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We present a tight-binding study of the strong quantum confined Stark effect �QCSE� involving direct
transitions in Ge /SiGe quantum wells. Our aim is to provide a theoretical and numerical description of the
experimental results by Kuo et al. �Nature 437, 1334 �2005�� by means of a tight-binding model. In the
presence and in the absence of external electric fields, we are able to assign of the states involved in the
observed transitions. Oscillator strengths for normal and parallel incident radiation are evaluated. In particular,
the genuine direct transitions in the Ge region, at the � point, and the direct transitions coming from states
along the � lines folded at �, are discriminated; their energy shift as a function of a superimposed field is
evaluated, and their role in the QCSE is evidenced. Excitonic effects below and above the interband threshold
are also included in our calculations; they contribute to a close reproduction of the experimental absorption
spectra for different superimposed uniform electric fields.
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I. INTRODUCTION

Since the observation and interpretation1,2 of the quantum
confined Stark effect �QCSE�, it has been evident its poten-
tiality in the design of high performance quantum well opti-
cal modulators.3 The fundamental and technological impor-
tance of this effect is testified also by its presence in
textbooks on electronic and optical properties of semicon-
ductor nanostructures �see, for instance, Refs. 4–6�. For
about two decades, the effort to control the strong spectral
shifts of the confined direct interband absorption edges with
applied electric fields �the QCSE� has been almost exclu-
sively concentrated on III-V semiconductor type-I quantum
wells. In fact, the limitation of group IV semiconductors as
photonic materials, due to their indirect band gap, prevented
their application as light emitting devices. On the other side,
never ceased the hope to integrate silicon electronics with
silicon-based optoelectronic devices,7 mainly in telecommu-
nication and interconnection applications.8

Only recently, robust QCSE was observed9–11 in strained
Ge quantum wells �QWs� separated by strained Si0.15Ge0.85
barriers, coherently grown along the �001� direction on a
Si0.1Ge0.9 relaxed alloy substrate. For such geometry, the
band alignment leads to a type-I profile for the potential
around the � point of the Ge well where charges are con-
fined. The main idea9 to realize strong QCSE was to exploit
the lowest direct band transition at � ��8v

+→�7c
−� in com-

pressively strained Ge QWs at about 1500 nm. The result
was the detection of a Ge QCSE comparable with that of
III-V semiconductors but with the further bonus of being
realized with materials compatible with the Si mass-
production technology.

In this paper, we present a tight-binding description of the
QCSE in the type-I Ge /SiGe quantum well system consid-
ered in the experiments reported in Refs. 9 and 10. We re-
produce the lowest energy features of the electroabsorption
spectrum starting from the band structure of the complete
system and including excitonic contributions. In our work,
we adopt a first-neighbor sp3d5s* tight-binding Hamiltonian
to describe the electronic band structure of the QW system

for different values of the electric field orthogonal to the
multilayer structure. In Sec. II, we give a few details of the
system studied and of the method adopted. Section III con-
tains our results: in particular, we investigate the energy and
spatial distribution of the relevant states near the conduction
and valence band edges and then the direct interband absorp-
tion spectrum is obtained both for parallel and for normal
incident radiation. The effectiveness of our tight-binding
Hamiltonian description is proven by direct comparison with
the experimental measures.9,10 It is worth noting that our
results are not derived by a model band-edge profile as usu-
ally happens for calculations based on the effective mass
approximation. Indeed, the results reported in the following
are based on an atomistic description of the bulk silicon and
germanium crystals, and the electronic and optical properties
of the QW system are derived starting from the equilibrium
position of the atoms composing the strained lattice of the
complete heterostructures. Our conclusions are reported in
Sec. IV.

