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Abstract—Experimental and theoretical results are described on
the enhancement of optical second harmonic generation (SHG) and
mixing in KDP by the use of optical resonance. Both resonance of
the harmonic and of the fundamental are considered. Large enhance-
ments are possible for resonators with low loss. Using a plano-
concave harmonic resonator containing 1.23 cm of KDP, the authors
achieved a loss < 4 percent per pass. This resulted in an enhance-
ment of ~ 500 times the harmonic power internal to the resonator
and ~ 10 times external to the resonator. When resonating, the
fundamental enhancements of ~ 5 were observed.

The theory includes the effect of double refraction. This results in
a coupling coefficient of the generated harmonic power to the trans-
verse modes of the harmonic resonator. The experimental results
are in substantial agreement with the theory.

I. INTRODUCTION

HIS PAPER DEALS with the use of optical
Tresonance to enhance the efficiency of optical

second harmonic generation (SHG) and mixing.
Since the first observation of SHG by Franken, Hill,
Peters, and Weinreich (FHPW) [1], there has been con-
siderable progress in understanding the factors contribut-
ing to efficient conversion of fundamental to harmonic,
and to frequency mixing in general. Aside from finding
new materials with larger nonlinear coefficients, increases
in efficiency at fixed fundamental power have come about
by increasing the interaction length. For a given funda-
mental frequency beam, this is the maximum length of
crystal in which the polarization at the harmonic fre-
quency radiates cooperatively.

The first observations of SHG [1] were made with
pulsed ruby lasers and a nonlinear crystal in which the
dispersion in velocity between the fundamental light
and the harmonic light limited the interaction length
to about 14 microns. The introduction of phase-matching
techniques [2], [3] in KDP permitted a considerable in-

crease in the interaction length. In the limit of infinite
 plane wave beams, phase matching gives an infinite
interaction length. In practice beams are finite in extent,
and other factors such as double refraction [4]-[7] and
diffraction [6]-[8] serve to limit the interaction length.
The -first phase-matching experiments [2], [3] were not
able to elucidate these factors. There, the interaction
length was limited [6] to the ~ 1 mm coherence length
of the pulsed ruby laser. It was not until the introduction
of the gas laser technique [9]-[11] for studying SHG that
the true limitations on interaction length under phase-
matched conditions could be studied experimentally in
detail.
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It was found that the gas laser, because of its single
transverse mode [12], [13] capability, could produce
considerable SHG power on a CW basis, in spite of its
relatively low power. Working in the lowest-order trans-
verse mode of a 3.4 mum diameter beam close to the beam
minimum permitted observation of interaction over the
full length of a 1.2 cm-long KDP crystal, and led to a
new determination of the nonlinear coefficient [9] of
KDP. Further work [7], [8] on crystals as long as 5 cm
and 10 em showed, both experimentally and theoretically,
how double refraction limits the interaction length in
essentially parallel beams of finite transverse extent.
Due to the physical separation of the ordinary wave
fundamental beam from the second harmonic extraor-
dinary wave beam, efficient interaction can be maintained
up to a length [, called the aperture length [7], where

. _ N

Wo p

(1

w, is the fundamental beam radius at which the electric
field amplitude is down to 1/e of its axial value, and p is
the double-refraction angle between ordinary and extra-
ordinary wave Poynting vectors.

The harmonic power in the phase-matched direction
for a plane parallel beam when the effects of double
refraction and diffraction are neglected can be written
[7] as

P, = KP2/w’ )
where
2 2
K = %%‘;—1 &2, sin’ 0, 3)
1

and ; is the fundamental frequency, n, the index of
refraction, dj; the nonlinear coefficient [9], and 6, the
phase-matching angle as measured from the optic axis.
In KDP at 1.1526 u for the fundamental, K =1.52 X 107*°
esu. In the region of full interaction up to I ~ [, the
harmonic power P, grows as [°. Beyond 1,, the power
grows linearly as Il,/w;. Thus, double refraction lLimits
the rapid growth of harmonic output for crystals of
finite p in the near field with essentially parallel beams.

Diffraction effects become predominant if the inter-
action extends into the far field. The effects of diffraction
have been studied both theoretically and experimentally
by KAB [8] in an investigation of SHG from focused
laser beams. They show that, in a crystal of infinite
length, the SHG from a focused fundamental beam,
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including double refraction and diffraction, is given by

i1,
P, = KP? uﬁg )
providing I, << I;
L=2b (5)

2

is defined as the effective length of a focused beam; b is
the confocal parameter of the fundamental beam [12], [13].
It is related to the beam radius by

Wk, = b (6)

where k; = n,0:/¢ is the propagation constant of the
fundamental in the medium of index n,. The length b is
the distance between the two points along the beam at
which the beam radius has increased by a factor of v2
over its value at the beam waist.

If o can be made zero, as in the case of LiNbO; [14],
[15], the aperture length becomes infinite. For this case,
and also when [, > [;,, KAB show that the total SHG
is given by

P, = kP25 Q

0

Thus, for focused beams where the interaction extends
to the far field, it can be said, as a good approximation,
that the effective interaction falls off beyond a length
equal to [,.

We shall see that, for any situation where the inter-
action length is limited by I, or [, optical feedback
or resonance can be used effectively to extend the inter-
action length and enhance the amount of harmonic
conversion, Qualitatively, the idea is that, when the
output harmonic beam begins to grow at less than the
maximum I° rate, it is reflected back and refocused by an
optical resonator in such a phase that it can continue
to interact with the fundamental power. In this way
the effective length of interaction can be increased greatly.
Resonance of the harmonic radiation to increase har-
monic output has been mentioned previously [4], [16]-{18].
Also of relevance here is the possibility of resonating
the incident fundamental beam [4], [17]-[20]. This is
simply a means of storing the incident energy in a high
Q cavity to increase the flux of fundamental power passing
through the ecrystal, thereby increasing the generation
of second harmonic power. An alternative approach to
these resonant enhancement schemes is to use optical
waveguide techniques [21] to increase the interaction
length.

Aside from the question of increased harmonic out-
put, another motivation for this study of resonance
effects lies in the application of nonlinear optics to para-
metric processes. As is well known [4], [22]-{25], para-
metric gain is possible in nonlinear difference mixing.
Both the signal wave and the wave at the difference
frequency (idler wave) extract energy from the pump
wave and are amplified. This amplification, even if
modest, can be utilized to make a parametric oscillator,
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if use is made of a high @ optical resonator to give feed-
back. Thus, resonant SHG, mixing, and parametric
oscillators are closely related.

In Section IV it is shown how the realities of optical
loss, mechanical instabilities, optical feedback, and reso-
nator lineup are dealt with. The experimental results
clearly show large resonant enhancements which are in
good agreement with theory. Because of the high optical
@ achieved with harmonic resonance, it is possible to
show in graphic form the detailed response to the longi-
tudinal mode spectrum of the laser. In addition to har-
monics of the individual modes, the sums of all pairs
of modes are also shown.

The experimental part of this study is a natural ex-
tension of the previously reported gas laser experiments
[7], [9]. For resonance work, the high degree of mode
control and the continuous output are particularly re-
quired for careful measurements.

The analysis presented in Sections IT and IIT extends
existing theory [7], [8] to handle resonant nonlinear
effects due to single transverse mode laser beams. The
equilibrium resonator fields are deduced on the basis
of a self-consistent field approach which has the ad-
vantage of easy physical understanding. The detailed
transverse field distributions are used to determine a
mode-coupling factor [26] which gives the coupling of
the generated light to the Gaussian resonator modes.
Expressions for the resonant half-widths and the en-
hancement factors are put in terms of resonator losses
and coupling factors in a form which permits direct
experimental comparison. The factors governing the
choice of the resonator geometry -are studied in detail.

