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Recently, intense room-temperature midinfrared luminescent emission has been observed in high-symmetry
PbTe quantum dots �QDs� embedded in a �001�-oriented CdTe single crystalline matrix �W. Heiss et al., Appl.
Phys. Lett. 88, 192109 �2006��. To interpret the optical transition in these newly realized QDs, we have

developed a four-band k� · p� model that takes into account the anisotropic effects of the band structure and
finite-confinement potential in the QDs. The high order term o�ki

4� in the Hamiltonian is calculated using
perturbation approximation methods. The simulation of the spontaneous emission of PbTe/CdTe QDs shows
that two types of quantum structures were formed by the thermal annealing of the PbTe/CdTe quantum wells,
as reported by Heiss et al., and the calculations are in good agreement with the experimental observations of
the dot sizes and photoluminescence. The model can be extended to the description of interband optical
transitions in other IV-VI QDs, such as PbSe/PbTe and PbSe/PbEuTe QDs that usually have a large size �with
a typical lateral size of 50 nm and height of 20 nm� and small quantum confinement potential ��100 meV� and
are oriented in different directions.
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I. INTRODUCTION

Semiconductor quantum dots �QDs� have attracted much
attention in the past few years due to their intrinsic physical
nature and potential applications in a number of improved
and novel electro-optical devices.1 IV-VI semiconductors
�such as PbTe, PbSe, and PbS� have several characteristics
sufficiently different from more commonly studied III-V and
II-VI semiconductors to justify further experimental and the-
oretical investigation. These characteristics include a sym-
metric conduction- and valence-band structure, a high dielec-
tric constant, and a fourfold degenerate �neglecting spin�
direct band gap at the L point in k space. Symmetric bands
and high dielectric constants result in good confinement for
both electrons and holes in low-dimensional structures. The
Bohr radii for electrons and holes in PbSe and PbTe are
estimated to be 23 and 70 nm, respectively,2 which are sig-
nificantly larger than those for II-VI semiconductors such as
CdSe �ae�3 nm and ah�1 nm�.3 The materials are techno-
logically interesting because the absence of a degenerate
heavy hole band reduces nonradiative Auger recombination
rates by more than 1 order of magnitude as compared with
III-V and II-VI materials that have similar narrow band
gaps.4 Moreover, unlike larger band gap II-VI materials,
IV-VI QDs can be tuned with dot size to be optically active
in the mid- and near-infrared spectral regions, so IV-VI QDs
are promising materials for novel infrared-optical devices in-
cluding optoelectronic components for 1.3 and 1.55 �m fiber
optical communications.5

IV-VI QDs have been fabricated by molecular beam epi-
taxy and other synthesis methods.2,6–8 Recently, Heiss et al.9

demonstrated that PbTe QDs could be fabricated by anneal-
ing PbTe�001� /CdTe�001� single quantum well structures at
different temperatures and observed room-temperature mid-
infrared photoluminescence with intensities significantly

higher than those observed from their best PbTe bulk or
quantum well samples. Transmission electron microscopy
characterization showed that the PbTe/CdTe QDs had
a highly symmetric geometry of a small-rhombo-cubo-
octahedron with three interface classes �100�, �110�, and
�111� around the periphery of the dots �see Fig. 1�a��.9 These
QD geometries are quite different from the spherical one that
was modeled in previous analysis of IV-VI QDs.10,11 In ad-
dition, the quantum confinement potential in the PbTe/CdTe
QDs is much smaller ��Eg=1.2 eV� than the IV-VI/SiO2
QDs modeled in prior work, so a finite potential well model
is needed instead of the infinite potential well model used
earlier,10,11 where the high order o�ki

4� contribution to the
Hamiltonian was not considered. Furthermore, the newly re-
alized PbTe/CdTe QDs9 had dot sizes much bigger, on the
order of 25 nm, than those modeled previously. In this paper,
we present a theoretical model to calculate interband optical
transitions in PbTe/CdTe zero dimensional structures in
which two types of QDs are involved, cubic and elongated
ones. The QD geometry is approximated by a quantum box
with six �100� facets. The model is based on the four-band

k� · p� envelope function approach, which takes into account
the anisotropic effects of the band structure of the IV-VI
semiconductors �the constant energy surfaces are prolate
ellipsoids of revolution characterized by longitudinal and
transverse effective masses, m�

* and m�
* , respectively, with

the major axes of the ellipsoids in the 	111
 directions� and
the finite-confinement-potential effect. The high order o�ki

4�
contribution to the Hamiltonian is also calculated using the
perturbation approximation. Using the model, we success-
fully describe the observed photoluminescence �PL� spectra
from high-symmetry PbTe quantum dots embedded in �001�-
oriented CdTe matrix material.9 This theoretical model can
be extended to interpret also the interband optical transitions
in other IV-VI QDs, such as PbSe/PbTe and PbSe/PbEuTe
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QDs6 that have a small confinement potential and are ori-
ented in different directions ��001�, �111�, or �110�� by ap-
propriate projection of a coordinate axis.

