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Instantons lead to strong correlations between up and down quarks with spin zero and antisymmetric
color wave functions. In cold and dense mattef,> n. = 1 fm™3 and T < T. ~ 50 MeV, these
pairs Bose condense, replacing the us{gal) condensate and restoring chiral symmetry. At high
density, the ground state is a color superconductor in which diquarks play the role of Cooper pairs. An
interesting toy model is provided by QCD with two colors: it has a particle-antiparticle symmetry which
relates(gq) and{gq) condensates. [S0031-9007(98)06417-5]

PACS numbers: 12.38.Mh, 12.38.Lg, 21.65.+f

The properties of hadronic matter under extreme condidown), the interaction is [6]
tions are subject to intense theoretical studies, numerical

simulations on the lattice, and experimental efforts usingy = G ! 1 (Gouty ) + 2N — 1
high energy heavy-ion collisions. Substantial progress has 4(N2 — 1) | 4N, “ 2N,

been made with respect to higgmperatureQCD matter, -y -

while the (more difficult) problem of coldensematter is X [(fra9p)” + ysTo )1, (1)

much less understood. In part, this is due to the fact that
simulations on the lattice still struggle with the problemwhere . is the number of colors and, = (7,i) is an

that the fermion determinant at nonzero chemical potenisospin matrix. We will specify the coupling constagit
tial is complex (see [1] for a recent review). This is un-pelow. There is pervasive evidence for the importance
fortunate, because the phase structure of dense matterds this interaction from (i) phenomenological studies of
expected to be very rich. Several intermediate phases beurrent correlation functions in QCD, (i) the success of
tween nuclear and quark matter have been proposed, f@ladronic spectroscopy in the instanton liquid model, and
example, pion or kaon condensed matter [2]. (iii) studies of instantons and their effects on the lattice,
Naively, asymptotic freedom implies that very densesee [6] for a detailed review.
matter is a nearly ideal Fermi gas of quarks. This systemis |n order to study the effect of this interaction ¢fyg)

quite similar to a cool electron plasma, with Debye screenstates it is convenient to introduce an effective interaction,
ing of color fields at momentum scalgs< Mp ~ gu,
collective plasmon excitations, etc. [3]. However, because Lo =G Lo~ 7 - 2

. . ! . ! - P T + T 0 2
the perturbative Coulomb interaction between quarks of eff 8N? (v W s @
different colorsis attractive, we expect the formation of ) ) i
colored Cooper pairs near the Fermi surface, and colf?@t includes both the direct and exchange terms. (This
quark matter ought to exhibit color superconductivity. TheMeans that if (2) is used in the Hartree approximation,
magnitude of the gap and the critical temperaturg, it reproduces the results from (1) in the Hartree-Fock
from this mechanism were estimated to-bé MeV [4]. scheme.) In (2) we have dropped terms that act only

In this paper, we propose a new nonperturbative mechd? color octet channels, and.do not affept color singlet

nism that leads to a gap and critical temperature aboJf€Sons. The same underlying Lagrangian (1) can also
2 orders of magnitude larger. This mechanism is basef€ Fierz rearranged into(gq) interaction. The result is
on the instanton-induced interaction between light quark&!ly €quivalent to (1), but it has the advantage that we

discovered by 't Hooft [5]. For two quark flavors (up and &N directly read off th@g vertices that we will use in the
" following. We find

Lat = 6| gty = [0 CmA) FraddCoT) + (9 Cradiysi) oy C]

8N£2'(NC -
1

T e, 1 1) W' CT2A§0 ) (P72 A§0u CT) 3)