II. RESONANCE OF THE SECOND HARMONIC

In this section we discuss the theoretical effect of
resonating the second harmonic radiation generated in
the nonlinear medium. Figure 1 shows schematicaily
the geometry of the harmonic resonance technique. The
fundamental power is assumed to make only a single pass
through the crystal. Mirror M, and M, are assumed to
be highly reflecting for the harmonie, and aligned so as
to reflect the generated harmonic back to the input,
where it can interact again in the nonlinear crystal.
One of the mirrors (M,) is made movable, so that the
mirror separation, and therefore the phase of the re-
flected harmonic field, can be varied. The system con-
stitutes a tunable resonator. As the resonator is tuned
through the harmonic frequency, the harmonic power
generated shows a strongly resonant response. Physically,
one expects enhancement of the generated power in such
a resonator, since the presence of harmonic electric field
enhances the power radiated from the harmonic polar-
ization. The fact that harmonic power grows as the
square of the crystal length in the phase-matched di-
rection is the simplest illustration of this point. In Section
II-A we relate the resonant response to the resonator
losses, and compute the enhancement factor which gives
the ratio of the harmonic power at the peak of the reso-
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Fig. 1. Schematic of the geometry of the harmonic resonance

technique as applied to a KDP nonlinear erystal. Mirrors M, and
M, are transparent to the fundamental and highly reflecting to the
harmonie.

nance to the power generated in a single pass through
the crystal. In Section II-B we compute the ratio of the
change in mirror separation between successive harmonic
resonances (A,/2) to the change in mirror separation
between half-power points of the resonance (5). This
ratio is observed directly in the experiment and provides
a convenient point of comparison with the theory. Sec-
tion II-C considers the coupling of the harmonic trans-
verse fleld distribution to the modes of the harmonic
resonator.

The transverse field distribution of SHG radiation
is not the same as that of the fundamental, due to the
effects of double refraction, as was first pointed out by
Kleinman [6] and ABDP [4]. Recently, BADK [7] have
elaborated on this in detail for a parallel beam, and
KAB [8] for a focused beam. They find the exact shape
of the asymmetric harmonic beam generated by an
incident Gaussian fundamental beam. BADK [7] define
an aperture length [, as in (1). When [ <« [,, double re-
fraction is negligible. The transverse field distribution of
the harmonic is the closely Gaussian, with a radius 1/v2
times that of the fundamental. For [ ~ [, or greater,
the transverse field becomes increasingly asymmetric.
In the manner of Kogelnik [26], we find the coupling
coeflicient which gives the fraction of the asymmetric
power that couples to the lowest-order Gaussian mode
(TEM,,) and the next higher-order Gaussian mode
(TEM,,) of the resonator. This is done by expanding
the field in terms of the complete set of eigenfunctions
or modes of the resonator via & Fourier integral expansion.
The result is given as a function of I/l,. The coupling
coefficient is included in Sections II-A and II-B as a
parameter, and is finally evaluated in Section II-C.

A. Theory of Resonance Effects

We restrict our discussion here to the near-field case,
where diffraction is negligible. We start by briefly re-
viewing some of the results of BADK [7] for the single-
pass harmonic generation in the absence of any resonant
feedback. Assume that the fundamental beam travels in
the z direction of a Cartesian coordinate system xyz,
and that the crystal optic axis lies in the xz plane. BADK
[7] show that the increment in harmonic electric field E,
in the phase-matched direction is proportional to the
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fundamental intensity S;(z, ¥)

dB,

dz

The imaginary 7 arises from the use of complex notation.

In (8) it serves to indicate that the harmonic field is 90°

out of phase with the harmonic polarization wave. J is a

constant containing the nonlinear coefficient. The har-

monic electric field at the exit surface 2 = [ of the crystal
may be written as in [7], eq. 3.22

Bz, y) = 1J8F(u, t, q)e—oul/2e-—,a ©

where 8, is the peak of the fundamental Gaussian in-
tensity described by

Sl(x, ,7/) — Soe~2(x“+ﬂ’)/wu’. (10)

The function F used in (9) describes the transverse z
variation of the harmonic electric field at the exit surface.

= 2J8,. 8

13
Fo, b, =7 [ €6 dr, )
0

% and v are normalized transverse coordinate variables

given by

v = y/w,

V2,

Wo

(12)

U =

where x, is the transverse coordinate in the z direction
measured from the p line, as defined in BADK [7], eq. 3.18.
The harmonic beam radius w; is related to the fundamental
beam radius w, by

W, = :/%5 (13)
Also, t is a normalized length,

‘= Vot (14)
and the quantity

1= 3 19)
where

a=a — 9‘23 (16)

is a mnormalized loss parameter. The transverse field
variation of the extraordinary wave harmonic (9) at the
exit surface is shown in Fig. 2 by the curve labeled E:
(single pass) for the case of no loss. For reference, the
incident Gaussian ordinary wave fundamental field is
shown labeled E3(TEM,,). The other aspects of Fig. 2
will be discussed later. The resulting SHG power in a
crystal of length ! with no resonance effects may be
written (BADK [7], eq. 3.32).

2
P, = KP? 1%@-“’(;

0

an
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Fig. 2. Skeich showing the propagation of the fundamental and
harmoni¢ beams in KDP, and the shape of the electric field
distributions at the exit surface for the case of no loss.

where

2 1/2 +o0
G(t, ¢ = <;> f Fu, t, ¢) du. (18)
The function G represents the reduction in SHG power
due to double refraction from that given by one-dimen-
sional considerations alone. In the limit of p — 0l K [,)
and no loss, @ = 1 and (17) is identical to that given
by (2).

To treat the case of resonance of the harmonic, let
us refer again to Fig. 1 and define F, as the complex
harmonic electric field existing in the resonator at the
exit surface just inside the crystal. Let », be the power
reflection coefficient at the right side of the crystal, as
seen from inside the crystal. This coefficient will thus
include surface reflection losses as well as external mirror
losses. Define the power transmission coeflicient ¢,, relat-
ing the transmitted electric field £, to the resonator
clectric field E,, as follows

E, = Val, B, (19)

where n is the index of refraction of the harmonic in the
erystal (since E, is defined as the field inside the crystal).
Conservation of energy requires

72 e+ b =1 (20)

where a, is the power-loss coefficient which includes all
of the losses in the dielectric mirror, plus the losses at
the surface of the crystal, assuming that this power is
scattered from the resonator. In the experimental situa-
tion, the surface losses are low, being comparable with
mirror losses. Also define r, as the power-reflection co-
efficient at the left surface of the erystal, as viewed from
within the nonlinear medium.

Since the fundamental beam travels only from left
to right, no second harmonic power is generated as the
harmonic wave travels from right to left after reflection
from the right-hand mirror. The complex SHG field
intensity E, in the lowest transverse mode of the har-
monic resonator is given by the self-consistency equation

Ee = re{‘gEz + ca0E2 (21)

where the single-pass harmonic electric field at the exit
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surface F; was defined in (9); r is defined by
ro= Vrr, e ",

¢ is the round-trip phase shift within the resonator.

The single-pass absorption of the harmonic electric field is
—azl/2
e .

