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Hydrogenic impurity states in a wurtzite InGaN quantum dot
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Abstract

Within the framework of effective-mass approximation, we calculated variationally the binding energy of a hydrogenic donor impurity in a
cylindrical wurtzite (WZ) InGaN/GaN strained quantum dot (QD), including the strong built-in electric field effect due to the spontaneous and
piezoelectric polarizations. It is found that the donor binding energy is highly dependent on the impurity position and QD size. In particular, we
found that the donor binding energy is independent of dot height when the impurity is located at the right boundary of the WZ InGaN strained QD
with large dot height (� 2.5 nm).
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In recent years, the wide-band-gap group-III nitrides based
semiconductor heterostructures InGaN/GaN have attracted
much attention due to conspicuous device applications in elec-
tronics and optoelectronics, such as high-brightness blue/green
light-emitting diodes (LEDs) and laser diodes (LDs) [1,2].
It has been found that many nanometer-scale In-rich islands
called In-rich quantum dots (QDs) are spontaneously formed
within the InGaN active layer in wurtzite (WZ) InGaN/GaN
quantum heterostructures [3–6]. In such nanometer-scale In-
rich QDs, the charge carriers are confined in all three dimen-
sions (3D) [7]. On the other hand, the group-III nitrides are
commonly produced in the WZ crystal structure with a strong
spontaneous macroscopic polarization [8]. Moreover, strains
of the WZ InGaN/GaN heterostructures, due to large lattice
mismatch (11%) between InGaN and GaN [9], can induce a
remarkable piezoelectric polarization [8,10]. This leads to a
strong built-in electric field in the order of MV/cm in the het-
erostructures [3–6,11,12]. The electronic, dielectric and optical
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properties of the heterostructures are strongly affected by the
built-in electric field. Thus, the performance of quantum de-
vices based on WZ InGaN strained QDs can be affected by
two important factors: the 3D confinement of the carriers in the
QDs-like regions and the strong built-in electric field effect.

Exciton states and optical properties of WZ InGaN strained
QDs have been investigated by experimental [3–6] and theo-
retical work [11,12]. However, few papers are involved in ex-
perimental and theoretical studies on impurity states in WZ
InGaN strained QDs to date. More recently, Shi and Tans-
ley [13] calculated the donor bound exciton binding energy in
WZ InGaN strained QDs by means of a variational procedure.
A deep understanding of the effects of impurities on electronic
states of semiconductor nanostructures is a fundamental ques-
tion in semiconductor physics because their presence can dra-
matically alter the performance of quantum devices [14]. In
the past many years, there has much theoretical work on the
binding energy of hydrogenic impurities in spherical quantum
dot (QD) [15–18], cubic QD [19] and cylindrical QD [20]. Re-
cently, Mendoza et al. [21] investigated stark effect dependence
on hydrogenic impurity position in a cubic GaAs quantum box.
Movilla and Planelles [22] dealt with dielectric mismatch ef-
fects on impurity binding energies in spherical QD. These stud-
ies show that the binding energy of hydrogenic donor impurities
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in nanoscopic systems depends upon materials and geometry
(size and shape) and impurity position. However, none of these
calculations included electric fields larger than 300 kV/cm.
Nitride-based quantum heterostructures are subject to strong
built-in electric field (MV/cm), which is different from the case
of biased quantum wells (QWs) [11,12]. In this Letter, we will
study variationally the binding energy of a hydrogenic donor
impurity as functions of the impurity position and WZ InGaN
strained QD structural parameters.

2. Theoretical model

According to previous theoretical studies on WZ InGaN
strained QD [11,13], we consider an isolated cylindrical WZ
InxGa1−xN/GaN strained QD with radius R and height L, sur-
rounded by two large energy gap materials InyGa1−yN (y < x)
in the radial direction and GaN barrier layers along the growth
axis z-direction, in which the origin is taken at the center of
the QD and the z axis is defined to be the growth direction (see
Fig. 1).