The paper is organized as follows. In Sec. II, we present
system descriptions and anisotropic calculations for
PbTe/CdTe QDs. In Sec. III, we present the model to calcu-
late spontaneous emission rates in PbTe/CdTe QDs. In Sec.
IV, we show the calculated results of interband transition
energies and emission spectra of PbTe/CdTe QDs with uni-
form dot size. Also, we show the simulation results of pho-
toluminescence spectra of QD ensembles, and the validity
and utility of the model are discussed. Finally, in Sec. V, we
present the conclusions of this paper.

II. SYSTEM DESCRIPTIONS AND ANISOTROPY
CALCULATIONS

The morphologies and energy levels for
PbTe�001� /CdTe�001� QDs are shown in Fig. 1. As charac-
terized by transmission electron microscopy �TEM�,9 after
thermal annealing at 250 °C, the PbTe/CdTe quantum well
structure was firstly broken up into elongated islands with an
average thickness of about 10 nm and lateral extents of sev-
eral 100 nm. These elongated islands were then partially
transformed into highly symmetric QDs with an average size
of about 25 nm after further annealing at a temperature
higher than 280 °C. The QDs exhibit symmetric geometry
with �100�, �110�, and �111� facets, a geometric shape of
small-rhombo-cubo-octahedrons, as sketched in Fig. 1�b�
with gray color. This PbTe QD geometry results from the
exposure of the low surface energy crystallographic planes as
the system approaches thermodynamic equilibrium at high
annealing temperatures.9 To calculate the band energies and
optical transitions in these interesting QDs, the highly sym-
metric QD is approximated by a cubic quantum box with

�100� facets and the elongated island is approximated by a
compressed quantum box with an average height of 10 nm.
Type I band alignment was assumed for the PbTe/CdTe
interface,12 as shown in Fig. 1�c�. It is assumed here that the
ratio between the conduction and the valence band offsets
��Ec /�Ev� is 1:1 due to the high symmetry of conduction
band and valence band and the lack of reliable data on band
offsets at the PbTe/CdTe heterointerface. To verify this as-
sumption, we calculated the transition energies of ground
states at different band offsets ��Ec /�Ev=1:1, 4:1, and
11:1� and found that for PbTe QDs with dot size larger than
20 nm, the band offset variation only leads to a small change
of the interband transition energies ��15 meV�. The band
gap of PbTe is 0.32 eV at 300 K,13 and that of CdTe is
1.5 eV.14 The three-dimensional �3D� potential well of the
quantum box can be decomposed into three one-dimensional
�1D� wells that lie along the x, y, and z directions.15 These
1D potential wells are plotted in Fig. 1�d�.

As mentioned above, the IV-VI semiconductors have an-
isotropic band structure characteristics. The anisotropy of the
constant energy surfaces can be taken into account through
calculations of quantized energy levels in QDs �see Appen-
dix A�. The so-called carrier mobility effective masses mw

*

=3m�
* m�

* / �2m�
*+m�

* � in Eq. �A11� for �001�-oriented
PbTe/CdTe QDs are the same to those in the �001� confined
direction of IV-VI QWs, which were derived from the energy
dispersion relations for IV-VI semiconductors using Kane’s
two-band model.16 Using the longitudinal and transverse ef-
fective masses, m�

* and m�
* at 300 K,17 the mobility effective

masses of the PbTe QDs are calculated to be mew
* =0.043m0

for electrons and mhw
* =0.050m0 for holes. The electron and

hole effective masses of the CdTe matrix material are isotro-
pic and the values are me

*=0.11m0 and mh
*=0.35m0,

respectively.18

III. CALCULATION OF SPONTANEOUS EMISSION RATE

The spontaneous emission from a PbTe QD originates
from the interband recombination of an electron with a hole
in discrete energy levels, and the excitonic effect can be ne-
glected due to the extremely high dielectric constant of �400
for bulk PbTe.19 The calculation of discrete energy levels and
envelope wave functions for �001�-oriented PbTe QDs is
given in Appendix A and the calculation of the optical tran-
sition matrix elements is given in Appendix B. The optical
gain for semiconductor QDs is given in Ref. 20, and the
spontaneous emission rate for PbTe QDs can be expressed by