II. SYSTEM DETAILS AND THEORETICAL MODEL

The QW heterostructure studied in Refs. 9 and 10 is made
of barrier plus well regions periodically repeated ten times,
coherently grown along the �001�-crystallographic axis �ẑ�
on a relaxed Si0.1Ge0.9 buffer on Si, and eventually capped by
a p-i-n diode structure. Each region is composed of a 10 nm
wide strained, undoped, Ge well �the active material� and a
16 nm wide strained, undoped, Si0.15Ge0.85 barrier. An elec-
tric field on the structure is provided by Ohmic Al /Ti con-
tacts evaporated at the bottom and at the top of the hetero-
structure and is approximately uniform and perpendicular to
the QW plane. To model the system, we assume that all the
interfaces are perfectly flat and abrupt; the heterostructure is
considered infinitely extended along the growth plane. Alloy
concentrations are supposed constant and homogeneous
within each barrier region. The substrate, buffer, and cap
materials have no influence on the optical properties in the
near gap energy region �see Ref. 9� and thus are disregarded
in our calculations to limit CPU time.
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To take into account strain effects on the electronic struc-
ture, we first calculate the ion positions in the strained lattice.
The lattice constants a� along the ẑ axis in the Ge well and
in the barrier layers are evaluated according to the macro-
scopic elasticity theory.4,12 Their equilibrium value is deter-
mined imposing minimum conditions for the elastic energy
within each homogeneous region. They are a function of the
Ge content and of the growth plane lattice constant a� which
is given by lattice matching with the buffer.13

An electric field applied along the growth direction breaks
the periodicity of the multiwell structure along the ẑ axis, and
thus all the layers in the structure should be considered in the
calculation. Nevertheless, the spectral properties of each well
in the near gap energy range are essentially due to transitions
between states that are confined in the Ge layers; features in
the absorption spectrum related to less localized electronic
states are present only at higher energies. Therefore, in order
to limit the number of atomic layers considered in our cal-
culations, we simulate a single Ge well �10 nm� sandwiched
between two 8 nm wide Si0.15Ge0.85 barriers, assuming peri-
odic conditions along the parallel plane and hard wall con-
ditions at the boundary of the barriers. In this way, the fun-
damental cell contains less than 2�102 atoms, one for each
atomic sheet. We have performed the simulation also impos-
ing periodic boundary conditions along the growth direction.
i.e., with the uniform electric field substituted by a saw tooth
profile linear in each well plus barrier region. Our results for
the optical absorption in the near gap region are almost equal
in the two cases �see also Ref. 14�.

The electronic structure of the system is investigated by
means of a first-neighbor tight-binding Hamiltonian with
sp3d5s* orbitals and spin-orbit interaction. We adopt the self-
and hopping energy parameters obtained by Jancu et al.15 to
reproduce the electronic band structure of the bulk silicon
and germanium crystals. Linear interpolation with alloy con-
centration of the tight-binding parameters �virtual crystal ap-
proximation� is exploited to describe the Si0.15Ge0.85 barrier
regions. Although it is well extablished that electronic states
in SiGe alloys are better reproduced by theories beyond the
virtual crystal approximation �VCA�16,17 or numerical super-
cell calculations,18 for our purposes, the VCA provides suf-
ficiently accurate results due to the high Ge concentration in
the barrier region. Moreover, in our case, the wave functions
relevant to the near edge absorption are mainly confined in
the pure Ge active material and thus are only weakly sensi-
tive to the alloy disorder in the barriers. Strain effects are
accounted for by scaling the hopping parameters according
to the laws given in Ref. 15 and evaluating the appropriate
modification of the geometrical phase factors of the Hamil-
tonian matrix.

To model the potential discontinuity at the heterointer-
faces between the well and barrier regions, we align their
topmost valence band edges by adding a constant potential to
the self-energies in the well region. Its value has been evalu-
ated by linear interpolation with alloy concentration of the
results reported in Ref. 12 for Si /Ge heterointerfaces under
different strain conditions. The constant electric field is mod-
eled adding to the site energies a potential energy linearly
varying along the growth direction.

Interband optical absorption for incident light with polar-
ization unit vector �̂ and energy �� is evaluated according to
the following expression:19

����� = �
c,v

�c,v����

= �
c,v

2	e2�

n0cm0V�
�

k�

Pc,v
� �k��

Ec�k�� − Ev�k��
· �f�Ev�k���

− f�Ec�k���� ·
1

1 + 	Ec − Ev − ��

�

2 , �1�

where Pc,v
� �k��= �2 /m0���c ,k���̂ · p� �v ,k��2 is the squared modu-

lus of the dipole matrix element, expressed in eV, between
conduction �c ,k� and valence �v ,k� states with energies Ec
and Ev, respectively. The volume V is equal to the product of
the unit area in the QW plane and the width of the Ge plus
barrier region. f�E� is the Fermi distribution function; for T

