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We calculate analytically both coherent and incoherent parts of the total spectrum of light scattered by a
three-level system in either lambda or ladder configurations. The spectrum is restricted to the cases of the
incident light pulse weakly depopulating the initial level and of the carrier frequency much lower than the
excitation frequency in the system. We give special attention to the spectra under the conditions of different
multiphoton resonances in the system and emphasize the effects resulting from the presence of the third level.
The analytic theory is shown to explain the numerically calculated spectra as far as the number of frequency
components, their positions in the spectrum, relative intensities, and sensitivity to the pulse shape are
concerned.
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I. INTRODUCTION

Since 2002, a series of theoretical papers has been pub-
lished concerning multiphoton excitation in specific three-
level systems �1–4�. The specificity of the systems was that,
first of all, they contained a pair of perfectly or nearly de-
generate excited states separated from the ground state by
many photons. Moreover, the excited states were either di-
pole coupled to each other or had nonzero mean dipole mo-
ments. In the former case, the chain of the electric-dipole
couplings in the three-level system formed the �-type con-
figuration, while in the latter one the V-type configuration.
For both configurations, the dynamics of the system was
found to reduce to that of the two-level Rabi system but with
a generalized Rabi frequency being nonlinearly dependent on
the electric-field amplitude of the exciting photon beam. Spe-
cifically, this dependence was given by the Bessel function of
the same order as that of the multiphoton resonance and that
of the argument including the coupling between �or in� the
excited states weighted by the field frequency. It was shown
that the excited-state dipole couplings result in substantial
enhancement of both multiphoton excitation from the ground
state and harmonic generation.

In the present paper we deal with a different three-level
system obtained, formally, from the above �-type configura-
tion by separating the excited states by a number of photons.
As a result, all states of the system of interest, with the di-
pole couplings between them, form either the lambda ��� or
ladder configurations. Mathematically, this system is more
challenging because its population dynamics cannot be re-
duced to that of the two-level system �5�. Thus, the present
paper goes beyond the fundamental problem of the two-level
system in an oscillating field extensively studied in the past
in the context of, e.g., the generation of harmonics of the
incident light by atoms, molecular ions, double-well poten-
tials, and semiconductors �6–18�. Though being a serious
approximation, the two-level model has succeeded in repro-
ducing qualitatively many features of the experimental har-
monic spectra such as, e.g., the broad plateau, the cutoff
frequency, and the dependence of the spectra on the carrier-
envelope phase shift of the extremely short light pulses avail-
able at present. Obviously, by the two-level approximation

many effects in the spectra are, however, hidden and the aim
of our three-level model is to indicate and explain some of
these effects. In our formulation, this three-level model has
the advantage of being analytically solvable in a relatively
simple way due to two main assumptions. The first assump-
tion is that the frequency of the incident light is small com-
pared to the transition frequency between the different-parity
ground and excited levels in the model. A single photon from
the light beam is thus far from resonance with this transition;
however it has such an energy that many of these photons
�odd integer� nearly cover this transition. Subsequent odd-
photon resonance between the opposite-parity excited levels
is also allowed as well as an even-photon resonance between
the same-parity levels of the model. From a variety of levels
in a real system these multiphoton resonances are believed to
pick out the three essential levels reducing to them the exci-
tation dynamics to the first approximation. The simplest
practical realization of this model can be the first three levels
in the hydrogen atom, i.e., the 1S, 2P, and 3S+3D ones. In
the above three-level ladder configuration, the light beam of
frequency being in 15-photon resonance with the 1S→2P
transition is, at the same time, close to three-photon reso-
nance with the 2P→3S+3D transition. The same can be said
about the lowest three electronic levels in the H2

