 8icD3

b þ D4
b þ 8c2X2

a � 8icDbX
2
a

� 2D2
bX

2
a þX4

a þ 8c2X2
d � 8icDbX

2
d � 2D2

bX
2
d � 2X2

aX
2
d þX4

dÞ

B ¼ c2X2
d þX2

aðc2 þX2
aÞ

C ¼ ð�8cD3
b � iD4

b þ 8cDbð2c2 þX2
a þX2

dÞ þ 2iD2
bð10c2 þX2

a þX2
dÞ

� iðX4
a þ 8c2X2

d þX4
d þX2

að8c2 � 2X2
dÞÞÞÞ

D ¼ c2X2
a þ ðc2 þX2

aÞX
2
d ð11Þ
a1 ¼ ðg1 þ g2Þðq
ð2Þ
12 þ qð2Þ21 Þ

a2 ¼ ðg1 � g2Þðq
ð2Þ
23 � qð2Þ32 Þ

a3 ¼ ðg1 þ g2Þðq
ð2Þ
34 þ qð2Þ43 Þ

ð12Þ

Therefore, the first- and third-order susceptibilities v(1) and v(3)

can be attained according to following expressions:

vð1Þ ¼ �2Nj~l23j2

e0�hXp
qð1Þ23 ð13Þ

vð3Þ ¼ �2Nj~l23j4

3e0�hX3
p

qð3Þ23 ð14Þ
4. Effect of SGC on dynamics

In the expressions (13) and (14), where v(1) is the linear suscep-
tibility and v(3) is the third-order susceptibility. The linear absorp-
tion proportional to the imaginary part of v(1), while the Kerr
nonlinearity corresponds to the real part of the third-order suscep-
tibility in optical media and the nonlinear absorption to the imag-
inary part. As is known, the angle h1 (h2) between the two induced
dipole moments can be controlled by the applied fields, hence,
g1(g2) can be controlled. We show the linear absorption (dotted
curve) and the refractive part of the third-order susceptibility
(solid curve) as a function of the probe detuning in the following
figures according to expressions (13) and (14) with different SGC
coefficients.

From Fig. 3a, we can see that when g1 = g2 = 0, which demon-
strates no interference between spontaneous emission channels,
a couple of general linear absorption and Kerr nonlinearity curves
occur [35] For small values of g1 and g2, because the change of the
system behavior is small and the results are quite similar to those
of g1 = g2 = 0, we do not show them here. With the spontaneous
emission interference becoming strong, for example, in Fig. 2a,
the refractive part of the third-order susceptibility is enhanced
but the Kerr nonlinearity is very weak accompanied by strong
absorption when g2 = 0 and g1 = 0.99. Although the refractive part
of the third-order susceptibility evidently builds up when SGC ef-
fect becomes great in Fig. 2c, there still exists some absorption.
Fortunately, in Fig. 3, when we control the SGC coefficients
g1 = g2 = 0.99, it is easy to see that the maximum value of the Kerr
nonlinearity at g1 = g2 = 0.99; is about 10 times that at g1 = g2 = 0,
in addition, the maximum of Kerr nonlinearity enters the narrow-
ing EIT window gradually [36] and therefore the corresponding lin-
ear absorption becomes negligible, since the linear absorption is
very low, the nonlinear absorption given by the imaginary part of
v(3) should be considered now. We can found that the variation
of the nonlinear absorption (dashed–dotted curve) with SGC is
very similar to that of linear absorption (dotted curve). Therefore,
the enhanced Kerr nonlinearity gradually enters the ‘‘nonlinear
EIT window” and the ratio of the real and imaginary parts of v(3)

improves significantly when the SGC intensifies from g1 = g2 = 0
to g1 = g2 = 0.99. This means that in the case of optimal SGC, both
enhanced Kerr nonlinearity and negligible linear and nonlinear
absorption can be realized simultaneously.
5. Analysis of above results

By close inspection of the analytical expression of qð3Þ23 ; though
Eq. (10) looks complex, we can clearly find that how the two SGC
coefficients g1 and g2 affect the whole system. Density-matrix ele-
ments qð2Þ12 ;q

ð2Þ
23 ;q

ð2Þ
34 in Eq. (10) are the three extra coherence terms

that introduced by SGC. The reason why there are three extra
coherence terms is that N-type is a multilevel system, and then,
there are two SGC channels, both of which are similar to that of
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K-type three-level system. As the analytical expression for qð3Þ23

shows, the generations of all the extra terms are mainly because

of the superposition of the two SGC channels. The extra term qð2Þ23

mainly multiplies g1 � g2, that is to say, qð2Þ23 is generated mainly
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Fig. 4. (a) The real part of the extra coherence terms in qð3Þ23 ; (b) the imaginary part
of the extra coherence terms in qð3Þ23 . Parameters are the same as in Fig. 2.
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because of the destruction superposition, besides, the other two
extra terms qð2Þ12 and qð2Þ34 multiply g1 + g2, which means, the gener-
ation of them are because of the construction superposition.
Accordingly, by controlling the interference between SGC channels
properly, we successfully attain the enhanced Kerr nonlinearity
with negligible linear and nonlinear absorption under the condi-
tion of the strong SGC effects in multilevel systems.

Fig. 4 shows the real part (a) and the imaginary part (b) of all
the extra coherence terms in qð3Þ23 as a function of the probe detun-
ing. We surprisingly find that, the stronger the SGC is, the more
remarkable the coherence becomes, besides, the curves of both
the real part of the extra terms and the imaginary part (when
g1(g2) – 0), are all very similar to those of Im [v(3)] and Re [v(3)]
in Fig. 3, which means, just because of the extra coherence terms
created by SGC that contribute to the enhancement of Kerr
nonlinearity.
6. Conclusion

We have investigated the effect of SGC on the self-Kerr nonlin-
earity in a four-level N-type system. It was found that the interfer-
ence between the two SGC channels can be controlled for
enhancing the self-Kerr nonlinearity in this multilevel atomic sys-
tem, and the maximum Kerr nonlinearity can be enhanced about
10 times at large SGC coefficient comparing with SGC effect non-
existence. The superposition of the two SGC channels induce three
extra coherence terms (while in the general three-level systems,
they are only one extra term [37]), therefore, give rise to the
enhancement of Kerr nonlinearity enters the EIT windows as the
SGC intensifies.
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