300 K, we can safely assume f�Ev�k���=1 and f�Ec�k���=0.
n0 is the QW refractive index; it is almost independent from
the frequency in the energy range of interest. Its value has
been chosen equal to the static bulk germanium refractive
index. Finally, the Lorentzian distribution is introduced in
Eq. �1� to phenomenologically take into account linewidth
effects. To reproduce the room temperature data for the peak
widths reported in Ref. 10, we set �=8 meV which is the
same value adopted in similar calculations.20 Furthermore,
we assume here that the variation of � with the electric field
strength can be neglected. This is supported by the invari-
ance of the measured absorption peak widths for different
field strengths.10 The sum over k� in Eq. �1� is evaluated sam-
pling the two-dimensional Brillouin zone with 200 indepen-
dent k� points along the �100� direction. The length of the
sampled segment is chosen so that all the direct transitions
below a given energy threshold are considered. In this way,
in the evaluation of near gap absorption spectra, we take into
account transitions between QW confined states, their differ-
ent dispersions around the gamma point, and also contribu-
tions at higher energies involving less localized states ex-
tending into the barriers �see Figs. 2 and 3�.

To evaluate the matrix elements ��c ,k���̂ · p� �v ,k�� of the mo-
mentum operator between valence and conduction states, we
follow the procedure originally introduced by Ren and
Harrison21 for the evaluation of the optical properties of bulk
semiconductors with the tight-binding method. The same ap-
proach has been successfully adopted also for tight-binding
simulations of nanostructured systems.22–26 Ren and
Harrison21 have shown that if the basis wave functions are
not explicitly known �as is the case for the parametrization of
Ref. 15�, the dipole matrix elements can be reasonably ap-
proximated by the following relation:

��i�p� �� j �
im

�
��i�H�� jd� ij , �2�

where d� ij is the vector connecting the orbitals �i and � j,
localized on the sites i and j, respectively. We note that the
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approximate relation �Eq. �2�� is compatible with gauge in-
variance and with the q→0 limit of the equation for charge
conservation.27,28

For each couple of bands �c ,v� involved in expression
�1�, excitonic contributions are evaluated by means of the
two-dimensional Elliott expression,6

�c,v
ex ���� = �c,v������n=0


4

�n + 1
2�3�	� +

1

�n + 1
2�2


+ ����
e	/��

cosh	 	

��

� , �3�

where �c,v���� is given in expression �1�, �=
��−Ec,v

E0
, Ec,v is

the energy difference of the considered couple of bands at
the band edge, and 4E0 is the exciton binding energy. The
two terms in the square brackets in Eq. �3� account for the
below �Rydberg-like� and above �Coulomb enhancement�
gap features. Also for the Rydberg states, a line shape
Lorentzian broadening is introduced with linewidth of
8 meV. For the excitonic binding energy, we have adopted
the value 4E0=3.6 meV.10

III. RESULTS

Before presenting our numerical results for the Ge /SiGe
QW heterostructure, it is useful to briefly summarize the
most relevant effects on the electronic band structure of SiGe
bulk alloys induced by biaxial strain.29–31 Let us consider the
case of a SiGe crystal grown along the �001� direction on a
cubic SiGe substrate. If the Ge concentration in the substrate
is greater �less� than the Ge concentration in the deposited
material, the in-plane strain of the deposited material is ten-
sile �compressive�. The tetragonal distortion is at the origin
of the topmost valence heavy- and light-hole bands observed
at the � point. For tensile strained materials, the light-hole
band is found at higher energy than the heavy hole. The
opposite holds for compressive strained alloy. Also, the
minima of the conduction band are modified by strain. Due
to the inequivalence of the parallel �in plane� and orthogonal
�growth� direction, the six degenerate � valleys of the cubic
structure become nondegenerate. In fact, in the case of ten-

sile strain, the two �� minima along the �001� and �001̄�
directions have lower energies than the four �� valleys in the
parallel plane. Biaxial compressive strain in Ge-rich alloys
lowers the energy difference between the eight L minima and
the �� valleys �the L minima remain degenerate because of
the preserved equivalence of the �111� directions�. In particu-
lar, Ge crystals grown along the �001� direction on SiGe
substrates with Ge concentration of less than �0.4 are
predicted30–32 to have the lowest conduction band along the
�� line. All these effects are qualitatively captured and also
quantitatively well reproduced by the full-band tight-binding
parametrization of Ref. 15.