+ molecular
ion, namely, the 1�g, 1�u, and 2�g ones at internuclear sepa-
rations close to the equilibrium distance equal to 2 a.u. �Fig.
1 in �9��. In this case, the light beam in, e.g., 9 �15�-photon
resonance with the lower 1�g→1�u transition is, acciden-
tally, in nearly 7 �11�-photon resonance with the upper 1�u
→2�g transition. It seems that the lowest levels in the hy-
drogen atom can also serve for a realization of the three-level
lambda configuration. For instance, the light beam in 4 �6�-
photon resonance with the 1S→2S transition is nearly in
5 �7�-photon resonance with the 1S→3P transition. Thus,
at these frequencies the coupling chain 1S→3P→2S
forms the required lambda scheme, which should not be
perturbed substantially by the 2P state because this state,
as compared to the 3P one, is farther from odd-photon
resonance with the ground state. However, to minimize a
possible effect of higher-lying states in the real system we
make the second assumption, i.e., that of weak excitation
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guaranteed by relatively weak field leaving the system
mostly in its initial state throughout the whole interaction
time. Under the above assumptions we calculate analytically
the spectrum of light scattered by the three-level system with
emphasis put on the effects originated in the third level. The
analytical spectrum, when compared with that obtained by a
fully numerical procedure, proves a good quality of our ana-
lytic approach. In contrast to the two-level calculations
�6,7,9–18�, the spectrum is understood here as the total spec-
trum, i.e., that composed of both the coherent and incoherent
parts, and one particular aim of the paper is to point to a
substantial effect of the latter part in the total spectrum. In a
simple way, we also show the effect of the shape of the
pulsed field on some frequency components in the spectrum.
It is thus evident that the present paper differs in many points
from that of Caldara and Fiordilino �19� for the � system
because the latter paper brings purely numerical results con-
cerning the coherent part of the spectrum only.

Our paper is organized as follows. In Sec. II, we present
the model, define the total spectrum, and give the starting
equations for the population dynamics. Section III is devoted
to the coherent part of the spectrum calculated analytically
from two coupled equations of motion for the appropriately
defined ratios of the level-population amplitudes. The found
analytic solution serves then as a basis to show and discuss
the effects in the coherent spectrum caused by the third level.
Using the approach of Sec. III, in Sec. IV we calculate ana-
lytically the incoherent part of the spectrum and, then, the
total spectrum. Finally, we give brief summary in Sec. V.

II. MODEL AND BASIC EQUATIONS

Figure 1 shows the three-level system in either the lambda
or ladder configuration. The two configurations are realized
by choosing positive or negative, respectively, frequency dif-
ference, �23=�2−�3. The bare states of the model have well
defined parities, “�,” with the parities of states �1� and �3�
being the same and opposite to the parity of state �2�. The
system is exposed to a single laser beam, linearly polarized
along the z axis, of frequency �0 much lower than the

transition frequency �21=�2−�1 from initial state �1� to ex-
cited state �2�, i.e., �0��21. We take the electric field of
light in the classical form, E�t�=E0f�t�cos��0t�, where E0
stands for the amplitude and 0� f�t��1 for the normalized
pulse-shape function. This field couples the levels through
the electric-dipole interaction V�t�=−ezE�t�. The coupling is
assumed to be weak in the sense of weak depopulation of the
initial state. With this interaction, we define the instanta-
neous Rabi frequencies for the 1-2 and 2-3 couplings,
namely, ��t�=−V12�t� /	 and M�t�=−V23�t� /	, where Vjk�t�
are the appropriate matrix elements of the interaction. Ex-
plicitly, ��t�=�Rf�t�cos��0t� and M�t�=MRf�t�cos��0t�,
where �R=
12E0 /	 and MR=
23E0 /	 are the conventional
time-independent Rabi frequencies while 
 jk= �j�ez�k� is the
matrix element of the dipole transition j→k.

In this paper, we shall calculate analytically the total spec-
trum of light scattered by the system of Fig. 1. We use the
definition of the total spectrum, S���, based on the corre-
spondence principle connecting the classical and quantum
physics. All details of this definition are given in the original
papers �20,21�, where the appropriate quantum spectrum is
called the correspondence principle spectrum. Shortly, the
quantum definition of the spectrum is obtained from the clas-
sical definition �the squared modulus of the Fourier trans-
form of the scattered electric field� by, first, replacing the
classical dynamical variables by the corresponding operators
and, then, taking the expectation value in the initial state of
the system �Eqs. �2.1�–�2.3� in �21��. Such a procedure leads
directly to the spectrum S��� expressed by the two-
dimensional Fourier transform of the standard two-time di-
pole correlation function �Eqs. �2.4�, �3.3�, and �B4� in �21��.
Finally, after inserting the unit projector � j�j��j� into the cor-
relation function and using the time evolution operator U�t�
when going from the Heisenberg to the Schrödinger pictures
one obtains the original Eqs. �3.10� and �3.11� in �21� defin-
ing the correspondence principle spectrum S��� from a mul-
tilevel system. For the three-level model of Fig. 1, this defi-
nition of S��� reduces to