Rsp�E� =
8�nr

2E2

h3c2

fc�1 − fv�
fc − fv

g�E�

=
8�nrNDe2E2

h2c3�0m0
2 �

c,v

�Pcv
� �2

Ecv
fc�1 − fv�Bcv�E − Ecv� ,

�1�

where fc is the electron probability distribution function in
the conduction band, fv is the hole probability distribution
function in the valence band, ND is the volume density of
dots, nr is the refractive index, and Ecv is the interband tran-
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FIG. 1. The description of PbTe/CdTe QD heterosystem: �a�
cross sectional TEM images of PbTe/CdTe QDs derived from Ref.
9, �b� geometry evolution of a PbTe QD versus annealing tempera-
tures and quantum box approximations, �c� the band alignment of
PbTe/CdTe heterosystem, �d� the three-dimensional �3D� potential
well of a quantum box is decomposed into three one-dimensional
�1D� wells that lie along the x, y, and z directions.
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sition energy, Ecv=Eg+Ec+Ev. Formula �1� takes homoge-
neous broadening into consideration, which has a Lorentzian
shape as

Bcv�E − Ecv� =
�	cv/�

�E − Ecv�2 + ��	cv�2 , �2�

where 	cv is the polarization dephasing or scattering rate.20

The carrier probability distribution functions �fc , fv� are re-
lated to the carrier density,

N = �
lmn

2
�Ec − Eclmn�
V

fc�Ec�

= �
lmn

2


1 + exp�Eclmn − Efc

kT
��wxwywz

, �3�

P = �
lmn

2
�Ev − Evlmn�
V

fv�Ev�

= �
lmn

2


1 + exp�Efv − Evlmn

kT
��wxwywz

, �4�

where N and P represent the electron and hole densities,
respectively. The quasi-Fermi energy levels �Efc ,Efv� and
discrete energy levels �Eclmn ,Evlmn� are measured from band
edges into bands for Efc, Eclmn�0 and Efv, Evlmn�0. wx, wy,
and wz are the widths of the QDs along the x, y, and z
directions, respectively.

The spontaneous emission spectra of the PbTe/CdTe QDs
are calculated by using the above theoretical model. The pa-
rameters used in the calculations are as follows. The refrac-
tive index �nr� for PbTe is 5.5. The dot density �ND� is as-
sumed to be the same value for all QDs with different sizes.
As a result, the calculations give comparable emission inten-
sities for different types of QDs. �	cv=10 meV is assumed
at 300 K, as given in Ref. 20. For the calculation of the
transition matrix element of Eq. �B8�, we use Eg=0.32 eV,
m�=me�

* , and m� =me�
* .

IV. RESULTS AND DISCUSSION

A. Spontaneous emission spectra of the PbTe/CdTe
quantum dots with uniform dot size

As a first step, we have calculated interband transition
energies for PbTe�001� /CdTe�001� QDs with a uniform dot
size by using the approximation of Appendix A. The high
order term of the Hamiltonian in Eq. �A11�, o��ki

4�, is treated
by the perturbation approach. Figure 2 shows the ground
state �1-1� and the first excited state �2-2� transition energies
as a function of dot size. The ground state transition energy
is 855 meV for 5 nm QDs. It sharply decreases to 376 meV
as the dot size increases to 25 nm and then decreases slowly
to 336 meV as the dot size reaches 50 nm. For comparison,
the transition energies of elongated islands with a height of
10 nm and the lateral extents of 30–50 nm are also plotted in

Fig. 2. The transition energies of the elongated islands are
higher than those of the QDs due to stronger quantum con-
finement in the vertical direction �along the z axis�. It can be
seen in Fig. 2 that in the dot size region of 30–50 nm, the
difference of the ground state transition energies between the
QDs and elongated islands is about 69 meV.

The quasi-Fermi energy in the conduction band �Efc� as a
function of electron density is plotted in Fig. 3 with the dot
size as a parameter. The quasi-Fermi energies for dots and
islands are almost the same and overlapped with each other,
and they increase with the electron density. The Efc of the
PbTe bulk material21 is also plotted in Fig. 3 for comparison.
At a fixed electron density, the Efc of PbTe QDs is much
higher than that of bulk PbTe. The difference of Efc between
the low-dimensional structures and the bulk material en-
larges with the increase of injected electron density.