A. Reference system

In order to assign the meaning of the states obtained by
diagonalization of the tight-binding Hamiltonian for the
complete �well+barriers� system considered in Refs. 9 and
10, it is convenient to preliminary analyze the electronic
band structure of the isolated bulk Si0.15Ge0.85 alloy under
tensile strain conditions and of the isolated bulk Ge crystal
under compressive conditions consistent with their growth
on a Si0.1Ge0.9 alloy buffer. For this aim, we report on the
same graph �see Fig. 1� the electronic band structure of the
two systems, properly aligned as discussed in the previous
section. The relevant band-edge profiles at � and L points are
also indicated.

As evident from Fig. 1, at the � point, the heavy-hole
�HH� band edges determine a robust confining profile for
holes in the valence, with well deep of �77 meV, while the
light-hole �LH� bands provide a well with depth of 13 meV.
QW LH states of the complete structure are expected in the
−30 to −45 meV energy range �see Fig. 1�. For both bulk
strained materials, the lowest conduction band occurs at the
L point with Ec,L�Si0.15Ge0.85�−Ec,L�Ge��129 meV. The ��

and �� valleys have higher energies and are shifted in oppo-
site directions in the Ge and Si0.15Ge0.85 materials. Therefore,
�� and �� states localize in the Ge and in the barrier region,
respectively. The two genuine lowest conduction states at �
have been indicated in Fig. 1 by green arrows to distinguish
them from the states at � �around 1110 meV� originated by
the folding of the X� point into �. This occurs when a te-
tragonal Brillouin cell is used to describe the lattice period-
icity, as is usual for biaxially strained crystals grown along
the �001� direction.33 We find that in the complete QW het-

FIG. 1. �Color online� Aligned bulk electronic band structures of
isolated strained Si0.15Ge0.85 �black dashed lines� and Ge �red con-
tinuous lines� crystals composing the barrier and the quantum well
region, respectively. a� is matched with the lattice constant of the
Si0.1Ge0.9 buffer and the origin of the energy axis has been fixed at
the topmost of the QW valence state �HH1�. Band-edge profiles for
the light- and heavy-hole valence bands and for the L and � con-
duction valleys are sketched together with the evaluated confined
levels of the complete QW heterostructure �in the absence of elec-
tric fields�. Parallel and orthogonal directions are referred to the
growth plane. The green arrows indicate the lowest genuine levels
at �, not originated by folding. Notice that the energy scales for
conduction and valence bands are different.
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erostructure, direct optical coupling between QW folded con-
duction states and valence states at � is negligible, as one
can expect considering that the related bulk states belong to
different k� values. The bottom conduction band-edge poten-
tial at � �see Fig. 1� is 183 meV higher than the bottom of
the strained Ge conduction band at L. The well depth for
electrons at � is �343 meV; thus, strong confinement of the
near gap states at the � point is expected.

B. Ge ÕSiGe quantum well heterostructure

We report here the energy, spatial confinement and sym-
metry character of the electronic states in the near gap energy
region of the complete heterostructure of Refs. 9 and 10,
evaluated in the absence and in the presence of applied elec-
tric fields. The system considered is composed of a 72 ML
�monolayer� Ge QW and a 104 ML SiGe barrier. In Fig. 2,
the wave functions, at the � point, for the unbiased system
are shown. Consistently with band-edge profiles reported in
Fig. 1 for the bulk electronic band structures of the strained
Si0.15Ge0.85 and Ge crystals, we find in the valence the two
heavy-hole states and one light-hole state confined in
the germanium region. With the zero of energy set at the

