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Abstract

It is shown that unitary depolarizers, which play an important role in quantum
information processing, can be constructed in terms of the Pegg—Barnett phase
operator. By using the result, the classical information capacity of quantum
dense coding with unitary encoding in a finite-dimensional Hilbert space is
derived. Furthermore, the relation between the capacity of quantum dense
coding and the coherent information of a noisy quantum channel is obtained.

PACS numbers: 03.68.—a, 03.65.Vf, 03.65.Ta

Quantum information attracts much attention in quantum physics and information science
[1-3]; it gives deeper insight into the principles of quantum mechanics and provides remarkable
information processing methods such as quantum computing and quantum communication.
In quantum information processing, a unitary operation is one of the most important of the
quantum operations which transform one quantum state into another. Quantum operations
include encoding some information into a quantum state and measurement performed on
a quantum state. In particular, unitary depolarizers play an important role in quantum
teleportation, quantum dense coding [4—6] and enciphering a quantum state [7-9]. In the past
decade, the quantum phase operator, which is very useful for investigating quantum optical
systems, has been considered in detail [10, 11]. This letter shows that unitary depolarizers can
be constructed in terms of the Pegg—Barnett phase operator. The result may indicate that the
quantum phase operator is also useful for quantum information processing. In N-dimensional
Hilbert space My, unitary depolarizers are elements of the set D(N) = {U ul U P U l =U ; U W=
i, w € 2} which satisfy the relation

1 N =
NZUMX T = (Tr X0l 1)

for any operator X defined on the Hilbert space Hy, where 1isan identity operator.
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We briefly review the Pegg—Barnett phase operator [10, 11] in the way most convenient
for our purposes. We denote a complete orthonormal system of the Hllbert space Z{N as
{lge)lk = 0,1,..., N — 1}, which satisfies (¢;|¢x) = J;; and Z, o ld) (k] = 1. We

introduce a unitary operator U as

U= Z|¢k Bt | + [dy—1) (ol = Z|¢kmodN (Pt moa | )

which induces an index shift of the state vector |¢y):

U 1) = 11—k moan) U™ 1¢1) = |Prekmoa n)- 3)

The eigenstate |6;) of the unitary operator U, which satisfies U 0;) = e it |6;), is given by
the Fourier transformation of the vectors |¢y):

N-1 N-1
16;) = %ﬁ ;e—“’%w |bx) = ﬁ ; e”*16;) “)
where the parameter 6, is given by §; = 2 j/N. Since the Fourier transformation is unitary,
the eigenstate |6;) satisfies (0,]0;) = 6;x and Z?’;Ol 10;)(0;] = 1. Here we introduce two
Hermitian operators 7 and 6:
N— oN-d
Z kg (gl 6= 0;16,)(6;l. )
k=0 j=0

When |¢) is the Fock state |k) of the N-dimensional Hilbert space Hy, i is the number
operator and 6 is the Pegg—Barnett phase operator [10, 11]. It is easy to see that these operators
satisfy the relations

e 1¢1) = |1tk moa v) e*%16) = |k moa ) ©

and that eiikQ |9 ) iikO/ |9 ) and eii@-ﬁ|¢k> _ eii@-k|¢k)
We can construct unitary depolarizers in terms of the number operator n and the Pegg—
Barnett phase operator 6. Let us introduce a unitary operator f ke

Ujk — el@jne—lke (U]k — elkee—lﬁjn) (7)

with j,k = 0,1,..., N — 1. This operator is equivalent to the generalized Pauli operator
which is used for encoding a qubit in quantum computation [12—14]. The unitary operator U j;
induces both the number shift k£ and the phase shift 8; of a quantum state. From the definitions

of the number operator 7 and the Pegg—Barnett phase operator 6, the unitary operator U jk can
be expressed as

N—1
= > exp(i6;1)|¢r moa ) (Prrk moa v - ®)
=0

We will show that the elements of the set D(N) = {Ujk|j, k=0,1,..., N — 1} are unitary

depolarizers. For any operator X = Z,N: Bl ZZ;& Xim|®:) (¢, | defined on the N-dimensional
Hilbert space Hy, we obtain

N—-1N-1 A . R

YD UuXUj, = XinUjl1) (bm| U,

j=0 k=0 1=
N—-1
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N—1N-1
=N Z Z X111k mod N ) (@1 —k mod N
1=0 k=0
N—1N-1
=N Z Z Xl ) (x|
=0 k=0
— N(Tr ). .
Thus the operator U j; defined by equation (7) is the unitary depolarizer, satisfying the relation
=T =, -
N UpXUj, = (TrX)l (10)

=0

=
Il

0

\.

for any operator X defined on the N-dimensional Hilbert space Hy. The result shows that
the average over all possible number and phase shifts in the Hilbert space Hy completely
randomizes any quantum state defined on the Hilbert space H . This is the main result of this
letter.