(22)

Thus, (1 — #°) is the round-trip power absorption;
¢eo 18 the electric field coupling coefficient between the
transverse field distribution of the SHG and the lowest-
order transverse mode of the harmonic resonator (c,
will be evaluated later). From (21) one obtains

Caolls

L, = =
1 — re

(23)

The total unidirectional SHG power inside the reso-
nator is obtained from E,- E* as

kP,

P = (1 — 2rcos ¢ + 1) (24)
where the power coupling coefficient 1s
K = Cio. (25)

The harmonic power transmitted through the mirror
on the right is given by

P, = t,P, = Py (26)
(1 =7+ 4rsin®
At resonance, where ¢ = 0, the resonant enhancement
factor for the transmitted harmonic power is
P, ki
P, (1 —rf 27)

This can be quite large. For example, if a;, = oy = 0 and
ry = 1y = 0.99, the fransmitted power is enhanced by a
factor of 100x over that which would occur without
resonance. Inside the resonator, the harmonic power is
enhanced by 10*«. The value of « is typically between
~0.3 and unity.

Derivations similar to the one given in (21)-(27) for
the lowest-order transverse mode also apply for each of
the higher-order modes, if we simply interpret «, ¢, and
r as applying to the appropriate mode under considera-
tion. In general, we expect r to be independent of mode
number; x and ¢, in general, vary with mode number.
More will be said about these later.

B. Width of Harmonic Resonance and Resonalor @

The width of the harmonic resonance relative to the
spacing between successive resonance is derived from
(26) by considering the variation of P, for small de-

partures from resonance; that is, for ¢ << 1. Define
(28)

e=1—r

as the average one-way harmonic power loss within the
resonator. The phase shift within the resonator between
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Fig. 3. Eg{pected resonant behavior of the harmonic power as
the mirror separation of the harmonic resonator is varied.

half-power points is

2‘,0}5:2&:'—&%25

v @9)

for e < 1.

To produce a change in the round-trip phase change
of 2¢, between half-power points of the resonance, we
must change the mirror separation by an amount Az = §
in free space, where

2¢r = 2k;8 = 2e, 30)

One can shift the longitudinal mode number by unity
by a change in the round-trip phase shift of 2, corre-
sponding to a change In mirror separation Az = \,/2
in free space.

Consequently,

2on - T T e (1)
gives the ratio of the spacing of the longitudinal reso-
nances to the width before half-power points, as illustrated
in Fig. 3.

For comparison, consider the resonant response of a
conventional passive resonator fed by a fixed frequency
source as the mirror separation is varied. From BG [12],
the @ of a resonator is given by

stored energy _ 2nd

energy loss per second er

= 32)
where d is the effective optical length of the resonator,
M is the wavelength, and ¢ is the one-way loss per pass,
including one reflection. As the frequency of the reso-
nator is swept by varying the length d, the distance &
between half-power points is clearly

_f_4d
Q=2=5 (33)
From (32) and (33), one obtains
N2 T
& e (34)

which is the same as (31) for harmonic resonance. This
is, perhaps, obvious. It says that the loss alone determines
the resonant response, and not the strength of the non-
linear interaction driving the resonator.
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Fig. 4. Plano-concave resonator and the relative location of
the ordinary fundamental beam E$(TEM) and the extra-
ordinary harmonic beam Eo*(TEM o).

C. Coupling Coefficient as a Function of I/,

Tigure 2 sketches the geometry and electric field dis-
tributions at the exit surface of the crystal needed for
the calculation of the coupling coefficient. The curved
mirror M, and the plane mirror M, shown dotted in
Fig. 2, are highly reflecting to the harmonic, but trans-
mitting for the fundamental, and constitute a plano-
concave harmonic resonator, as shown in Fig. 4. The
details of the choice of this resonator are discussed in
Section IV-A, The incident ordinary wave fundamental
field which drives the crystal is a TEM,, Gaussian mode
field, shown in Fig. 2 as EJ(TEM,,) at the exit surface.
The curve labeled Ef (single pass) represents the single-
pass extraordinary wave harmonic field generated by a
single pass of E(TEM,,) through the crystal in a non-
resonant interaction. As we see, the harmonic is no
longer Gaussian and emerges asymmetrically with re-
spect to the fundamental, due to double refraction. The
field E; (single pass) drives the various modes of the
harmonic resonator. In particular, we calculate the
coupling to the lowest-order extraordinary wave field

-of the harmonic resonator, shown in Fig. 2 as the Gaus-

glan [labeled E;(TEM,,)] and the next higher-order
extraordinary wave field E;(TEM,,). Both of these
modes are centered around the p line at the exit surface.

The coupling coefficient to these modes of the har-
monic resonator will be found with two major assump-
tions. First, that there is no loss [ie, @1 = ap = ¢ = 0
in (12) and (16)], and, second, that the crystal is in the
near field of the resonator mode, so that diffraction effects
can be neglected. Both of these assumptions are valid
for the resonator used, as will be seen in Section IV. We
normalize the field E;(TEM,,) and Ej (single pass) to
unit. power, and then compute the coupling. The
E(TEMy,) eigenfunction can be expressed in terms of
the transverse coordinate x, measured from the p line,

—2(z2®+y?) /wo?

%mw=%@mw=w3f (35)

where we have replaced the beam. radius of the harmonic
w. in the usual field expression by w./v2 from (11).

Note that
ff Vo de dy = 1. (36)
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From Section 3.1 of BADXK [7], we write the transverse
electric field distribution E (single pass) as

__ 2 Lo 2t we? 53
f(x)g(y) - W \/; ‘\/@ I'e ("7)

where F' and G are given in (11) and (18), with ¢ = 0.
Using (13) and (18), one can verify that

I reda asay = 1.

Define, following Kogelnik [26], the electric field coupling
coefficient due to the aperture length to the lowest transverse
mode as

(38)

to = ([ 109 iz, 9) de dy
I -

= [ 10 dz..
Substituting from (12) for F, and interchanging the

order of integration, one obtains successively

2 e
-2 2 a?
Cao = -—f Foe™ = gy
Wo 'R'G —o

2 [ ot
= \/7—:@ /;m Flu, te™ du
1 ¢

—72/2

NG fo (40)

Thus

\gr erf (¢/V/2). (41)

1
Coo(l) = ———
) = G(t, 0)
In the limiting case of ¢ << 1, where { is defined by (14),
note that
1

Coo = _‘_)1.

VG

The power-coupling coefficient is given by (25). Using
the evaluation of G'(¢, 0) from BADK (7], eq. 3.38, with
(41) and (25), we obtain the curve of ¢2,({) shown in
Fig. 5. When [ = [, ¢}, = 0.35, and the coupling to the
TEM,, mode of the resonator is 35 percent. In the limit-
ing case of large I/1,(t > 1)

: —i\ﬁ
Cao(t—2t 2<<1-

From (14) and (17) and BADX [7], eq. 8.39, one observes
that for ¢ > 1

(42)

(43)

l2

C:0P2 = KP? 4’!1)2

(44)

which is independent of !, showing that resonant har-
monic generation in this mode has ceased to increase
with crystal length.

In a similar fashion, one may evaluate the coupling to

JUNE
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Fig. 5. Variation of the power coupling coeflicient to the TEM,

mode and 7 EM,, mode of the harmonic resonator, labeled ¢40? and
¢a1% respectively, as a function of the dimensionless length param-
eter £.

the TEM,, mode

ca = [ 1@ iz (45)
where
W) = oy (46)
1 ﬂ'1/4w§/2
One then obtains
_(1 _ 6—«1:"/2)2
Ca t e ey 47
(D VIO (47)

The limiting cases for the power-coupling coefficient for
this mode is, from (25), given by

2

(1) — —ff P 1
(48)
1
— 1> 1
\/271" i
and
2 )
b L2 i1, (49)
Cao ™

¢, () is plotted in Fig. 5, where it is seen that the
coupling to the TEM,, mode decreases rapidly for small
t, as is reasonable. The couplings to the other higher-
order modes were not explicitly calculated, although
we expect them to decrease steadily with increasing order.