Within the framework of effective-mass approximation, the
Hamiltonian for a hydrogenic donor impurity in the cylindrical
WZ InGaN strained QD may be written as,

(1)Ĥ = Ĥ0 − e2

4πε0ε̄r
,

with
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where r = √
(x − xi)2 + (y − yi)2 + (z − zi)2 is the distance

between the electron and the impurity site, x(xi), y(yi) and

Fig. 1. A diagram of a cylindrical GaN/InxGa1−xN/GaN strained QD with ra-
dius R and height L, surrounded by two large energy gap materials InyGa1−yN
(y < x) in the radial direction and GaN in the z-direction.
z(zi) are the coordinates of the electron (impurity) in the QD,
e is the absolute value of the electron charge, ε0 is the permittiv-
ity of free space, and ε̄ is the effective mean relative dielectric
constant of the embedding material, m∗‖ (m∗⊥) is the electron in-
plane (z-direction) effective mass, V (z) and V (ρ) are in-plane
and the z-direction confinement potential due to the conductor
band offset (Q) in the WZ InGaN/GaN strained QD, respec-
tively, can be given by,

(3)

V (ρ) =
{

0, ρ � R,

Q[Eg(InyGa1−yN) − Eg(InxGa1−xN)], ρ > R,

(4)V (z) =
{

0, |z| � L
2 ,

Q[Eg(GaN) − Eg(InxGa1−xN)], |z| > L
2 ,

where Eg(InxGa1−xN), Eg(InyGa1−yN) and Eg(GaN) are the
band gap energies of the materials InxGa1−xN, InyGa1−yN and
GaN, respectively.

The strength of the built-in electric field F caused by the
spontaneous and piezoelectric polarizations in the WZ In-
GaN/GaN strained QD is expressed as [11]

(5)F =
{∣∣−P InGaN

SP +P InGaN
PE −P GaN

SP

εInGaN
e ε0

∣∣, |z| � L
2 ,

0, |z| > L
2 .

Here P InGaN
SP , P InGaN

PE and P GaN
SP are the spontaneous and

piezoelectric polarizations of InGaN and the spontaneous polar-
ization of GaN, respectively. εInGaN

e is the electronic dielectric
constant of material InGaN. In general, the direction of the
built-in electric field F depends on the orientation of the spon-
taneous and piezoelectric polarizations and can be determined
by both the polarity of the crystal and the strain of the quan-
tum well (QW) structure. For Ga-faced GaN/InGaN/GaN QW,
the built-in electric field F in the InGaN layer is pointed to the
sample surface [8,11].

In order to calculate the ground-state energy of a hydrogenic
donor impurity in the WZ InGaN/GaN strained QD, the trial
wave function may be written as,

(6)Φ = ψ(ρ,ϕ, z)e−αρ2
ei−βz2

ei ,

where ψ(ρ,ϕ, z) is the eigenfunction of the Hamiltonian de-
scribed in Eq. (2). The exponential term in Eq. (6) accounts for
the presence of the hydrogenic impurity, α and β are variational
parameters. ρ2

ei = (x − xi)
2 + (y − yi)

2 and z2
ei = (z − zi)

2.
We would like to point out that the two-parameter variational
wave function is a reasonable choice for studying the WZ In-
GaN/GaN strained QD [11].

If we assume that the in-plane and on-axis motions of the
electron are weakly coupled, as has been done in an isolated
cylindrical WZ InGaN/GaN strained QD, the wave function
ψ(ρ,ϕ, z) can be written as [11]

(7)ψ(ρ,ϕ, z) = f (ρ)h(z)eimϕ, m = 0,±1,±2, . . . ,

where wave functions f (ρ) and h(z) describe the motions of
the electron in plane and z-direction in the QD, respectively. m

is the electron z-component angular momentum quantum num-
ber.
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In this work, we are interested in the calculation of the
ground-state of a hydrogenic donor impurity in the QD. Thus
the trial wave function can be written as,

(8)Φ = f (ρ)h(z)e−αρ2
ei−βz2

ei ,

where the ground-state radial wave function f (ρ) can be ob-
tained using the 0-order Bessel function J0 and the modified
Bessel function K0. For the z-axis motion of the electron, the
wave function h(z) can be expressed by the Airy functions Ai
and Bi. If we ignore the existence of the built-in electric field,
the z-axis wave function h(z) can be obtained using linear com-
binations of analytical functions sin(ξ) and cos(ξ) (dot), or
exp(ξ) (barriers).