Figure 4�a� shows the calculated spontaneous emission
spectra of the PbTe QDs as a function of dot size at an

FIG. 2. The calculated transition energies for PbTe QDs as a
function of dot size. The solid line is for the ground state �1-1�
interband transitions in the QDs. The dashed line is for the first
excited state �2-2� interband transitions in the QDs. The squares and
triangles are for the �1-1� and �2-2� transitions in the elongated
islands, respectively.

FIG. 3. The quasi-Fermi energies as a function of electron den-
sity for PbTe QDs and elongated islands. The quasi-Fermi energies
of PbTe bulk �labeled by stars� are also plotted for comparison.
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injected carrier density of 3�1017 cm−3. It can be seen that
the emissions from 10 and 15 nm QDs are weak and are
located at 548 and 446 meV, respectively. These emissions
originate from the recombination of electrons and holes in
the ground states �1-1�. As the dot size increases, the peak
intensity of the �1-1� transition gets stronger and the emis-
sion from the first excited states �2-2� emerges when the dot
size is larger than 20 nm. The reason for this behavior is that
the QD energy levels shift down to the extrema of the bands
as the dot size increases and below the quasi-Fermi energy
level, which is shown in the inset of Fig. 4�a�. As a result, the
product fc�1− fv� increases with the dot size, and that leads to
higher spontaneous emission rates. For a QD with typical
size of 25 nm, as an example, the emission is a function of
carrier density.

Figure 4�b� shows that at high-injected carrier densities,
the emission intensity from the first excited state increases
more quickly than that from the ground state. This can be
attributed to the ground state being fully occupied at high-
injected carrier densities �Efc is higher than the ground en-
ergy level�, and then the emission intensity reaches satura-
tion. The peak intensity of the �1-1� transition saturates at
3�1018 cm−3, as shown in the inset of Fig. 4�b�. Another
factor is that the first excited state is twofold degenerate in a
QD, as given in Fig. 4�c�. Consequently, more electrons are
needed to fill the first excited state energy level. This result
indicates that the emission spectra of PbTe QDs will change
at different pumping powers, which has already been ob-
served by PL measurements of PbTe/CdTe QDs.9 It should
be emphasized that this effect, caused by the different state
degeneracies that are particular to IV-VI semiconductors, has
not been investigated in prior work.

The calculated spontaneous emission spectra of the
elongated islands at an injected electron density of 3
�1017 cm−3 are given in Fig. 5. Figure 5�a� displays the
calculated spontaneous emission spectra of the PbTe elon-
gated islands at different lateral sizes but with a fixed height
of 10 nm. Figure 5�b� shows the calculated spontaneous
emission spectra of PbTe elongated islands at different
heights but with a fixed lateral size of 40 nm. The peak in-
tensities of the �2-2� transition are comparable to those of the
�1-1� transition. The change of the �1-1� peak positions ver-
sus island height is more pronounced than those with differ-
ent lateral sizes. Moreover, peak shifts decrease as the island
size increases. For example, a redshift of �4 meV for the
�1-1� peak is observed as the lateral size increases from
40 to 45 nm, and so is that of �2 meV as the lateral size
increases from 45 to 50 nm. Compared to the QDs that have
a size larger than 25 nm, the elongated islands of interest in
this work show weaker �1-1� emission intensities. This is
because the islands have almost the same quasi-Fermi energy
level but higher ground energy levels, as compared with the
QDs. Consequently, the occupation probability of the ground
state in elongated islands is smaller than that in QDs.

B. Simulation of photoluminescence spectra and dot size
distributions of the PbTe/CdTe quantum dot ensembles

The above calculations of the spontaneous emission spec-
tra of PbTe/CdTe QDs with a uniform dot size can be used

(a)

(b)

(c)

FIG. 4. �a� The calculated spontaneous emission spectra of PbTe
QDs at different dot sizes with an injected carrier density of 3
�1017 cm−3. The inset shows the dependence of discrete energy
levels and quasi-Fermi energies on the dot size. �b� The calculated
spontaneous emission spectra of the PbTe QDs �size: 25 nm� at
different carrier densities. The inset shows the maximum emission
intensity of the ground state �1-1� transition at different carrier den-
sities, and it saturates at the carrier density of 3�1018 cm−3. �c� The
quasi-Fermi energies vs carrier density for a 25 nm QD. The ground
and the first excited energy levels are also shown.
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to simulate the PL spectra measured from PbTe/CdTe QD
ensembles by which one can obtain the dot size distribution
of the PbTe/CdTe heterosystem. By comparing the calcu-
lated dot size distribution with that measured from TEM in
Ref. 9, we can proof test the validity and utility of our the-
oretical model.