HH1 state, the HH2 and LH1 levels are at �−30 and
�−43 meV, respectively; the LH2 and HH3 QW states and
valence continuum Ge states hybridized with the SiGe bar-
rier states lie at lower energies. The � conduction band-edge
profile confines three QW subbands, c�1, c�2, and c�3 �not
shown in Fig. 2� with energies of 985, 1108, and 1260 meV,
respectively. Other confined levels with energy in the range
of 960–1090 meV are distinguishable in Fig. 2. These states
originate from the folding of the �� line into �.31 Further-
more, their doublet structure and the fast oscillations modu-
lating the envelope functions are a characteristic signature of
intervalley interaction as expected for QW states originated
from two degenerate bulk valleys.34–37

In Fig. 3, we report the near gap states evaluated at the �
point in the presence of an electric field E�5�104 V cm−1

applied along the growth direction, corresponding to an ap-
plied potential of 2 V.9 In this case, only the fundamental
c�1 �978 meV� and first excited c�2 �1102 meV� conduc-
tion � states are fully confined in the Ge region. In the va-
lence band, the HH1 state is almost completely confined in
the Ge well, while the HH2 and LH1 states have nonvanish-
ing wave function amplitude also in the right barrier �see Fig.
3�. Their energies are −33 and −38 meV, respectively. Com-
paring the energies of the HH1-c�1 and of the LH1-c�1
transitions of the unbiased and biased QW systems, we ob-
tain for the QCSE energy shifts the values 7 and 12 meV,
respectively. These values result from the shift induced by
the field on both the valence and conduction QW states.

To evaluate valence and conduction Stark shifts as a func-
tion of the field strength, we set the origin of the field poten-
tial at the left barrier and/or well heterointerface and calcu-
late the energy shifts for the HH1, LH1, and c�1 QW states
with biases in the range of 0–4 V. The results are reported in

FIG. 2. �Color online� Near gap electron and hole energies and
squared wave functions, at �, for the unbiased Ge QW �layers from
53 to 125� between Si0.15Ge0.85 barriers �layers from 1 to 52 and
from 124 to 176�. The heavy red dashed lines represent the heavy-
hole, the light-hole, and the conduction states confined in the Ge
region �not derived by folding at � of the �� line�. HH �solid�, LH
�dotted�, and conduction �solid� band-edge profiles are also re-
ported. Black solid lines in the conduction represent �� states
folded into the � point; typical oscillations due to intervalley cou-
pling are visible. For energies greater than 1000 meV, �� states
penetrate into the well region. The energy scales for the conduction
and valence bands are different. The zero of energy is fixed at the
HH1 energy level.

FIG. 3. �Color online� As in Fig. 2 but in the presence of a
superimposed electric field of 2 V �E�5�104 V cm−1� along the
growth axis.
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Fig. 4�a�. The Ge bulk conduction effective mass at � is
lighter than the effective masses of the HH and LH states at
� and then the c�1 confinement energy �49 meV� is greater
by a factor of about 5 with respect to the HH1 �10 meV� and
LH1 �12 meV� confinement energies �see Fig. 2�. For this
reason, the c�1 level is less sensitive to the bending of the
QW bottom induced by the field and its Stark shift is smaller.
Therefore, the net shifts for the HH1-c�1 and LH1-c�1 tran-
sitions are negative as it happens for QCSE based on III-V
compounds.38 This is shown in Fig. 4�b� together with the
experimental measurements,9,10 and a theoretical prediction
based on tunneling resonance �TR� calculations also reported
in Refs. 9 and 10. The overall agreement between measured
and our theoretical values is good. We also confirm the qua-
dratic dependence of the QCSE on the field strength as pro-

posed in Ref. 38 by means of a variational approach. Note
also that the QCSE for the LH1-c�1 transition is greater than
for the HH1-c�1 one. This is due to the less robust offset of
the LH band-edge profile, which is responsible of the greater
shift of the wave function barycentre toward the right barrier
�see Fig. 3�. In fact, in the presence of a field along the
growth axis, the barycenters of the valence and conduction
confined wave functions move in opposite directions and
their spatial overlap diminishes. As a consequence, also the
dipole matrix elements of the HH1-c�1 and LH1-c�1 tran-
sitions diminish and the related absorption peaks are weak-
ened. Because of the proportionality between the square di-
pole matrix elements and the peak intensities, we can
directly compare their variations as a function of the field
strength. The agreement between experimental and theoreti-
cal data is very satisfactory as shown in Fig. 4�c�.