The ground-state energy of a hydrogenic donor impurity in
the WZ InGaN/GaN strained QD may be obtained by minimiz-
ing

(9)E = min
α,β

〈Φ|Ĥ |Φ〉
〈Φ|Φ〉 .

The ground-state donor binding energy Eb can be repre-
sented as follows,

(10)Eb = E0 − E,

where E0 is the ground-state energy for the Hamiltonian of
Eq. (2).

In order to investigate the influence of the QD confinement
potential on the electron-impurity spatial separation, we define
the in-plane and the growth axis z-direction mean quadratic dis-
tances ρ̄ei and z̄ei ,

(11)ρ̄ei =
( 〈Φ|ρ2

ei |Φ〉
〈Φ|Φ〉

) 1
2

,

(12)z̄ei =
( 〈Φ|z2

ei |Φ〉
〈Φ|Φ〉

) 1
2

.

3. Numerical results and discussion

We have calculated the ground-state donor binding energy
Eb as functions of the impurity position zi and the QD struc-
tural parameters, such as dot height L and radius R. Moreover,
the effect of the strong built-in electric field due to spontaneous
and piezoelectric polarizations is included. All material para-
meters used in the present article are the same as in Ref. [11].

In Fig. 2, the ground-state donor binding energy Eb is inves-
tigated as a function of the impurity position zi . Fig. 2 shows
that the donor binding energy Eb has a maximum value when
the impurity position zi = 0 if the built-in electric field is ig-
nored. This is because the electron probability distribution is
symmetric around zi = 0. However, we can notice from Fig. 2
that the symmetry is broken and the maximum of the donor
binding energy is shifted to the right side of the QD in the
presence of the built-in electric field. The reason is that the
built-in electric field moves the electronic probability density
to the right side of the QD.

In Fig. 3, we show that the ground-state donor binding en-
ergy Eb as a function of the height L of WZ In0.3Ga0.7N/GaN
Fig. 2. The ground-state donor binding energy Eb as a function of the impu-
rity position zi for the In0.3Ga0.7N/GaN QD with radius R = 5 nm and height
L = 4 nm, surrounded by In0.02Ga0.98N material in the radial direction. The
solid (dashed) line is with (without) the built-in electric field.

Fig. 3. The ground-state donor binding energy Eb as a function of the
height L of the In0.3Ga0.7N/GaN QD with radius R = 5 nm, surrounded by
In0.02Ga0.98N material in the radial direction, where the built-in electric field
is ignored in (a) and considered in (b). The curves A, B, C, D and E are for the
impurity positions zi = L

2 , L
4 , 0, −L

4 and −L
2 nm, respectively.

strained QD for different impurity positions zi with (without)
the built-in electric field. Fig. 3(a) shows that the donor bind-
ing energy curves A and E (B and D) are identical. It is also
seen that the donor binding energy Eb for zi = 0 (curve C) is
larger than that for zi = ±L (curve A or E) and ±L (curve B
2 4
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Fig. 4. Considering the effect of the built-in electric field, the distance z̄ei be-
tween the electron and the impurity position zi versus the height L of the
In0.3Ga0.7N/GaN QD with radius R = 5 nm, surrounded by In0.02Ga0.98N
material in the radial direction. The curves A, B, C, D and E have the same
meaning as in Fig. 3, respectively.

or D). The reason is that the electron probability distribution is
symmetric around zi = 0 when the built-in electric field is ig-
nored. Fig. 3(a) also shows that the Eb is decreased when L is
increased in all cases. This is because the distance z̄ei between
the electron and the impurity is increased when L is increased.