whereC is the charge conjugation matrix; is the anti- | malized in an unconventional way(AfA?) = N.6, in
symmetric Pauli matrix, and, s are the antisymmetric order to facilitate the comparison between mesons and
(color 3) and symmetric (color 6) color generators [nor- diquarks]. The effective Lagrangian (3) provides a strong
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attractive interaction between an up and a down quark In the massless cas#,, = 2 QCD has an additional
with antiparallel spinsA” = 07) in the color antitriplet particle-antiparticle (Pauli-Gursey) symmetry [11,12].
channel, described by the diquark curret, = This means that color singlet diquatk baryon states
eacip Cysd.. This interaction is only a factor of are degenerate with the corresponding mesons. Sponta-
(N. — 1) weaker than the interaction in thé7ysyy  neous chiral symmetry breaking then implies that some
channel that leads to an (almost) massless pion. Idiquarks are Goldstone bosons. The number of Goldstone
addition to that, there is a repulsive interaction in he  modes isZNJ% — Ny — 1 [13-15]. ForN; = 1 there is
channel, and a somewhat weaker interactionifoistates no Goldstone boson [th&,(1) symmetry is anomalous].
that couple to the tensor curreyzirCrzAganb. For N. = Ny = 2 one finds five: three pions, the scalar
The phenomenological importance of cobrdiquark  diquarks, and its antiparticleS. There is a nice continu-
currents is related to the fact that we can construct a colaty in going from N, = 2 to 3: the massless Goldstone
singlet nucleon currenty = Su® = €, (ul Cysd®)uc. boson becomes a deeply bound state.
The implications of the instanton-induced interaction in The Goldstone modes can be described by a sigma
the 0" diquark channel were first discussed in connectiormodel on the coset spadé = SU(4)/Sp4) = SQ6)/
with spin-dependent forces in baryons [7]. This workSQ(5) = S7; i.e., the usual chiral circle is replaced by a
challenged the conventional wisdom that spin splittingsfive-dimensional sphere. The vacuum statesrir= gg
are due to one-gluon exchange. Quantitative studies @ndS = ¢q exhibit exact degeneracy, being lifted only by
instanton effects in baryon spectroscopy were performed iadditional external fields on the system: in the presence of
[8]. The conclusion was that instanton effects are indee@ small mass term, we recover the usual chiral symmetry
strong enough to reproduce the observed spin splittingsireaking pattern (plus massless diquarks); if instead we
and that the nucleon has a very large overlap with thémpose a chemical potential on the system, we ;i =
0" diquark currente,,.(u! Cysd®)uc [but not with thed ™ 0 and(S) # 0. Chiral symmetry is restored, but there are
diquark current . (ul Cd®)ysucl. still 5 Goldstone modes: 3 pions, sigma, ahd
Since there is no confinement in the instanton model, one We can study this effect by including the chemical
can calculate the diquark mass by determining the polegotential w and the chirally asymmetric mass teunin
in the corresponding correlation function. In the randomthe linear sigma model. The effective potential is

phase approximation (RPA) it reads V=AF+ o+ S5 — v2)? — Ao — u2(S5). (5)

I15(Q) = & (4) For u = 0 the Goldstone masses ane§ = A/v, and
I = KJs(Q) m2 = 8Av? (to lowest order inA). For u # 0 we can
where J5(Q) = t[CysS(p + Q/2)CvysS(p — 0/2)T]  determine thggq) and(gg) condensateéo) and(S) in
and K = G/[4N.(N. — 1)]. S(p) is the quark propa- the mean-field approximation. From
gator in mean-field approximation amdincludes an inte- 2 2 a2
gration over the loop momentup. An RPA calculation 2M8) ()" + K v) = w8, (6)
of the scalar diquark mass in the instanton liquid (forone has eithekS) = 0 (and (o) is constant) or, above
N. = 2,3) was first performed in [9]; see the comment some critical chemical potenti@l. = m,//2,
in Ref. [10]. UsingG = 491 GeV 2, adjusted to get a u? A2
constituent massz, = 400 MeV (see below), we find a S = o T v? — 1
pole in (4) atmg = 520 MeV, in good agreement with »
numerical results in the instanton liquid obtained in [8]. and{c) = A/2u>. The corresponding energy density is
At zero temperature and density, the instanton-induced = —u’v? — u*/4X — A%/4u?, as compared te¢ =
interaction is sufficiently strong to condengg pairs and —m2v? + m§/16)t for the normal vacuum.
breaks chiral symmetry. The competing interaction in the Unlike real QCD,N. = 2 gauge theory is straightfor-
qq channel binds quarks into diquarks (and baryons), buivard to simulate on the lattice, since the fermion determi-
is not sufficiently strong to induce diquark condensationnant remains real for # 0. With the exception of some
As the density increases, Pauli blocking suppresses trearly work using small lattices and the strong coupling
gq interaction, whereas thgg interaction benefits from expansion [16], few studies have taken advantage of this.
an infrared enhancement around the Fermi surface. WWumerical studies of the instanton model 9y = 2 at
therefore expect that at large densityg) condensates finite density [17] are consistent with the scenario found
replace the chira{gg) condensate. The mechanisms forabove: at large density tHgq) condensate is replaced by
gq andgqg condensation are quite similar, i.e., based on the (gq) condensate.
formation of a gap in the fermion spectrum at the surface Inreal QCD (V. = 3) and when the density is low one
of the Dirag’Fermi sea, respectively. Nevertheless, thecannot consider a simple ground state based on the mean-
coupled problem of competingg andgq condensates is field approximation. Confinement implies that neither a
complicated, and we defer it to a separate publication. Ithomogenous gas of constituent quarks nor a mixture of
this paper we will consider the simpler cases of (real) QCDdiquarks (Bose condensed or not) and quarks can be ener-
at very large density, and QCD with only two colors. getically favored over a dilute gas of nucleons (or clusters
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of nucleons). Instead, we turn to the case of high densityacuum ofm, = 400 MeV. The resultingd = 13 fm~2
and assume that quarks form a Fermi gas, and all inteiis consistent with lattice measurements of the total instan-
actions operate only in the vicinity of the Fermi surface. ton densityN/V =2 [dp n(p) = 1.44 fm™*,

