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Abstract

Filamentation of a nonrelativistic rotating electron beam in a magnetized plasma is investigated by solving the
equation and finding its dielectric permitivity. The period and the establishment time of the filamentation structure and t
for instability development are obtained. It will be shown that only when the external magnetic field strength becomes
than a characteristic value, filamentation appears.
 2003 Published by Elsevier B.V.
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1. Introduction

The processes of filamentation and their instab
ties have been studied analytically and investigate
simulation experiments as well [1–11]. Furthermo
filamentation has been observed in the largest-s
cosmological plasmas, in the solar corona, as we
in various types of laboratory plasmas, such as
plasma focus and the magnetohydrodynamic (MH
generator [12].

Filamentation in laser–plasma and beam–plas
systems as well being a fundamental issue has b
the subject of great activity due to the numerous ap
cations including X-ray lasers, laser-plasma produ
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particle accelerators, laser fusion, and ionosph
modification experiments in F and E regions [1
19]. The ordinary-mode filamentation instability in th
aforementioned systems has been investigated in
cumstances where a low-density electron beam is
jected into a high-density preionized plasma under
special instability criterion [20–23]. In these syste
instability produces beam filamentation, plasma he
ing, and ultimately, beam recombination into a sin
self-pinched neutralized filament without any curre
[1]. Furthermore, the essential feature of these syst
is the filamentation and coalescence of fast elec
beams and magnetic channel formation [24–26]. B
when a low-density electron beam is injected into
dense neutral gas under the special instability cr
rion, the beam is experimentally observed not to
ament [27]. The absence of filamentation instability
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circumstances where the beam–plasma system is
neutralized strongly suggests that the azimuthal s
magnetic field has a stabilizing influence on the
amentation instability [28]. Moreover, it was show
that the interchange instability corresponding to
lamination of the electron beam into separate curr
carrying filaments is possible in a plasma–beam s
tem in the absence of an external magnetic field
thermal motion of particles (see, for example, Re
[29,30]).

It is well known that Buneman’s instability rep
resents the stimulateďCerenkov radiation of low
frequency fields in the current-driven plasmas [29,3
It takes place when the velocity of the electron be
exceeds the wave phase velocity. It was shown t
in this case, neglecting thermal motion and collisio
of particles, a purely transverse instability can be
veloped in the systems with sufficiently large late
size [29,30]. Therefore, magnetic pressure in curr
driven plasmas is higher than kinetic pressure and,
consequence, the self-pressing (pinch effect) is po
ble. In fact, the same effect actually takes place w
the filamentation instability is developed in a bea
plasma system and, as a result, the filamentation
current-driven plasma arises. This mechanism be
the cause of the filamentation can be understood
noting that it also takes place in collisional plasm
Furthermore, in the presence of a sufficiently stro
external magnetic field, the filamentation is not p
sible. Recently, the diffusive as well as ion-acous
filamentation of nonrelativistic current-driven plasm
were investigated by the Lorentz transform of the
electric tensor in the same method [31,32] as it is u
in the present Letter. There, the period and the es
lishment time of the filamentation structure and
threshold for instability development were obtained
the diffusion and ion-acoustic frequency regions.

In most previous mentioned works the filame
tation instability was studied when a straight be
streams in the plasma. On the other hand, filam
tary instability of a rotating electron beam was inves
gated in Ref. [22]. In this Letter, filamentation of a
annular rotating electron beam streaming in a co
sional plasma was studied by fluid equations. Differ
from previous works, in the present Letter, filame
tation instability of a rotating current-driven plasm
which is very important for the plasma confineme
problem, is considered by the kinetic equation. It w
tbe shown that under special circumstances the in
bility filamentation also takes place when a rotat
electron beam flows in a plasma. This instability, li
Buneman’s instability, is connected to the stimula
Čerenkov radiation. Therefore, this instability whi
resists the layer current compression, should be ta
into account. The aforementioned instability, dev
oped in the rotating beam system allows us to de
mine the threshold for the period of cross structu
resulted from the instability development.

This Letter is presented in four sections. In S
tion 2, we formulate the problem. In Section 3, w
study the rotating electron beam–plasma filame
tion. Finally, in Section 4, a summary and conclus
is given.