The experimental data to be simulated here are photolu-
minescence spectra that are derived from Ref. 9. By charac-
terization with TEM, two types of PbTe low-dimensional
structures were observed in the PbTe/CdTe heterosystem,
i.e., the highly symmetric quantum dots with an average size
of 25 nm and the elongated islands with a height of about
10 nm. Therefore, the calculation of optical transitions
should include these two types of low-dimensional struc-
tures. Inhomogeneous broadening due to dot size distribution

fluctuations has been included in the spontaneous emission
formula �Eq. �1�� by defining a weight function W�x� as fol-
lows:

RSP = �
x

W�x�rsp�x� , �5�

where RSP is the photoluminescence spectrum from the en-
semble of dots and rsp�x� is the spontaneous emission spec-
trum from dots with the single size of x. W�x� is the weight
distribution function of dots with the size of x to the PL
spectrum, an exclusive fitting parameter. The relative dot size
distribution can be evaluated by W�x� /�xW�x�.

The measured and simulated PL spectra are plotted in Fig.
6. It can be seen that the calculated lines are in good agree-
ment with the experimental data. From the simulated results,
it can be concluded that the broad PL spectrum is composed
of two quantum structures: the emission at about 382 meV
�3.2 �m� from the ground state transition of the high-
symmetry quantum dot ensemble and the emissions at
428 meV �2.9 �m� and 481 �2.6 �m� meV from the ground
and the first excited state transitions of the elongated islands,
respectively. The relative size distributions for QDs and for
elongated islands are shown in Fig. 7. It can be seen from
Fig. 7 that the central distribution of the quantum dots for the
sample annealed at 320 °C is at 23 nm. For the samples
annealed at 280 and 250 °C, the simulation results show that
the central distribution of the quantum dots is at 21 nm. Fig-
ure 7 gives the central distribution of the elongated islands as
well at the height of 8 nm. The calculated dot sizes are in
good agreement with those measured by TEM with a small
error range ��2 nm�. The size deviation of the calculations
from the measured one can arise from the difference between
the shape of small-rhombo-cubo-octahedrons �observed by
TEM� and the cuboid geometries used in our model. The
volume of a cube is slightly larger than that of rhombo-cubo-
octahedron that is inscribed in the cube by cutting the verti-
ces. Therefore, the quantum confinement in the experimen-
tally realized PbTe/CdTe QDs is underestimated in some

(a)

(b)

FIG. 5. �a� Calculated spontaneous emission spectra of PbTe
elongated islands at different lateral sizes. The height of the islands
is fixed at 10 nm. The inset shows the dependence of discrete en-
ergy levels and quasi-Fermi energies on the lateral size of islands.
�b� Calculated spontaneous emission spectra of PbTe elongated is-
lands at different heights. The lateral size of islands is fixed at
40 nm.

FIG. 6. �Color online� Measured photoluminescence spectra
�solid line� and the simulated results �dashed line� for PbTe/CdTe
heterostructure �the sample was annealed at 320 °C �Ref. 9��.
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sort by our cuboid-geometry approximation. The dot sizes
derived from the simulations are, therefore, slightly smaller
than the sizes measured by TEM. However, this small devia-
tion can be easily calibrated by taking into account the geo-
metric shape difference.

Further simulations of the PL spectra measured from other
QD samples that were fabricated by different annealing tem-
peratures �250 and 280 °C� in Ref. 9 indicate that the dot
size distribution varies rarely with annealing temperature.
This result may explain the absence of PL peak shift of the
samples after different annealing temperatures. However, the
comparison of emission peak intensities of the QDs and
elongated islands indicates that the percent ratio of QD num-
ber to that of elongated islands varies with annealing tem-
perature, from 33% for 250 °C, 50% for 280 °C, to 80% for
320 °C. This means that more elongated islands were trans-
formed into quantum dots as the annealing temperature was
increased. As a result, the PL emission from the QD en-
semble exceeds that from elongated islands after annealing at
a higher temperature.