From Fig. 5, we see in the Imit ¢ < 1 that ¢2,(1) — 1
and €2, (1) — 0, as do all the higher-order couplings. For a
crystal like KDP with finite p and therefore finite I,
small ¢ implies a short crystal length I. However, for
LiNbO;, where phase-matched operation normal to the
optic axis is possible, p = 0 and [, = « {14], [15]. Thus,
for such crystals of any reasonable length I, we are still
in the ¢ << 1 limit, where there is 100 percent coupling to
the lowest-order Gaussian mode of the harmonic resonator.
This result, although derived for the near field only,
applies more generally to the far field, and implies that
both fundamental and harmonic are TEM,, modes which
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diffract together into the far field with coincident phase
fronts. Thus, harmonic resonance with LiNbO, should
be quite favorable.

III. RESONANCE OF THE F'UNDAMENTAL

Assume we have a fundamental resonator with mirrors
M, and M, which are highly reflecting at the funda-
mental wavelength and perfectly transmitting at the
harmonic wavelength, as shown in Fig. 6. If the reso-
nator is properly matched, then, at resonance, the funda-
mental power passing through the crystal inside the
resonator is greater than the single-pass power through
the crystal in the absence.of the mirrors. Since SHG
power is proportional to the square of the fundamental
power, enhanced SHG is possible, using the fundamental
resonator.

The power inside the resonator and the matching
condition can be derived, following the approach of
Section II-A. Rack and Biazzo [27] have derived similar
results from a different approach. Referring to Fig. 6,
define 7, and 7, as the power-reflection coefficients, and
t, and £ as the transmission coefficients at the lossless
mirrors M, and M,. Let ¢ be the fundamental power-
transmission coefficient of the crystal. 7, 7, and ¢ are all
close to unity. By definition

ot t1 =1=ry + Is.

Define P,, P,, and P,, respectively, as the incident power,
reflected power, and the power inside the mirror M, of
the resonator incident on the crystal. We express these
powers in terms of the round-trip phase shift within the
resonator ¢ and a reflectance parameter defined as

(50)

P = 1. (51)
We find
P, _ b
Po - Vi 4 sint € (52)
p (V= Vi) 4V, sin’
Lo _ —— — . (53)
P, (1 — Vrr)?: + 4V, sinz('z—o

The power transmitted through the resonator is equal to
1,tP,, where P, is given in (52). At resonance, sin® ¢/2 = 0,
and the reflected power is given by

P, _ (V= Vn)
P = Vo)

If the input mirror reflectivity , = r,, the reflected
power P, = 0, and the resonator is matched. This match
condition implies that the coupling loss 1 — r; is equal
to the sum of all other losses 1 — t°r,, as for microwave
and other resonators. Let P,,, be the power in the cavity
at mirror M4, when we are matched and at resonance;

(54)
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Fig. 6. Fundamental resonator with mirrors M; and M», which are
highly reflecting to fundamental light and transmitting to har-
monic light.

1.0

0.8 / \

AR,
NNV \
0.2 /

N

N

|
I
o | -~
0.0t 0.05 0.t 0.2 05 10 2 5 10 20 50 100
1-r.
=1
1—Urm

Fig. 7. Variation of the normalized power inside the fundamental
resonator with the mismatch parameter o.

that is, r, = r,, and sin® ¢/2 = 0. Then

Pw 1

P, 1 -7,

The square of (55), that is, 1/(1 — 7,)°, gives the reso-
nant enhancement of SHG due to fundamental resonance.
We now find the sensitivity of P, to departures of r,

from the ideal matching situation. From (52), (50), and
(55), at resonance,

P _ (=)0 —r) _ 20+ Vr)o— (1 —r)d
Po (1 = Vg, (V7 + 1)°

(55)

(56)

where

1o va
1—\/1",”

Tl —r)<<land{l —r,) <1, then o (1 — 1)/
(1 — r,), and

> 0.

o

(57)

P, 4c

P, (e + 17
This is plotted in Fig. 7. From the fact that the curve is
symmetrical about ¢ = 1 on a log plot, we conclude that,
for a given deviation from match, it is better to be over-
coupled (¢ > 1) than under-coupled (¢ < 1). Note that
significant deviations from match still give considerable
enhancement of the fundamental power P, within the
resonator.

(58)
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IV. DESCRIPTION OF THE EXPERIMENT

The experimental setup selected for this study con-
sisted of a fixed-frequency gas laser and a separate tunable
external resonator containing the nonlinear crystal. By
separating the laser resonator from the external resonator,
one achieves the greatest flexibility in the choice of
parameters for each of the resonators. Furthermore, if
one can succeed in optically isolating the source from the
tunable resonator, one is then able to measure and
Interpret separately the characteristics of the laser source
and the harmonic output of the external resonator.
These features are highly desirable in an experimental
study. Under different cireumstances, however, it might
be desirable to work internally to the laser cavity, to take
advantage of the high internal energy flux.

A. Resonator Constderations

1) Harmonic Resonalor: The harmonic resonator used
is shown schematically in Fig. 4. The l-meter curved
mirror M, and the flat mirror M, were separated by 3
cm and were highly reflecting for the harmonic and highly
transmitting for the fundamental. The actual sample
used for the resonance work consisted of a 1.23 cm length
of KDP, with a pair of 1 mm thick antireflection-coated
fused quartz plates optically joined to the KDP with
index matching fluid. This type resonator is inherently
high @ and relatively insensitive to small angular mis-
adjustments. Quantitative experimental comparisons with
other resonator geometries, as discussed in Section V,
bear out these statements. Table I contains a summary
of wvarious harmonic resonator and sample parameters
used.

TABLE I
b W2 82 139273 la l/la
3l.4cm 0.017cm  1.08 X 1073 0.030 1.4cm 0.87

In arriving at the results of Table I, correct account
must be taken of the presence of the 1.43 em of dielectric
in the resonator. The problem of an optical resonator
partially filled with dielectric is of importance in practice,
and has not been treated in the literature. What is re-
quired is to find the equivalent length of the air-dielectric
combination in a problem involving the diffractive spread
of a beam. Kogelnik [28] has described the ray matrix,
or ABCD method, for relating the fransverse position
and slope of a ray at the input and output reference
planes of an optical system. This can be applied to
resonators where we can specify the characteristics of
the resonator by relating the position and slope at one
mirror to the same quantities at the other mirror. Look-
ing at Fig. 4, we see that the region between mirrors
can be divided into three optical regions by imagining
two additional reference planes placed in air adjacent
to the dielectric material of length I and index n. For the
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dielectric region, the matrix is easily shown to be [82]

Bt e

To get the matrix for the other two regions containing
only air, let n = 1. The product of these three matrices
is then the matrix-relating positions and slopes of rays
at the two reference planes at the mirror '

1oL+ (Z/n)}

b

where I, is the total air length within the resonator on
both sides of the erystal. The matrix (60) indicates that
the equivalent air length of the resonator is

(59)

(60)

{
de = 1, + Y 61)
irrespective of the location of the crystal within the
resonator. For the plano-concave resonator, the equiva-
lent confocal parameter b is [12],

b* = 4db, — 4d° (62)

where b, is the curvature of mirror 4, and d is the length
of the resonator in air (vacuum). Using b, = Im, [, = 1.6
em, I = 14 em,n = L5 andd = d, = 2.53 cm, we get
b = 31.4 em, as shown in Table I, using (61) and (62).