2. Formulation of the problem

It is well known that the interaction of an electro
beam with the plasma is strong when theČerenkov or
the cyclotron resonance condition is fulfilled [29,3
In the case of a straight beam theČerenkov interaction
prevails since the second-order poles correspon
it whereas the cyclotron interaction is represented
first-order poles. However, the cyclotron interacti
appears to be as strong as theČerenkov interaction
when the beam electrons have a directed velo
component perpendicular to the external magn
field in addition to the longitudinal one.

It follows from the resonance conditionω = kzu

for Čerenkov resonance andω = kzu±Ωe/γ for cy-
clotron resonance that the cyclotron interaction de
mines no limit for the phase velocity of the waves
may be both smaller and larger than the beam ve
ity. Only the ratio between the cyclotron frequency
the electrons in the external magnetic field and the
quency of the electromagnetic wave is important, h
Therefore, to get the mechanism of the cyclotron
teraction as clear as possible we consider the pe
bations in a rotating beam–plasma system suppo
kz = 0, which excludes thěCerenkov resonance. Th
perturbations are assumed to propagate strictly ac
the magnetic field.

Now, we consider an electron beam with nonr
ativistic velocity component perpendicular(u⊥) to
the external magnetic field, in addition to longitud
nal one, moving through a medium of resting pa
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cles, or, equivalently a plasma with a rotating elect
beam injected into it. It should be noted that the
jected electron beam induces charges and curren
the plasma which neutralize the charge and the
rent of the beam. They can be neglected when pla
density greatly exceeds the electron beam density
assume the beam density to be smaller than the pla
density (ωbγ 1/2 � ωpe), and transverse velocity b
small(u2⊥ � c2) as well.

For simplicity, we further restrict the investigatio
to a monoenergetic rotating beam interacting wit
cold electron plasma.

The dielectric permitivity of this system can b
written as [29,30]

(1)εij (ω, �k)= ε0
ij (ω)+ δεij (ω, �k),

whereε0
ij (ω) is the dielectric permitivity of the cold

electron plasma [29].

(2)ε0
ij (ω)=

(
ε⊥0 ig0 0
−ig0 ε⊥0 0

0 0 ε‖0

)
,

with

ε‖0 = 1− ω2
pe

ω2 , g0 = − ω2
peΩe

Ωe(ω2 −Ω2
e )
,

(3)ε⊥0 = 1− ω2
pe

ω2 −Ω2
e

,

and δεij (ω, �k) is a correction caused by the electr
beam andΩe is the electron Larmor frequency. T
calculateδεij (ω, �k), the particle distribution of the
nonequilibrium plasma with anisotropic distributio
functions of the particles of the typeα of the form

(4)f0α = f0α(p⊥,pz),

is assumed wherepz andp⊥ is the momentum of par
ticles along and across thez-axis, respectively, in the
cylindrical coordinates. The external homogene
magnetic field�B0 is oriented along thez-axis. Exam-
ples of nonequilibrium plasmas of this type are
plasma with an anisotropic temperature, the plas
with a beam of charged particles moving parallel to
magnetic field or rotating around it. However, to c
culate the dielectric permitivity explicitly, we need th
exact form of the functionf0α(p⊥,pz). Taking into
account the thermal effects, we assume [29,30]

(5)

f0α(p⊥,pz)=
N0α exp

(
− (p⊥−p⊥0)

2

2mαT⊥0
− (p‖−p‖0)

2

2mαT‖0

)
2πmαp⊥0

√
T⊥0T‖0

,

describing a system of particles with average long
dinalp‖0 and transversep⊥0 = pθ0 
 √

mαT⊥0 mo-
menta with respect to the direction of�B0. The thermal
spread of the momenta is defined by the temperat
T⊥α andT‖α assumingT‖α �mαc

2 andT⊥α �mαc
2.

It should be noted that for our rotating beam the tra
verse direction assigned by⊥ is θ direction.

For an inverted population rotating beam in the c
plasma limit,T⊥α = T‖α = 0, we have [28–30]

(6)f0α = N0α

2πp⊥0
δ(p⊥ − p⊥0)δ(p‖ − p‖0).

This distribution function describes a system of mo
energetic particles rotating perpendicularly to the
ternal homogeneous magnetic field with the mom
tump⊥0 = pθ0 = const, and moving parallel to it wit
constant momentump‖0. It describes a real syste
when the thermal spread of the momentum may be
glected, i.e., forp⊥0 
 √

mαT⊥0 andp‖0 
√
mαT‖0.