V. SUMMARY AND CONCLUSIONS

To describe the interband transitions of PbTe QDs embed-
ded in a CdTe single crystalline matrix, we have developed a
theoretical model that accounts for the anisotropy of the
PbTe band structure and the finite-confinement potential of
PbTe/CdTe heterosystem. Using the model, we have calcu-
lated the spontaneous emission spectra of the ground and the
first excited state transitions of PbTe QDs with different dot
sizes and injected carrier densities. The simulation of the
measured photoluminescence spectra for the PbTe/CdTe
heterostructure indicates the existence of the two types of
quantum structures created by thermal annealing of the
PbTe/CdTe quantum wells grown by MBE, i.e., highly sym-
metric quantum dots and elongated islands. The calculations
of the size distribution for PbTe QDs are in good agreement
with the TEM observation shown in Ref. 9, which verifies

the validity of the model in the description of an actual IV-VI
QD system that has different dot orientations, finite-
confinement potential, and anisotropic bands. The good de-
scription of spontaneous emission spectra for PbTe/CdTe
QDs by this model shows that it can be readily applied to the
design and fabrication of midinfrared optoelectronic devices
such as PbTe/CdTe QD laser diodes and detectors. Further-
more, it is possible to extend this model to the description of
optical transition in other IV-VI QDs, such as PbSe/PbTe
and PbSe/PbEuTe QDs that are large pyramids �with a typi-
cal lateral size of 50 nm and height of 20 nm� oriented in
different directions and having small quantum confinement
potential ��100 meV�.
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APPENDIX A: THE ANISOTROPIC FOUR-BAND
ENVELOPE-FUNCTION APPROXIMATION

To calculate the energy levels and the wave functions for
electrons and holes in cuboid-geometry QDs, we used a four-
band model, which takes into account the anisotropy and
accurately describes the band structure near the L point of
bulk PbTe. For IV-VI bulk materials, the conduction-band
edge is p-like, which is doubly degenerate having the Bloch
spin-orbital pair L6

−↑ �r� ,�� and L6
−↓ �r� ,�� due to the crystal

field and spin-orbit interaction. The valence-band edge is
s-like, which is doubly degenerate due to spin, with the
Bloch spin-orbital pair L6

+↑ �r� ,�� and L6
+↓ �r� ,��.22 Away

from the L point, the wave functions are sums of products of
the Bloch functions at the band-edge point of the Brillouin
zone and slowly varying envelope functions f i�r��,


�r�,�� = f1�r� �L6
−↑�r�,�� + f2�r� �L6

−↓�r�,��

+ f3�r� �L6
+↑�r�,�� + f4�r� �L6

+↓�r�,�� . �A1�

The envelope functions obey the following equation:

�
H− 0

�

m0
P�kz

�

m0
P�k−

0 H−
�

m0
P�k+ −

�

m0
P�kz

�

m0
P�kz

�

m0
P�k− H+ 0

�

m0
P�k+ −

�

m0
P�kz 0 H+

�� f1

f2

f3

f4

�
= E�

f1

f2

f3

f4

� , �A2�

where H±= � �Eg /2+ �1/2mt
±�kt

2+ �1/2ml
±�kz

2�, Eg is the band

FIG. 7. Calculated dot size distribution of the PbTe QDs and
height distribution of the PbTe elongated islands in the PbTe/CdTe
heterostructure annealed at 320 °C.
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gap, P� and P� are the longitudinal �along �111�� and per-
pendicular momentum interband matrix elements, ml

±�mt
±�

are the far band contributions to the longitudinal �transverse�
band-edge effective masses, kt

2=kx
2+ky

2, kz=−i� /�z, and k±

=kx± iky =−i�� /�x± i� /�y�. In this four-band k� · p� model, the
anisotropic effects of the band structure are included in the
off-diagonal elements.

For IV-VI bulk material, the envelope functions are plane

waves exp�ik� ·r� � and the eigenvalues E are the energy-band

dispersion functions E�k��. However, for quantum confined
structures such as quantum dots, the appropriate boundary
conditions at the interfaces should be taken into account, and
the envelope functions are no longer plane waves but the
solution of four coupled second-order differential equations.
These equations have been used to investigate the nonpara-
bolic and anisotropic quantized states for one-dimensional
confinement structure �PbTe QWs� in which H±= �Eg/2 and
two different sets of effective momentum matrix elements
�P�

e , P�
e � and �P�

h , P�
h � are used to calculate independently the

quantized state energies of an electron and a hole.23 The
present work extends the model of Ref. 23 to calculate elec-
tron energy levels in IV-VI quantum dots. Equation �A2� can
be rewritten as