However, we can see from Fig. 3(b) that the Eb along curves
A and E (B and D) are split by the built-in electric field. Com-
pared with Fig. 3(a), we can see that the built-in electric field
induces only small difference of the Eb when dot height L is
small. The splitting increases when the dot height L increases.
This can be understood as follows. The symmetry of the elec-
tron probability distribution around zi = 0 is broken due to the
effect of the built-in electric field. For small dot height, the dis-
tance z̄ei between the electron and the impurity has a small dif-
ference. The difference between the distances z̄ei for zi = ±L

2
is increased when L is increased (see curves A and E in Fig. 4).
The same applies for curves B and D in Fig. 4. Fig. 3(b) also
shows that the donor binding energy Eb is decreased monoton-
ically when the dot height L is increased for curves B, C, D
and E, respectively. This is because the distance z̄ei between
the electron and the impurity is increased monotonically (see
curves B, C, D and E in Fig. 4), the Coulomb interaction is re-
duced and the donor binding energy decreases. In particular,
Fig. 3(b) shows that the Eb of the impurity located at zi = L

2
tends towards a constant value when dot height L � 2.5 nm
(curve A). The reason for such a behavior as follows. The strong
built-in electric field pushes the electron towards the right side
of the QD, the distance z̄ei between the electron and the impu-
rity remains insensitive to the dot height (see curve A in Fig. 4).

Considering the built-in electric field effect, we further in-
vestigate the ground-state donor binding energy Eb versus the
height L of the WZ In0.3Ga0.7N/GaN strained QD with the im-
purity located at zi = L

2 in Fig. 5 for different values of the dot
radius R. We can observe from Fig. 5 that the behavior of the
donor binding energy Eb is quite similar, and the Eb is inde-
pendent of the dot height when dot height L � 2.5 nm in all
cases. This can be understood as follows. When dot height L
Fig. 5. The ground-state donor binding energy Eb versus the height L of the
In0.3Ga0.7N/GaN QD with the impurity located at zi = L

2 for different values
of the radius R, surrounded by In0.02Ga0.98N material in the radial direction.
The curves a, b, c and d are for the radius R = 4, 5, 6, 7 nm, respectively.

Fig. 6. Considering the effect of the built-in electric field, the distance ρ̄ei be-
tween the electron and the impurity located at zi = L

2 versus the height L of
the In0.3Ga0.7N/GaN QD for different values of the radius R, surrounded by
In0.02Ga0.98N material in the radial direction. The curves a, b, c and d have the
same meaning as in Fig. 5, respectively.

(� 2.5 nm) is increased, the distance ρ̄ei between the electron
and the impurity located at zi = L

2 is independent of the dot
height L in all cases (see Fig. 6). This result could be of in-
terest for technological purpose, as it could involve a source
of control some impurity-related properties in these systems.
Fig. 5 also shows that the donor binding energy Eb decreases
if R increases. The reason is that the distance ρ̄ei is increased
(see Fig. 6), the Coulomb interaction is decreased when R is
increased.

4. Conclusions

In conclusion, we have variationally calculated the ground-
state binding energy of a hydrogenic donor impurity located
anywhere along the growth axis in the WZ InGaN/GaN strained
QD, within the framework of effective-mass approximation.
Numerical results show that the donor binding energy is highly
dependent on the impurity position, and the strong built-in elec-
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tric field induce an asymmetrical distribution of the donor bind-
ing energy versus the center of the QD. In particular, we found
that the donor binding energy is independent of the dot height
when the impurity is located at the right boundary (zi = L

2 ) of
the In0.3Ga0.7N/GaN strained QD with dot height L � 2.5 nm.
The physical reasons have been analyzed in-depth. Experimen-
tal results for hydrogenic donor impurity in WZ InGaN/GaN
strained QD are still lacking at present. We hope that our calcu-
lation results can stimulate further investigations of the physics,
as well as device applications of group-III nitrides.
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