Such rotating beam arises in the cross electric
magnetic fields and in this case gravitational insta
ity may take place as well.

Finally, by solving the Valsov equation and maki
use of expression (6) as the distribution function
the rotating electron beam, after some calculations
perturbation withkz �= 0, we find [29,30]

δεxx =
∑
n

[
2

z
n2Jn(z)J

′
n(z)Pn + n2J 2

n (z)Qn

]
,

δεyy =
∑
n

{
1

z

[
z2J ′2

n (z)
]′
Pn + z2J 2

n (z)Qn

}
,

δεzz = − ω2
b

ω2γ 2

+
∑
n

{[
2kzu‖

ω− kzu‖
J 2
n (z)

+ u2‖
u2⊥

2zJn(z)J ′
n(z)

]
Pn

+ u2‖
u2⊥

z2J 2
n (z)Qn

}
,
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δεxy = −δεyx
= −i

∑
n

{
n

z

[
zJn(z)J

′
n(z)

]′
Pn

+ nzJn(z)J
′
n(z)Qn

}
,

δεxz = δεzx

=
∑
n

{[
nΩekz

k⊥(ω− kzu‖)
J 2
n (z)

+ u‖
u⊥

2nJn(z)J
′
n(z)

]
Pn

+ u‖
u⊥

nzJ 2
n (z)Qn

}
,

(7)

δεyz = −δεzy
= i

∑
n

({
ΩekzzJn(z)J

′
n(z)

k⊥(ω− kzu‖)

+ u‖
u⊥
[
zJn(z)J

′
n(z)

]′}
Pn

+ u‖
u⊥

z2Jn(z)J
′
n(z)Qn

)
.

Here we introduced the notations

Pn ≡ ω2
b(ω− kzu‖)

γω2(ω− kzu‖ − nΩe/γ )
,

Qn = ω2
bγ

−3Ω2
e (ω

2 − k2
z c

2)

ω2c2k2⊥(ω− kzu‖ − nΩe/γ )2
,

(8)z= k⊥u⊥γ
Ωe

, γ =
(

1− u2‖ + u2⊥
c2

)−1/2

.

Making use of Eqs. (1)–(3), (7) and (8), the stabil
of a rotating electron beam, streaming into a c
plasma, in the presence of an external magnetic fi
can be studied by the dispersion equation [29,30]

(9)D(ω, �k)=
∣∣∣∣k2δij − kikj − ω2

c2
εij (ω, �k)

∣∣∣∣= 0,

which will be studied in the next section.

3. Rotating electron beam–plasma filamentation

In this section, the instability of a rotating curren
driven plasma which is very important for the plasm
confinement problem is considered. It will be sho
that under special conditions an instability takes pl
which makes the waves in the rotating electron bea
plasma system propagating in the direction perpen
ular to the external magnetic field be unstable. In ad
tion, it will be shown that the purely growing mode
the aforementioned system is the low-frequency v
sion of the filamentation instability across the ext
nal magnetic field. To do this, we analyze the int
action of a rotating electron beam with electroma
netic wave propagating across the magnetic field,
kz = 0, k⊥ = k. It should be noted that the beam ter
of the dielectric permitivity tensor contribute the se
ond order poles atω= kzu‖ −nΩe/γ , if u⊥ �= 0. Con-
sequently the beam strongly interacts with a elec
magnetic wave.

Let us start the stability problem from the gene
dispersion Eq. (9). The latter equation for the tra
verse oscillation can be written as

D(ω, �k)= k4εxx − k2ω2

c2

[
εxx(εyy + εzz)+ ε2

xy − ε2
xz

]

(10)

+ ω4

c4

[
εxx
(
εyyεzz + ε2

yz

)+ ε2
xyεzz

+ 2εxyεxzεyz − ε2
xzεyy

]= 0.