� hc hcv

hvc hv
�� fc

fv
� = E� fc

fv
� , �A3�

where hc, hv, and hcv=hvc are 2�2 matrix operators. After a
simple algebra, one can obtain

H2�2
c fc = �hc + hcv�E − hv�−1hvc�fc = Efc, �A4a�

H2�2
v fv = �hv + hvc�E − hc�−1hcv�fv = Efv. �A4b�

For the longitudinal valley in a IV-VI QD grown along the
�111� direction, the coordinate frame system is set as

x � �11̄0�,y � �112̄�, and z � �111�, and hc= �H−+Q�x ,y ,z��I and
hv= �H++Q�x ,y ,z��I, where I is the 2�2 unit matrix and
Q�x ,y ,z� is a step function that sets the position of the center
of the gap along the confined direction. Performing now the
matrix products in Eq. �A4a�, for example, we get the fol-
lowing effective Hamiltonian for the conduction band:

H2�2
cL = �−

�2

2

�

�z

1

m�

�

�z
−

�2

2

�

�x

1

m�

�

�x

−
�2

2

�

�y

1

m�

�

�y
+

Eg

2
+ Q�I + �� so · ��� � K� � + o�ki

4� ,

�A5�

where

m�,� = m�,��x,y,z,E� =
1

2� P�,�
2

Am0
2 +

1

2ml,t
− � ,

A = 
E +
Eg�x,y,z�

2
− Q�x,y,z�� , �A6�

�� so =
�

m0
�P�

�

�x

1

A
,P�

�

�y

1

A
,P�

�

�z

1

A
� , �A7�

K� =
�

m0
�P�kx,P�ky,P�kz� . �A8�

Here, �� is the vector of the Pauli spin matrices. The second
term in Eq. �A5� is the so-called Rashba spin-orbit term

��� so · ��� �K� ��. Note that this term is zero for K� =0 and
Eg�x ,y ,z� and Q�x ,y ,z� are constant in QD and barrier ma-
terial. Therefore, in our case, the Rashba spin-orbit term is
not considered because a cuboid quantum box has a symmet-
ric geometry. The last term, o�ki

4�, is a 2�2 matrix of ki
4�i

=x ,y ,z�, which is a small quantity �especially for large quan-
tum dots and for optical transitions close to the band edge�
and can be treated by the perturbation theory. It is worth
noting that the anisotropic effects of the band structure are
presented in the effective masses m�,�.

The quantized energy levels in cuboid QDs are spin de-
generate and satisfy the following Schrödinger-like equation:

Hc
L�Eclmn

L �fclmn = 
−
�2

2

�

�z

1

m�

�

�z
−

�2

2

�

�x

1

m�

�

�x
−

�2

2

�

�y

1

m�

�

�y

+ V�x,y,z� + o�ki
4�� fclmn = Eclmn

L fclmn, �A9�

where V�x ,y ,z�=Ec�x ,y ,z�=Eg�x ,y ,z� /2+Q�x ,y ,z� gives
then the conduction-band edge modulation along the con-
fined direction and Eclmn

L are the longitudinal valley sub-
bands.

For IV-VI QD grown along the �001� direction, all four
energy valleys are oblique and degenerate. The subbands in
oblique valleys can be obtained after an appropriate rotation
of the coordinate axis. To calculate electron states in oblique
valley along the �111� direction, as an example, we take z
�001� as the first rotation axis and perform the rotation with
an angle of �=� /4, get a new coordinate frame system as

�x� � �11̄0� ,y� � �110� ,z� � �001��, then take x� as the second
rotation axis and perform the rotation with angle of �
=arccos� 1

�3
�, and get a double primed coordinate frame sys-

tem as �x� � �11̄0� ,y� � �112̄� ,z� � �111��. The effect of the two
rotations on the Hamiltonian can be obtained by calculating
H2�2

O =T�T�H2�2
L T�

−1T�
−1 with

T� =� cos��

2
� i sin��

2
�

i sin��

2
� cos��

2
� �, � = �,� . �A10�

Substituting k� = �kx ,ky ,kz� by k��= �kx /�2−ky /�2,kx /�6
+ky /�6−�2/3kz ,kx /�3+ky /�3+kz /�3�, then one can write
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Hc
O�Eclmn

O � = −
�2

2

�

�z

1

m1

�

�z
−

�2

2

�

�x

1

m2

�

�x

−
�2

2

�

�y

1

m3

�

�y
+ V�x,y,z� + o��ki

4� , �A11�

where m1,2,3=mw=3m�m� / �2m� +m�� corresponds to the so-
called mobility effective masses. The last term in Eq. �A11�,
o��ki