This is true also for instanton-induced interactions. In- The perturbative screening of the instanton field is
stantons (and the anomaly) are associated with level crossicluded only above the critical chemical potential for
ing, and at finite density the light quark states involvedchiral symmetry restoration. This kind of behavior was
are expected to be partigleole states near the Fermi sur- predicted in the case of finite temperature (gnd= 0)
face. The exact wave functions of these states are givein [23] and has been observed on the lattice [24]. In
by fermion zero modes found in [18]. They have oscil-addition to the screening effect, we also include effects
lations corresponding to the Fermi momentum, so the infelated to the strange quark. We have not included the
teraction near the Fermi surface is not suppressed. Awastrange quark explicitly in (1). As far asandd quarks are
from the Fermi surface, the interaction is cut off by theconcerned, the effect of the strange quark is to renormalize
Fourier transform (the form factor) of the zero mode wavethe couplingG. Each instanton has afs vertex that
function. The characteristic range of the form factor iscan be closed off with either the current strange quark
the inverse instanton size !, which plays the role of the massm? or the constituent masa* ~ (5s). Since the
Debye frequency in a phonon superconductor. constituent mass decreases towards chiral restoration, this

If the gap is smallA < u, one can use a BCS-type renormalization i« dependent. We take this into account
gap equation in the usual logarithmic form. Note that inby including the factofm? + m*(u)]/[m® + m?(0)] in
any case, the BCS approximation corresponds to a variads. We assume that the effective mass decreases linearly
tional wave function, so the true gap can only be largerwith density (see, e.g., [25]). This assumption is not
We will study the gap equation in the" diquark channel crucial for our estimates.
eabCMZC%dC. The condensate selects a direction in color Figure 1 shows the resulting gaf(w,T = 0) with
space and breaks $3) color symmetry down to S@)via Ny = 3 for two different values of the critical chemical
a Higgs mechanism. Color is neutralized by uncondensepotential. At largeu the gap is strongly suppressed by
guarks of the third color, e.gw1d> — upd;) pairs neutral-  screening effects, while at small it is reduced due to the
ized by the remaining/s (in neutron matter). Note that decrease of the density of states at the Fermi surface. The

the condensate does not break(S\thiral symmetry. maximum gap is approximately linear in the critical den-
Including finite temperature effects, the gap equation irsity and may reach several tens to almost 100 MeV, the
the0" diquark channel reads latter at chemical potentials of 400—500 MeV. This im-
G(p) peth  tante,(A)/2T] plies thatA /A never exceeds/B, so the superconductor
= Qa)PN.(N. — 1) - p-ap e,d) ) is not too strongly coupled to invalidate the BCS treat-

ment. The parametex/u, which controls whether the
(8) interactions are concentrated at the Fermi surfac®,(ip
With e,,(A) = [(w,, —w?+ Ap,7)??, w 2 = p?> +  at chemical potentialg. = 300 MeV. Consequently, the
m2, andpy = u? — m2. We have replaced the instanton phase space dependence in Eq. (8) away from the Fermi
form factor by a sim ﬁie cutoff around the Fermi surfacesurface is accounted for. Further corrections due to the
with 24 = p~! = 0.6 GeV. A more detailed discussion momentum dependence of the form factor can be included
of this approximation will be given in [19]. Note that in
our case the width of the zone around the Fermi surface that - - - -
contributes to the gap is not small, but comparablg to
The coupling constanG(u) is related to the semi- 0.10 + .
classical tunneling amplitude (the instanton density) [20]

6w = [ dpnip.wipVCmpl, O
n(p, u) = Cn,(87%/8*)° exd—87°/g(p)*1p >
X exf—Npp*(p® — u)o(u — wc)]
x exf—Ap?], (10) \
with Cy = 0.466 X 0.186" /[(N. — 1)! (N, — 2)!]. The ? "\ ,=0.4GeV i\
first exponent is the semiclassical action, the second rep- . N
resents the Debye screening of instanton color fields [21], 0.00 - Pk S L ISw

and the last exponential factor represents the effect of an 0.0 0.5 10 15 2.0 2.5
average gluonic repulsion [22] needed to regulateptie n, [fm-]

tegral at largep in vacuum. The value of the constafit 5 1 The gap(w, T = 0) for u. = 0.4, 0.5 GeV (dashed

can be taken from lattice studies ofp, u =0). Instead, and full lines, respectively) and critical temperatufe (dash-
we have fitted its value to a constituent quark mass in theotted line,u. = 0.5 GeV) versus baryon charge density.
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