In the limit u⊥ � c and when(k⊥u⊥δ)/(Ωe)� 1,
only the fundamental harmonicn = ±1,0, of the cy-
clotron resonances is accounted forδεij (ω, �k). As-
sumingω2

pe 
 ω2
b > Ω2

e , from Eqs. (7) and (8), we
obtain

δεxx = − ω2
b

γ 2(ω2 −Ω2
e /γ

2)
,

δεyy = ω2
b

γ (ω2 −Ω2
e /γ

2)
+ ω2

bk
2u2⊥γ

Ω2
e ω

2
,

δεzz = ω2
b

γ 2ω2 − ω2
bk

2u2‖γ
Ω2
e ω

2

+ ω2
bk

2u2‖γ
Ω2
e (ω

2 −Ω2
e /γ

2)
+ ω2

bu
2‖

γ 2ω2 ,

δεxy = −δεyx = −i ω2
bΩe

ωγ2(ω2 −Ω2
e /γ

2)
,

δεxz = δεzx = ω2
bku‖

ωγ2(ω2 −Ω2
e /γ

2)
,

(11)δεyz = −δεzy = −i ω
2
bku‖
Ωeω2

.
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Analyzing the stability problem, we expand the d
persion equation (10) in the very low frequency
gion (ω → 0) to find the spatial structure. To sho
when filamentation instability takes place, firstly w
should find the dispersion spectrum, i.e.,ω = ω(k).
Then, whenω has positive imaginary part and s
multaneously wave number has periodic character
means that filamentation instability takes place, oth
wise only a modulation occurs. In order to indicate t
in a cold plasma with a rotating electron beam a tra
verse structure with a characteristic periodl0 = π/k0
exists, we should find the time needed for the es
lishment of this structure which can be determin
from the time that is necessary for instability develo
ment. To obtain this value we consider a system cl
to the threshold(k ≈ k0) and the time of instability de
velopmentτ = 1/ Im(ω). In the limit of very low fre-
quency region, i.e., the static limitω → 0, for waves
propagating across the external magnetic field,kz = 0,
this dispersion equation can be expanded as

(12)D(0, �k)+ 1

2
ω2∂

2D(0, �k)
∂ω2 = 0.

From Eqs. (1)–(3), (10)–(12) andD(0, �k) = 0 for a
dense plasma in the static limit, i.e.,ω→ 0, we obtain

(13)k2
0 =

ω2
pe

c2

(
ω2
bu

2⊥γ
Ω2
e c

2 − 1
)

1+ ω2
bu

2‖γ
Ω2
e c

2

.

Eq. (13) indicates that, when

(14)Ω2
e c

2 <ω2
bu

2⊥γ,

k2
0 is positive(k2

0 > 0). Thus, in the rotating electro
beam–plasma system a transverse structure wi
characteristic periodl0 = π/k0 can exist in the static
limit. The establishment of this structure needs
time which could be determined from the instabil
development. To obtain this value let us consi
a system close to the threshold(k ≈ k0). Then,
expression (12) leads to

(15)ω2 = −2
D(0, �k)
∂2D(0,�k)
∂ω2

= Ω2
e c

2

ω2
pe

(
k2 − k2

0

)
.

The first term describes the diffusive attenuation
inhomogeneous of a layer of thickness� 1/k, while
the second term describes the compression resu
from the magnetic field. The compression takes pl
when k < k0. Eqs. (13) and (14) indicate that the
is a magnetic threshold upper which a filamentat
instability can occur. Therefore, when the magne
field is larger than the thresholdmωeu⊥

√
γ /e, and/or

when the inequalityΩ2
e c

2 > ω2
bu

2⊥γ holds, magnetic
pressure in the electron beam–plasma system sh
the self-pressing effect (pinch effect) and filamentat
disappears.

4. Summary and conclusion

Using the total dielectric permitivity tensor of a r
tating electron beam–plasma system in the labora
frame by solving the kinetic equation, the general d
persion relation was obtained. Analyzing the disp
sion relation and finding the frequency spectra, the
amentation of the aforementioned system was inv
tigated by expanding the dispersion relation arou
the static case. It was shown that a cold magnet
plasma with a rotating electron beam is unstable in
direction perpendicular to the external magnetic fie
Furthermore, a threshold for instability developm
was obtained. It was shown that close to the thresh
the rotating electron beam–plasma system will be s
divided into separate current filaments with a per
of the order ofl0. Therefore, only when the magnet
field is smaller than the limit valuemωeu⊥

√
γ /e, the

self-pressing effect (pinch effect) of magnetic press
becomes negligible in the electron beam–plasma
tem and filamentation appears.
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