It is important to note that there is a second equivalent
length which applies to the calculation of the axial mode
spacing or free speetral range of a resonator. For a reso-
nator containing only air (vacuum), this is ¢/2d, where d
is the resonator length. For a resonator partially filled
with an antireflection-coated dielectric, d = d! where

di =1, +nl (63)

since the actual number of wavelengths in the dielectric
is increased by the index of refraction n.

The beam radius w, of the harmonic at the plane
mirror of the plano-concave resonator is found from (5),
using b and the free-space propagation constant. The
far-field diffraction angle [7], [12] is given by

2,
b

and is listed as 8, in Table I for the harmonic resonator.
The parameter [12]

0o = (64)

£ = (65)

|~

is a normalized distance that determines the diffractive
spread of the beam, according to

w' = wi(l + £)

where w, is the beam radius at the beam minimum, and
w is the radius at distance ¢ away. If £ < 1, beam spread
or diffraction is small, and one is in the near field. Thus,
Expp =2 d/b &~ 0.030 gives the diffractive spread in the
KDP crystal, and is small. The aperture length [, is

(66)
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defined in (1). The quantity I/l, gives the ratio of the
sample length to the aperture length. ‘

2) Fundamental Resonator: The plano-concave reso-
nator of Fig. 4 could be used for studying resonance of
the fundamental, if mirrors 2/, and M. were made highly
reflecting at the fundamental and highly transmitting
at the harmonic. Only a limited amount of work was,
in fact, done in resonance of the fundamental and, for
this, a plane-parallel resonator was used.

3) Resonator for Simultaneous Harmonic and Funda-
mental Resonance: Simultaneous resonance of fundamental
and harmonic frequencies is an attractive thought. How-
ever, as mentioned by Kingston and McWhorter [18], if
the standing wave nulls of the electric field of the funda-
mental and harmonie coincide as at a common conductive
mirror, the interaction between harmonic and fundamental
becomes zero because of the equal and opposite effect of
waves traveling in both directions within the resonator.
They [18] point out that this may be overcome experi-
mentally by separate mirror surfaces for fundamental
and harmonie, or possibly by operating with some phase
mismateh.

This will not be pursued further here, since no experi-
ments were attempted.

B. Ezxperimental Setup

Figure 8 shows a sketch of the experimental setup,
showing the laser source, external resonator, with its
KDP sample clad in antireflection-coated quartz plates,
and all other relevant components. The external reso-
nator consisted of a pair of dielectrically coated mirrors
which could be adjusted in angle and whose separation
could be varied by piezoelectrically scanning one of them.
A sample holder located the nonlinear crystal with the

optic axis, as shown between the mirrors, with adjust-
ments on its angle and position. By changing mirrors in
the external resonator, it was possible to study resonance
of the harmonic and of the fundamental separately.
The use of the scanning technique not only permits one
to obtain directly the complete resonant response of the
harmonies from the external resonator, but also avoids
what would otherwise be the difficult problem of setting
on the peak of the optical resonance.

The resonator, including detector, was located inside
a light-tight box with adjustments emerging through
flexible joints. A long wavelength pass filter on the input
end of the box excluded visible light and passed the
fundamental beam at 1.15 u. The detector, which was a
6199 photomultiplier or, occasionally, a 1P21, was shielded
from the 1.15 u radiation and exposed to the 0.576 u
harmonic radiation by a short wavelength pass filter.
The output of the photomultiplier was processed by a
phase-sensitive detection circuit having a suitable time
constant and displayed on a chart recorder driven in
synchronism with the piezoelectric mirror drive.

The scanning Fabry—Perot spectrometer [29] set up
on the back end of the laser measured the amplitudes
and spacings of the longitudinal modes of the 1.15 u
laser used to drive the external resonator. It also could
detect coupling of the external resonator at resonance
to the laser. Coupling causes a considerable increase in
the jitter of the amplitudes and spacings of the modes.
In the harmonic resonator experiments, the coupling
was due to residual mirror reflections at the funda-
mental frequency. A polarizer and quarter-wave plate-
type isolator was mnot used in the final measurements,
since it introduced loss and operated with degraded
isolation, due to differences in the reflection coefficient
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of the resonator for ordinary and extraordinary polari-
zations. It was found that the coupling could be reduced
to tolerable levels by using a very high-reflectivity mirror
as output mirror in the laser.

Coupling was more noticeable when resonating the
fundamental. However, for our experiment, it was not
bothersome, due to the low @ of the plane-parallel reso-
nator used, as will be discussed later. In principle, if the
reflectivity of the input mirror r, = r,, as given in (51),
then the resonator is matched and there is no reflected
power. In practice a special mirror of continuously vari-
able reflectivity was slid across the beam to adjust for
best match. This mirror had tapered dielectric layers
which caused the reflectivity to vary with position across
the mirror, Over one inch of travel, the reflectivity changed
continuously from ~ 96 percent to ~ 30 percent. This,
unfortunately, was so rapid a change that variations
over the beam diameter were significant. For this reason,
and partly for reasons associated with the low @, it was
not possible to achieve a perfect match. A true Faraday
rotation isolator with low loss would have been the
ideal solution to the isolation problems for harmonic
and fundamental resonance.

The purpose of .the lenses L, and L, shown in Fig. 8
was to match the fundamental beam from the laser to
the external harmonic resonator and scanning Fabry-
Perot resonator. When properly matched to a scanning
Fabry—Perot {29] (in beam radius and phase front curva-
ture), all the incident power couples to the lowest-order
resonator mode. In the case of the harmonic resonator,
we fed it with a fundamental beam of radius v2 times
larger than the beam radius of the lowest order harmonic
mode w, = 0.017 cm (see Table I), according to (13),
and adjusted the beam minimum to be at the plane of
the flat mirror of the plano-concave resonator. In spite
of this matching, as we have already calculated for
harmonic resonators with p # 0, double refraction causes
coupling to the higher-order modes.

C. Lineup Technique

The technique for lining up the harmonic resonator
was complicated by the use of two wavelengths, the
combination of ordinary and extraordinary beams in
the resonator, and the need to adjust the crystal angle
for phase matching. The harmonic resonator was first
adjusted for resonance, with the crystal only approxi-
mately adjusted in angle with an extraordinary wave
0.6328 u beam, for which the mirrors have about the same
reflectivity as at 0.576 u. This was done first with lens
I, removed and an isolator in place. The curved mirror
M, was adjusted square to the beam, using smoke which
made the beam trajectory visible enough to judge the
coincidence of the incident and reflected beam at /,.
Without touching the resonator, L, was inserted and
positioned for resonance again. This assures that the
lens has been introduced with its axis along the original
beam axis. Thus, when the wavelength is changed to
1.15 u, the beam axis will not shift. Irises 7, and I, are
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used to reference the beam during the change to 1.15 p.

The final adjustment for phase matching was made
at 1.15 u with M, removed. When reinserted, we expect
harmonic resonance. If this fails, the entire lineup pro-
cedure can be repeated with an increasing chance of
success. Crucial to this procedure is the fact that the
beam was introduced at the curved mirror M, of the
plano-concave resonator where the axes of the ordinary
fundamental and the extraordinary harmonic are co-
incident (see Fig. 4). Final trimming adjustments were
made visually by tilting the output mirror so as to
coalesce the many harmonic beam reflections into a single
spot which closely corresponds to optimum interaction
with the lowest-order mode of the harmoniec resonator.