We next consider completely entangled quantum states of the (N x N)-dimensional tensor
product Hilbert space Hy ® Hy:

1D 1) = (0,-k ® D)|®) = (e @ 1)|w) (11)

with |®) = (1/v/N) Yoy [éx) ® |i). It is easy to see from equation (10) that the set
{1D)7, k =0,1,..., N—1}isacomplete orthonormal system of the Hilbert space Hy @ H,
which satisfies

2

~1N=1
(P x| Prm) = 816km [P (Pl =1® 1. (12)
Jj k=0

Il
o

This means that the phase and number shifts of the completely entangled state |®) generate
a complete orthonormal system of completely entangled states of the (N x N)-dimensional
Hilbert space. The set of projectors, {)?jk =) (Pjllj, k=1,2,..., N — 1}, describes
the generalized Bell measurement. Furthermore, the generalized depolarizing channel Lp=
11— p)p+ (p/N)i can be expressed as

N—
Lp ZZAjkﬁAjk (13)
j=0 k

with Aoo =,1-p +p/N2U00 and A_,-k = (ﬁ/N)ﬁjk (jk # 0). The Bell measurement
and the depolarizing channel are important in quantum information processing. It is seen from
these results that the Pegg—Barnett phase operator is a useful tool for quantum information
processing as well as investigating quantum optical systems.

For a two-dimensional Hilbert space H,, we can set |¢g) = |0) and |¢;) = |1). Then
the unitary operator U given by equation (2) becomes the Pauli matrix &,, the eigenstates of
which are given by |6p) = (|0) + [1))/+/2 and |6;) = (|0) — |1))/+/2. The transformation of
the number eigenstates |¢p) and |¢;) to the phase elgenstates |6p) and |91) is the Hadamard
transformation. The number and phase operators are n = (1 — (TZ)/ 2and§ = rr(l —0y)/2.
The unitary depolarizers become Uoo l U01 = 0y, U 10 = 0, and U 11 =i6,. The entangled
quantum states |® ;) (j, kK = 0, 1) become the well-known Bell states.

In the above construction, we have obtained N2 unitary depolarizers defined on the N-
dimensional Hilbert space Hy. Using the results obtained in [7, 8], we need at least N 2
unitary depolarizers to satisfy the relation (1). Since there are N unitary depolarizers in
the N-dimensional Hilbert space Hy, perfect quantum teleportation and perfect quantum
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dense coding are possible [5]. Furthermore, the encryption of quantum states can be done
by applying the unitary depolarizers with equal probabilities [7,8]. When we apply one of
the N? unitary depolarizers, at random, to any quantum state p defined on the Hilbert space
H, for an eavesdropper who does not know which one is used, the encrypted quantum state
becomes completely random, that is, (1/N?) ZII-V:, Z,[(V:l Ujk,éf];k = (1/N)1. It was shown
that N2 unitary depolarizers are necessary and sufficient to encrypt a quantum state defined
on the Hilbert space Hy. This result, information theoretically, means that 2n bits of classical
information are necessary and sufficient to encipher n qubits of quantum information [7, 8].
Therefore we can describe the quantum teleportation, the quantum dense coding and the
encryption of quantum states in terms of the Pegg—Barnett phase operator [10, 11].

We now derive the classical information capacity C of quantum dense coding with unitary
encoding. Suppose that Alice sends classical information to Bob via the quantum dense
coding. To do this, Alice and Bob share a quantum state p*# defined on a tensor product space
HA ® H® of two Hilbert spaces H* and H? (N4 = dim H* and N = dim H?), where the
system A is assigned to Alice and the system B to Bob. When Alice encodes the classical
information by applying unitary operators to the system A, Bowen has derived the upper bound
on the classical information capacity C of the quantum dense coding [6], which is given by
C < log Ny + S(pB) — S(p48), where p? = Trp pA8 is the reduced quantum state of the
system B held by Bob and S(p) = — Tr[0 log 0] is the von Neumann entropy. It has been
shown that the equality can be achieved in two- and three-dimensional Hilbert spaces. It has
been conjectured that the classical information capacity C with unitary encoding is given by
C =log Ny + S(p*%) — S(p*P) [6].

We will demonstrate the equality C = log Ny + S(p%) — S(p*8). Suppose that
Alice encodes classical information by applying one of the unitary depolarizers U ;}( (J, k=
0,1,....,Ns—1), which are given by equation (7), with equal probabilities to the system A in
the quantum state 548 and sends the encoded system to Bob. Then Bob obtains the quantum
state ,0 o B with probability ik = 1/N (j,k=0,1,...,N4 — 1):

piE = (U @ 1" (U ® 1P). (14)

The classical 1nformat10n capacity C of the quantum dense coding is given by the Holevo
entropic function [15,16]

Na—1Na—1 Ni—1Ny—1
c=s(33 X L) 5 £ 2 s 1)