4�, being a 2�2 matrix of ki
4�i=x ,y ,z�, is treated by the

perturbation theory. It is obvious that one can apply a stan-
dard quantum mechanics methodology to obtain the solution
for the quantized levels and envelope functions from Eq.
�A11�. The envelope functions take a sine or cosine wave
form inside a cuboid dot and exponential decay functions
outside the dot. The discrete energy levels �Exl ,Eym ,Ezn� of
the cuboid QDs can be calculated with the potential V�x ,y ,z�
depicted in Fig. 1�d�. The quantized energy levels of elec-
trons in the PbTe QDs are obtained by

Eclmn = Exl + Eym + Ezn. �A12�

The electron states in other oblique valleys for �111�-
oriented QDs or for QDs with other orientation can also be
calculated with Eq. �A11� by using the corresponding carrier
mobility masses �m1 ,m2 ,m3�.

APPENDIX B: THE CALCULATIONS OF INTERBAND
TRANSITION MATRIX ELEMENTS

The optical transition probability of an electron in a quan-
tum box is proportional to the square of the interband tran-
sition matrix element, which can be expressed by

�Pcv
� �2 = �	
clmn�e� · p�cv�
vlmn
�2, �B1�

where the subscript c �or v� denotes the conduction band �or
valence band�, l, m, and n denote the label of the quantized
energy levels in the box, and 
clmn is the electron wave func-
tion that can be obtained from Appendix A.

It is noted that all four energy valleys of the IV-VI semi-
conductors are degenerate when quantization is in the �001�
direction. Therefore, the four oblique valleys that are ori-

ented along the �111�, �1̄11�, �1̄1̄1�, and �11̄1� directions
have the same interband transition probability. The energy
valley oriented along the z� axis parallel to �111� is shown in
Fig. 8. The light is incident in the �001� direction with po-
larization vector e� in the x ,y plane of the unprimed coordi-
nate frame �Fig. 8�. The polarization vector has to be pro-
jected onto the primed coordinate axes because the basis
functions �L6

−↑ �r� ,��, L6
−↓ �r� ,��, L6

+↑ �r� ,��, and L6
+↓ �r� ,���

are correct only in the coordinate frame of the �111� valley
�or the remaining valleys�.13 The polarization vector e�
= �sin � , cos � ,0� in the unprimed coordinate frame can be
written as e��= ��sin �−cos �� /�2, �sin �+cos �� /�6, �sin �

+cos �� /�3� in the primed coordinate frame. By using the
set of matrix elements,13,24

	c↑�e�� · p�cv�0��v↑
 = P�e�z�, �B2�

	c↑�e�� · p�cv�0��v↓
 = P��e�x� + ie�y�� , �B3�

	c↓�e�� · p�cv�0��v↑
 = P��e�x� − ie�y�� , �B4�

	c↓�e�� · p�cv�0��v↓
 = − P�e�z�, �B5�

the interband transition matrix element for unpolarized light
�averaged over all azimuth angles � of the polarization vec-
tor e⇀�� is obtained by

�	c�e� · p�cv�0��v
�2 = �
i,j=↑,↓

oblique

�ci�e� · p�cv�vj�2 = 2�2P�
2 + P�

2�/3,

�B6�

where P� and P� are the transverse and longitudinal momen-
tum matrix elements and given as

2P�
2

m0
= Eg

m0

m�

,
2P�

2

m0
= Eg

m0

m�

, �B7�

where m� and m� are the anisotropic band-edge masses at the
L point of the Brillouin zone.

Therefore, Eq. �B1� can be rewritten as

�Pcv
� �2 = �	fclmn�fvlmn
�2�	c�e� · p�cv�0��v
�2 = 2Icv

2 �2P�
2 + P�

2�/3,

�B8�

where Icv= �	fclmn � fvlmn
� is the overlap integral of the
conduction- and valence-band envelope functions of QDs.

[100]

[010]

[001]

` [111]

[110]
-

[112]
-

e

z

z

`y

y

x

`x

FIG. 8. The unprimed coordinate frame system is for a quantum
box with �100� facets and the primed coordinate frame system is for
the �111� constant-energy ellipsoid of PbTe near the L point of the
Brillouin zone. The incident light is along the z direction and its
polarization vector is denoted by e�, which is to be averaged over
0���2� for unpolarized light.
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