V. EXPERIMENTAL RESULTS

In this section, we describe the results of experiments
using the apparatus described in Section IV and show
how they are interpreted in terms of Section II and ITI.

A. Harmonic Resonator Loss Measurements and Resolution

The loss per pass e at 0.576 p, associated with the
extraordinary wave for various harmonic resonator geo-
metries, was deduced from measurements at 0.6328 u,
where the mirror reflectivities are essentially the same;
e was found by using (34) and data of the type illustrated
in Fig. 3.

Measurements with a plano-concave resonator with
no crystal gave values of e expected from the mirror
reflectivities. However, for a plane-parallel resonator
with no erystal, there was an additional 10 percent loss
per pass beyond that expected from mirror reflectivities.
This is probably due to slight inaccuracies in the piezo-
electric scanner and mechanical instabilities associated
with the long path used between laser and resonator
(~ 1 m), both of which affect the plane-parallel geometry
more seriously. Most work was done with the plano-
concave resonator, in order not to incur the measured
additional loss.

When a KDP slab was inserted into the plano-concave
resonator, there was an additional 12 percent loss per
pass beyond that expected from mirror reflectivities and
bulk absorption; 8 percent comes from the dielectric
discontinuity; the other 4 percent we attributed to surface
imperfections. With a crystal cut at the Brewster angle,
the loss per pass dropped ~ 9 percent, which still left
an additional 3 percent to be accounted for by surface
imperfections. The lowest loss arrangement and the one
used for the actual harmonic resonance measurement
involved attaching a pair of 1 mm-thick antireflection-
coated quartz plates to a 1.23 cm-long KDP crystal
with index matching fluid. This reduced surfacc reflec-
tions to less than 0.1 percent, but introduced ~ 0.4
percent transmission loss for both surfaces. This crystal
in a plano-concave resonator with 99 percent mirrors
gave a measured value of ¢ ~ 0.04, or 4 percent, which is
reasonable, considering the bulk absorption.

Figure 9 illustrates the resolution possible with the
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Fig. 9. Response of the plano-concave harmonic resonator to
0.6328 u light consisting of two longitudinal modes ~ 345 mec
apart. The principal response is in the TEM o mode of the reso-
nator. A weaker response in the TEM;, mode displaced ~ 200 me
away from each of the two TEM o modes is also illustrated.

plano-concave resonator containing the KDP sample
clad with the two antireflection-coated quartz plates.
It is also typical of the loss measurements. This data was
taken with M, a 99 percent 1 m curved mirror, and M,
a 97 percent flat mirror. The laser was 42 cm long, oscil-
lating at 0.6328 4 in the extraordinary wave. The figure
shows the resonant response of the external resonator as
it is scanned in length. Every time ¢/2d! = 4050 mec
[see (63)], we expect the resonances to repeat. This corre-
sponds to moving the mirror M, a distance of A\/2. Since
the piezoelectric mirror drive on M, is linear, it con-
veniently provides an abscissa on Fig. 9 which is linear
in frequency, from which we deduce that the 0.6328
p laser was oscillating in two well-resolved modes, ~ 345
me apart. From the laser length, we expect longitudinal
modes spaced every 360 mec. The ratio A/25 yields a
value of ¢ = 0.5, as expected from the earlier discussion.

Figure 9 also shows another feature of the harmonic
resonator which will be important in the interpretation
of the harmonic resonance data. This is the presence of
the small satellite resonance ~ 200 mec away from each
large resonance. These are due to the TEM,, mode of
the resonator. In this case, this mode is being excited
because of residual beam misalignment or slight errors
in the beam-matching conditions. The mirror separation
d at which the various TEM,,,, modes of a plano-concave
resonator in vacuum (or air) are resonant is given by
Boyd and Kogelnik [13], eq. 48

2d _
L

1 - ( _ %) |
g+ o A+ m-4+mn)cos 1 b, (67)
where b, is the radius of the curved mirror, and m, n,
and ¢ are integers appropriate to the mode under con-
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sideration. For a resonator partially filled with dielectrie,
we use d = d! [see (63)] on the left-hand side of (67).
On the right-hand side in the cos™ term, we use d = d,
[see (61)]. For our resonator b, = 1 m and d, = 2.53 cm.
From (67), the difference in mirror separation between the
TEM,o, and TEM,,, resonances is \/24/. d,/b;, which
corresponds to ~ 204 mc. This agrees with Fig. 9. We
emphasize that the 204 mc separation between the TEM,,,
and TEM,,, modes, as used here, is merely a convenient
way of quoting the mirror separation between transverse
modes of the same frequency.

Since we expect essentially the same @ and resolution
when looking at harmonic resonance at 0.576 u as at
0.6328 u [see (31) and (34)], we conclude that the @ is
adequate in this resonator to resolve the harmonics of
the longitudinal modes of the 1.15 u fundamental osecil-
lator. As we shall see, we can also resolve the sum fre-
quencies of the various longitudinal modes.

B. Harmonic Resonance

A convenient condition for observing the harmonics
and mixing of axial modes is achieved by using a rela-
tively short 1.15 u laser oscillating in two longitudinal
modes of equal amplitude having frequencies f, and f,,
spaced by Af = f, — f; = ¢/2L. We then expect an out-
put at three frequencies 2f;, fi + f., and 2f,, having
relative powers 1, 4, 1, respectively, spaced by Af. If
the length of the laser tube L is increased, the number
of oscillating modes increases and their separation de-

" creases. This reduces the separation of the harmonic

and sum components and makes their resolution in the
external resonator more difficult. Suppose, for example,
we have four fundamental longitudinal modes spaced
by ¢/2L, as shown in Fig. 10(a), with frequencies f,, fs,
s, and f,. We expect an output of harmonic and mixed
components at seven frequencies, as shown in Fig. 10(b).
The central three output modes are made up of two
contributions each. For instance, output at 2f, consists
of the second harmonic of f, at 2f, and f, + f; = 2f,,
taken in proper phase. In actual lasers, dispersion and
saturation effects result in a spectrum of longitudinal
modes slightly different from ¢/2L, with each mode
having a phase independent of its neighbors [30]. These
small shifts in spacing split the degeneracy of each of
the central three modes of Fig. 10, so that, in fact, we
have three closely-spaced doublets and a total of ten
different output frequencies. In our apparatus, these
closely-spaced pairs would not be resolved. With higher
numbers of longitudinal modes oscillating, the output
would consist of even larger numbers of unresolved lines,
spaced approximately ¢/2L. Fluctuations in the laser
mirror spacings, gas discharge, and small amounts of
coupling back from the external resonator also give rise
to amplitude and frequency fluctuations in the laser
modes. These effects complicate the multimode situation
and contribute to the observed instabilities under these
conditions.

It is important to note that Fig. 10(b) describes only
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the frequency spectrum of the harmonic output. This
output couples predominantly to the TEM,, mode of the
harmonic resonator and, to a lesser extent, to the TEM,,
mode and other higher-order modes. Thus, for each
frequency present, there will be a series of resonances of
decreasing amplitude, each of which occurs at a different
value of the mirror separation, as determined by (67).