Since the operator U is unitary and the von Neumann entropy is invariant under a
unitary transformatlon we have the equality (1/N?3) ZNA by ls (ﬁAB )y = S(pB).
Furthermore, using the fact that the unitary depolarizer Uj % satlsﬁes equatlon (10), we obtain
(1/N%) ZN*‘ Pyt o5 = (1/N)I4® pB, where pB = Try pA8 is the reduced quantum
state of Bob Thus we obtain the classical information capacity C of the quantum dense coding
with unitary encoding:
C =logNa+S(p") = S(5*7). (16)
This has proved the conjecture given by Bowen [6]. When the quantum state 54 is pure, the
capacity becomes C = log N4 + S(p%).
The degree of entanglement of the quantum state 548 is measured by the relative entropy of
entanglement Ep (pAB) [17], which is defined by Ez(548) = mingascp S(pAE|648), where

S(plo) = Tr[p(log p —log 6)] is the quantum relative entropy and the minimum is taken over
the set D of all separable states defined on the Hilbert space H* ® H?. Recently, Hiroshima
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has shown that if Ny = Np = N, the classical information capacity C of the quantum dense
coding with unitary encoding satisfies the inequality Ex(p4%) < C < log N + Ex(p4?) [4].
Substituting equation (16) into this inequality, we obtain S (pB) < Ex(p*B) + S(5*B). Tn
the same way, we can derive the inequality S(04) < Eg(p4®) + S(5*8). Thus the relative
entropy of entanglement Ez(5%8) satisfies the inequality

max[S(p*), S(6%)] < Er(p*?) + S(p*%) (17)

where the equality holds for a pure quantum state p48 = |WAB) (WAB|,

To perform the quantum dense coding, Alice and Bob must share an entangled quantum
state p42. A method for doing this is as follows: Alice first prepares an entangled quantum
state |W8) locally and then sends the system B to Bob through a noisy quantum channel. In
this case, the quantum state % shared by Alice and Bob becomes

PP = @4 @ L5 W) (WP (18)

where 74 is an identity map of the system A and LBisa trace-preserving completely positive
map of the system B, describing the noisy quantum channel [18-20]. In this case, the classical
information capacity C of the quantum dense coding is given by

C =1log Na+S(LEpP) — S(T* @ L) WAP) (wAE)) (19)

where p? = Tr, |WAB)(WAB| is the reduced quantum state before the transmission through
the noisy quantum channel. The quantum state LB p? is the output state of the noisy quantum
channel, and the von Neumann entropy S((Z4 ® £8)|WAB)(WAB|) is the entropy exchange
S.(p8, LB) of the noisy quantum channel [21]. How much quantum entanglement can be
transmitted by the noisy quantum channel is estimated by the coherent information I¢ (%, £5)
of the quantum channel [22]:

Ic(p®, LB) = S(LBpB) — S((T* ® LB)|wAB) (wAB)). (20)

Thus the classical information capacity C of the quantum dense coding is expressed in terms
of the coherent information I (4%, £8) of the noisy quantum channel which is used to share
the quantum state between Alice and Bob:

C =log N+ Ic(p®, ). (21)

Furthermore, we obtain the relation between the coherent information and the relative entropy
of entanglement I (55, £8) < Ex((Z4 ® L£B)|WAB)(WAB|). When Alice shares a quantum
state with Bob by preparing a pure quantum state |W4#) and sending the system B through
a noisy quantum channel LB, she should prepare a quantum state such that the coherent
information I¢(p®, £8) is maximized. Then the classical information capacity C of the
quantum dense coding is given by C = log N4 + maxyas I¢c (08, £B). For a disentangled
state | U4®) = |¢4) ® | B), the coherent information vanishes and the inequality C > log N4
is obtained.

Finally, we consider the case of an infinite-dimensional Hilbert space. If we take a
limit N — oo in equations (7) or (8), the operator U;; becomes Uy (6) = e E¥, where
E = Z;’;O |@n) (Pn+1] 1s the Susskind—Glogower non-unitary phase operator [23,24]. In this
limit, 6y — 0 and 641 — 6 = 2w/N — d6 and the phase variable 6 takes a continuous
value in a range of —7 < 6 < 7. Itis easy to see that (1/27) 7 d6 Z;C:o lA]k(G))A(UkT(G)
# (Tr X)1. Thus we have found that if we take the limit N — oo, the unitary depolarizer
U jx becomes a non-unitary non-depolarizer. When we have to treat an infinite-dimensional
Hilbert space, according to the scenario of the Pegg—Barnett phase operator formalism [10,11],
all calculations are performed in a finite-dimensional Hilbert space and we take the limit
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N — oo after the calculations are completed. It should be noted that the displacement
operator D(a) is a unitary depolarizer in an infinite-dimensional Hilbert space, where the
equality (1/7) [ d*a D(a)X D' (&) = (Tr X)1 holds.

In summary, we have shown that the Pegg—Barnett phase operator is useful for quantum
information processing as well as investigating quantum optical systems. In particular, the
unitary depolarizers, the completely entangled orthonormal system, the generalized Bell
measurement and the generalized depolarizing channel are described by the Pegg—Barnett
phase operator.
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