Our results for absorption spectra under, different bias
conditions, for parallel and normal incident radiation, are
reported in Figs. 5�a�–5�e�. For comparison, experimental re-
sults at normal incident radiation are also reported. Measure-
ments have been performed at room temperature, while our
theoretical predictions are based on the tight-binding param-
etrization of Ref. 15 which has been deduced in the low
temperature regime. We have thus considered the tempera-
ture correction of the energy gap redshifting all the calcu-
lated spectra by 104 meV. This value has been chosen to fit
the measured spectrum at V=0, and it is compatible with the
semiempirical law given in Ref. 39 which describes the tem-
perature dependence of the direct transition in a QW Ge
system composed of a similar number of monoatomic layers.

For normal incident radiation, the overall agreement be-
tween our results and the experimental spectra is quite satis-
factory and allows assignment of the experimental features.
Near gap peaks, positions and Stark shifts are qualitatively
and quantitatively well reproduced as due to the HH1-c�1
and LH1-c�1 transitions. Also, the calculated widths and
intensities of the HH1-c�1 and LH1-c�1 absorption features
agree with the experimental data.

The importance of excitonic contributions in the interpre-
tation of experiments is evident from the comparison with
the bare interband absorption ����� given by Eq. �1� �see
Fig. 5�. We also stress that the break of the QW symmetry by
the electric field in the growth direction greatly influences
optical selection rules. In fact, in the absence of external
fields and for normal incidence, only HHn→c�n and LHn
→c�n transitions are allowed.40 In the presence of the field,
also HHn→c�m and LHn→c�m transitions with n�m be-
come allowed, contributing to the overall shape of the spec-
trum. This is confirmed by the calculated dipole matrix ele-
ments which are reported in Fig. 5 by vertical bars.

Since the Stark shifts of the LH1-c�1 transition are larger
than the one of the HH1-c�1 transition �see Fig. 4�b��, it is
interesting to evaluate the absorption spectra for incident ra-
diation parallel to the QW plane. In fact, in this case, the
HH1-c�1 transition is depressed for symmetry reasons40 and
the absorption threshold is governed by the allowed
LH1-c�1 transition; strong modulation of the absorption can
thus be realized also by parallel incident radiation. Our nu-
merical results for parallel incident radiation are shown in
Figs. 5�a�–5�e�; they show negligible absorption at the

FIG. 4. �a� HH1, LH1, and c�1 energy shifts as a function of the
electric field strength calculated at the � point for the QW system
discussed in the text. �b� Stark shifts evaluated for the correspond-
ing transitions. Experimental values �expt.� and results from TR
simulations for the HH1-c�1 transition are also reported. Panel �c�
shows the field dependence of the square modulus of the dipole
matrix elements at � for the HH1-c�1 and LH1-c�1 transitions at
normal incidence. Measured peak intensities for the HH1-c�1 tran-
sition, normalized to the zero field value, are also reported.
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HH1-c�1 energy and robust Stark shift of the absorption
edge.

IV. CONCLUSIONS

We have performed numerical investigations of the con-
fined Stark effect in strained Ge quantum wells separated by
Si0.15Ge0.85 barriers. Our simulations support the experimen-
tal results of Ref. 9 that this effect is robust even in group IV
heterostructures involving Ge QWs provided that direct tran-
sitions at � are exploited. By a nearest neighbor sp3d5s*

tight-binding model, we have evaluated the electronic states
of the complete structure �well plus barriers� and their energy
shifts in the presence of a uniform electric field along the
growth axis. The atomistic model adopted allows to fully
consider spin-orbit interaction, strain in the different regions
of the structure, finite band offsets at the heterointerfaces,
and alloying.

The role of states along the �� lines reported at � due to
the Brillouin zone folding has been evidenced. The tight-
binding model also allows the evaluation of the absorption
coefficients considering all the states in the Brillouin zone
contributing to the spectrum up to a chosen energy; excitonic
contributions have also been inserted in the model leading to
a close reproduction and interpretation of the measured spec-
tra. The role of the polarization of the incident radiation has
been analyzed. This work shows that the tight-binding model
is most adequate for the description of the QCSE and in the
design of group IV multilayer structures for optoelectronic
devices.
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