Figure 11 shows the laser output from a I = 42 cm
tube oscillating at 1.15 g, as monitored by the scanning
Fabry—Perot. The tube is oscillating in two longitudinal
modes with somewhat unequal amplitudes, spaced
~ 360 mc = ¢/2L. The harmonic power output P, from
these two modes is shown in I'ig. 12 as a function of the
mirror separation of the plano-concave resonator, with
mirror reflectivities M; = 98.8 percent and M, = 97
percent. We see successive groups of resonances spaced
~ ¢/2d! =2 4050 me, from which we deduce that the
separation between the most prominant resonances of
each group is ~ 340 me. Thus, referring to Itig. 10(b),
we conclude that we must be observing the sum fre-
quency as well as the harmonics of the two incident
longitudinal modes. The poorly resolved structure of
Fig. 12, which constitutes the high base from which
the three dominant resonances emerge, is taken as evi-
dence of the higher-order modes. It is typical of these
harmonic resonance measurements that the successive
groups of resonances are not completely identical.

By comparing P, at the peak of the central resonance
(65 units of power) with the single-pass power obtained
by removing the rear mirror M, of the resonator (12
units of power), we get a measure of the power enhance-
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Fig. 11.

Laser output from a L = 42 cm tube as monitored on
the scanning Fabry-Perot. The two modes at ~ 1.15 p are spaced
~ 360 me¢ =< ¢/2L.
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Fig. 12. Harmonic output P from the harmonic resonator vs.
mirror separation for L = 42 cem. The principal response consists
of three resonances spaced ~ 340 mec apart = ¢/2L.

ment factor P,/P, in (27). From the relative amplitude
of the harmonic components seen in Fig. 12, we deduce
that the single-pass power in the central resonance is
~ .6 X (12 units), or 7.2 units of power. Therefore,
P,/P, = 65/72 = 9.0 (measured) for the central reso-
nance. We compare this factor with the theoretical value
computed from (27), making the assumption that only
the lowest-order Gaussian mode of the resonator is ex-
cited. Thus, x = 0.43 = ¢2, for I/l, = 0.87 (see Table I and
Tig. 5). Also, e = 0.05 = (1 — 7) and &, = 0.03, which
gives P,/P, = 5.2 (caleulated). From (31), \/26 = 63
(calculated), whereas 2/26 =2 30 (measured). From (24),
setting ¢ = 0, we deduce that the resonant enhance-
ment factor for harmonic power inside the resonator is
1/t, times the enhancement factor for transmitted power
(27). Thus, internal to the resonator, we have an en-
hancement of P,/P, = 9.0/0.03 = 300 (measured).
These results, using the I = 42 cm laser, are summarized
in Table II.

With L = 64 cm, the laser oscillated predominantly
in four longitudinal modes, separated by about 235 me.
The harmonic resonator output consisted of about seven
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TABLE II
€ Pg/Pz Pt/Pz Pe/Pz Pe/Pz )\/25 }\/25
measured measured calculated measured calculated measured calculated
L = 42 ecm 0.05 9.0 5.2 300 173 ~30 63
L = 64 cm 0.04 — — — —_ ~40 79
L = 145 cm 0.04 ~7.0 3.2 ~580 266 ~A40 79
235 MC
AVERAGE
-
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Fig. 13. Harmonic resonator output P; from a 1.15 u laser with
L = 64 cm oscillating mainly in four longitudinal modes separated
by ~ 235 me.

Fig. 14. Multiple exposure photograph of the laser output spectrum
at 1.15 u for L = 145 cm. The spacing of modes is ~ 103 mc. The
laser discharge was oscillating at ~ 400 Ke.

clearly resolved resonances, separated by 235 me, as
seen in Fig. 13. These resonances are more closely spaced
than the resonances of Fig. 12, and yet appear better
resolved. The reason is probably associated with the
fact that the separation in position of the various trans-
verse modes of a given frequency corresponds to ~ 204 me,
which is close to the 235 me separation between sum and
mixed frequency components. Thus, each resolvable
resonance represents the sum of a TEM,, response at
one frequency, and a TEM,, response of a neighboring
frequency ¢/21. = 235 mc away, and possibly even some
lesser contributions from other transverse modes at

MIRROR SEPARATION =3

Fig. 15. Response of the harmonic resonator P; to the incident
fundamental light from the L = 145 em laser, as a function of the
mirror separation of the harmonic resonator.
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Fig. 16. Response of the harmonic resonator with an expanded
scale showing the b resonances of Fig. 15 in detail.

still more remote frequencies. In this experiment, M,
and M, had reflectivities of 98.8 percent. The value of
A/26 increased somewhat to ~ 40, consistent with the
higher Q.

Data was also obtained from a laser with L = 145 cm,
having a 103 me longitudinal mode spacing. Figure 14
is a photograph of the output spectrum at 1.15 u. The
harmonic resonator with two 98.8 percent mirrors gave
harmonic output P,, as shown in Fig. 15, with a separa-
tion of resonances of about 109 me. Figure 16 shows
data on the b resonances taken on an expanded scale.
The situation here is similar to that of Fig. 13. Each
resonance represents, principally, the response to the
TEM,y, mode and, to a lesser extent, the TEM,, mode
having a frequency which is now 2(¢c/2L) = 206 me
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away, plus some smaller higher-order mode contributions.
The ratio of the output power P, at the peak of the
highest b resonance to the single-pass power with the
output mirror removed was unity. From the fraction
of the single-pass power in the highest b resonance, we
deduce the enhancement ratios shown in Table II. The
table also shows the measured value of \/28 and the
comparisons with theory, assuming again that coupling
occurs only to the lowest-order Gaussian mode.

The alternation in the amplitude of successive groups
of resonances observed in TFig. 15 was ascribed to a
chance coincidence of the harmonic resonance and the
fundamental resonance caused by the residual reflections
of the mirrors at 1.15 g. This coincidence does not always
occur, due to the dispersion of the quartz plates, index
fluid, and mirrors. It is interesting to note that the 145
cm tube was operating with a discharge oscillation at
400 ke. This affected the amplitude of the modes, as
seen on the scanning IFabry-Perot. The Fig. 14 photo-
graph was taken with a long exposure time and repre-
sents an average over a great many sweeps. Apparently,
this oscillation did not adversely affect the resonator
output, as seen in Fig. 15. In fact, similar data on tubes
of comparable length which were free of oscillations
showed somewhat greater variations in the heights of
successive resonances. Possibly, the oscillation inhibited
any locking of the modes to each other or to the external
resonator.

In Table II, the comparisons between the measure-
ments and calculations based on the excitation of only
the lowest-order Gaussian mode show that the calculated
values of the power enhancement are too low, and the
calculated resonant width too narrow.

These discrepancies, which are at most a factor of
two, can be reduced at certain places in Table IT by
including the eoupling to the TEM,, and other higher-
order modes. Thus, at L = 145 em (data of Tigs. 15
and 16), the inclusion of the coupling %, to the TILEM,,
mode (see Fig. 5) would increase P,/P, caleulated and
P./P, calculated by a factor of (¢, + ¢2,)/¢2, =< 1.6. The
extent of the contribution of the higher-order mode cou-
plings at L = 42 em (data of Fig. 12) is less clear, although
these modes may be causing an overestimate of the meas-
ured value of §. The agreement between experiment and
theory in Table I1 is considered satisfactory. The com-
plication of higher-order modes could have been elimi-
nated, at the price of a little additional loss, by adding an
iris of appropriate diameter to the harmonic reso-
nator. In our short resonator, with its small spot size,
this was difficult, and therefore was not done. There
was direct evidence of coupling to the higher-order modes
from visual observation of the resonant harmonic light.
At optimum mirror alignment, there always was a resid-
ual halo about the central spot, predominantly elongated
in the z direction, which indicates the presence of the
TEM,, and other higher-order modes.

In the harmonic experiments described, the geometry
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used was a compromise between the need for adequate
signal-to-noise level at the detector, the desire to have a
sample of sufficient length to display the effects of double
refraction, and the need for adequate @ to resolve the
longitudinal modes of the laser. No real attempt was
made at optimization.

Keeping within the near-field restriction (&xpr << 1),
we see from (27) that considerable improvements in
resonant power are still possible. Reducing [ and w, in
the same ratio decreases ¢ = (1 — r) and keeps x and
P, fixed, and thus increases P,. Depending on ¢ a re-
duction in ! may increase «/¢ more than it reduces P,,
and thus increase P,.

C. Fundamental Resonance

We will consider our data on resonance of the funda-
niental, taken with the external resonator equipped with
two plane mirrors, coated to give high reflectivity at
1.15 u and high transmission at the harmonic wave-
length. The input mirror M, was of variable reflectivity,
as previously described for matching purpose. M, had
a reflectivity of 99.5 percent at 1.15 x. The sample used
was a 3.5 mm thick KDP crystal, cut at the Brewster
angle for the fundamental. The previous results on loss
per pass for a plane-parallel resonator with no sample
showed 10 per cent more loss per pass than could be
accounted for by the mirrors. This in itself is an indi-
cation that the results which include the sample will be
considerably degraded. It was found that it was not pos-
sible to achieve a perfect match at resonance by varying
the input mirror reflectivity. The reflected power went
through a broad minimum of ~ 30 percent of the inci-
dent power for an input mirror reflectivity of 0.89. Also,
as expected for this resonator, the response of the de-
tected harmonic light as the fundamental goes through
resonance (seen in Fig. 17) is rather broad, and yields
a loss per pass ¢ = 0.28. Taking 5 percent loss for the
bulk absorption of the fundamental, 3 percent loss due to
imperfections in the Brewster surface, 53 percent for
the known mirror reflectivities, and 10 percent additional
loss for the plane parallel resonator in our setup, accounts
for 23% percent of the 28 percent observed.

From the measured ¢ = 0.28 and the mirror reflec-
tivities, we compute an effective value of the transmission
through the nonlinear material ¢t = 0.77. Substituting in
(51) and (56), we find that the power at the input of the
crystal inside the resonator at resonmance P, = 1.6 I’,.
Thus, we expect an enhancement of harmonic output
of (1.6)> = 2.6 at resonance, compared with the single-
pass power generated in the absence of resonance. The
enhancement was measured experimentally by removing
mirror M, which subjects the ecrystal to the incident
power P,. The experimental value of enhancement
found was 5. This agreement must be considered fair,
especially since we are applying a theory which assumes
a perfect resonator to a situation where we strongly
suspect that beam walkoff is the origin of the additional
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Fig. 17. Harmonic output from a plane parallel resomator con-
taining KDP, which is tuned for resonance of the incident funda-
mental light.

unaccounted loss and the inability to achieve a perfect
match. Had a perfect matech been achieved with no ad-
ditional loss at r; = r,, = 0.89, we would have expected a
harmonic enhancement, from (56), of 1/(1 — r,)* = 121.

VI. SuMMARY

The use of optical resonance as a means of enhancing
the efficiency of second-harmonic generation and fre-
quency mixing in nonlinear crystals has been investi-
gated experimentally and theoretically. This included
resonance of the incident fundamental light at 1.15 u
and also the generated harmonic light at .576 u. A plano-
concave harmonic resonator containing KDP had an
overall loss per pass of ~ 4 percent and adequate @
to resolve the harmonics and sum frequency components
of the individual modes of the incident fundamental
laser light. Large resonant enhancements were observed.
The harmonic power internal to the resonator could be
increased by ~ 500 times and external to the resonator
by ~ 10 times. Clear resonant effects were observed
when resonating the fundamental in a plane-parallel
resonator, and an enhancement of 5 was seen. The re-
sults make it clear that the optimum signal sources for
resonant nonlinear effects are in a single transverse and
longitudinal mode. ,

A theoretical calculation of the expected enhancements
due to resonance was presented, including the specific
transverse energy distributions of the incident and
generated light beam which gives rise to coupling factors
to the relevant resonator modes. Satisfactory agreement
between experiment and theory was obtained, using
the measured optical loss for the resonators. The results
suggest that further extensions of the experimental
technigue can lead to even larger enhancements in
harmonic resonance, and especially in fundamental reso-
nance using KDP or LiNbO; phase matched normal to
the optic axis.

This study, although specific to SHG and mixing,
has direct theoretical and experimental relevance to
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parametric oscillators. The resonance technigue as used
here for the second-order nonlinear polarization coefficient
may be useful in the measurement of other weaker non-
linear interactions which, at present, are beyond the
range of single-pass measurements.
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Abstract—This laser bibliography, compiled during the period
from July through December, 1965, contains 644 references which
are divided into 25 subject categories and listed chronologically.

Brief annotations are added to many references.
Tcompﬂed during the period from July through
December, 1965, and follows those published in
the June and August, 1965, issues of IEEE JourNAL OF
Quantum Ervcrronics. The references are divided
into 25 categories and are listed in chronological order.
A few of the references are dated prior to the compila-
tion period. Brief annotations are added to many refer-
ences. Some of the references are listed under more than
one subject category because of the contents of the paper.
The subject categories and their scope are the same as
those of Laser Bibliography II, except ‘“Beam Quality”
has been added to category 17. Twenty-seven references
dealing with holograms are listed under category 24.

The subject categories are listed below, and the num-
ber of references in each category is given in parentheses.

HIS BIBLIOGRAPHY of 644 references was

1) Books and General Laser Papers (13)
2) Laser Analyses (19)
3) Ruby Laser (34)
4) Neodymium Laser (18)
5) Other Solid-State Lasers (16)
6) He—Ne Gas Laser (25)
7) Other Gas Lasers (45)
8) Organic and Chemical Lasers (1)
9) GaAs and GaAs; ., P. Injection Luminescent
Devices (31)
10) Other Injection Luminescent Devices and Analy-

ses (7)
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11)
12)
13)
14)

Laser Amplifier (12)

Laser Resonators and Mode Considerations (45)
Giant Pulse Techniques (@-Switching) (16)
Pumping, Light Sources, Sensitization, and Pop-
ulation Inversion (15)

Modulation (25)

Detection (16)

Beam Quality, Control, and Steering (17)
Coherence, Interference, Quantum Noise, Nar-
row-Linewidth Lasers, and Frequency Con~
trol (33)

Raman and Brillouin Scattering (25)

Harmonie Generation, Mixing, and Other Para-
metric Interactions (22)

Thomson Secattering, Compton Scattering, and
Plasma Diagnostics (12)
Other Nonlinear, Thermal,
Effects with Matter (42)
Transmission, Propagation, Scattering, Reflec-
tion, and IMiltering (63)

Applications: Current and Proposed (59)
Miscellaneous (33)

15)
16)
17)
18)

19)
20)

21)

and Interaction

i. BOOKS AND GENERAL LASER PAPERS

Nonlinear Optics
N. Bloembergen (Harvard U.)
W. A. Benjamin, Inc., New York, N, Y., 222 p., 1965 (general
treatment, experimental results)

Noenlinear Optical Phenomena
Paul N. Butcher
Ohio State U., Engincering Fxperiment Station, Bulletin 200,
143 p., 1985 (Ohio State U. Seminar lecture notes)

Coherence Properties of Optical Fields
L.. Mandel and E. Wolf (U. of Rochester)
Rev. Mod. Phys., Vol. 387, No. 2, pp. 231-287, April 1965 (ex-
tensive review, cohercnce effects, superposition effects, numer-
ous references)
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