S���/�4 = �
j=1

3 	

0

tp

dtei�t�� j�t��ez��1�t��	2

, �1�

where tp is the duration of the incoming laser pulse and � j�t�
stands for the Schrödinger wave function of the laser-driven
three-level system beginning its evolution in the bare eigen-
state �j� at t=0, i.e., �� j�0��= �j�. The diagonal term, j=1 in
Eq. �1�, defines what is referred to as the coherent part of the
spectrum, Sc���, and the rest, S���−Sc���=Sinc���, is the
incoherent part. The coherent part is the spectrum of the
average dipole moment, while the incoherent part is the
spectrum of the quantum dipole fluctuations. However, be-
cause we work with the Schrödinger equation instead the
master equation, the spectrum resulting from Eq. �1� is cor-
rect only under the assumption that the duration of the inci-
dent light pulse is shorter than the excited-state lifetimes.
Typically we will concentrate on pulses of the duration equal
to 30 optical cycles when giving the representative spectra.
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FIG. 1. Electric-dipole couplings in a three-level system driven
by a laser beam of frequency �0 much smaller than the transition
frequency �21=�2−�1. The dotted points to the localization of the
initial population, the signs � to the parity of states, � j �with j
=1–3� to the state eigenfrequencies, and �R and MR to the time-
independent Rabi frequencies.
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From Eq. �1�, one can calculate the spectrum with an
accuracy depending on our knowledge concerning the
Schrödinger function � j�t�. According to Fig. 1, we take
� j�t� as an expansion in terms of the bare states �k�, namely,
� j�t�=�k=1

3 bkj�t��k�, where bkj�t� is the time-dependent popu-
lation amplitude of state �k� provided that initially
�t=0� the system was in state �j�. These amplitudes deter-
mine completely the time evolution of the core of the Fourier
integral,

�� j�t��ez��1�t�� = �
k=1

3

�
l=1

3

bkj
� bl1
kl = 
12�b1j

� b21 + b2j
� b11�

+ 
23�b2j
� b31 + b3j

� b21� , �2�

where we have assumed that 
kl are real and, also, used the
conditions of nonvanishing of 
kl. From the Schrödinger
equation, the state population amplitudes are then found to
satisfy the set of coupled differential equations,

i
db1j

dt
= �1b1j − ��t�b2j , �3a�

i
db2j

dt
= �2b2j − ��t�b1j − M�t�b3j , �3b�

i
db3j

dt
= �3b3j − M�t�b2j . �3c�

III. COHERENT SPECTRUM

To calculate the coherent part of the spectrum, Sc���, one
needs to put j=1 in Eqs. �1�, �2�, and �3a�–�3c�. As a result,

Sc���/�4 = 	

0

tp

dtei�td�t�	2

= �d����2, �4�

with d��� being the finite-time Fourier transform of the di-
pole expectation value d�t�= ��1�t��ez��1�t��. This value is
to be calculated under the initial condition indicated by the
black dot in Fig. 1. In terms of the state population ampli-
tudes, the dipole expectation value reads

d�t� = 2
12 Re�b11
� b21� + 2
23 Re�b21

� b31� , �5�

as resulting from Eq. �2�.
However, instead of the three amplitudes bk1, we prefer to

work with two new variables defined as the appropriate ra-
tios of the amplitudes, namely, r=b21 /b11 and =b31 /b11. In
terms of these ratios, we rewrite Eq. �5� for the dipole ex-
pectation value as

d�t� = 2
12�b11�2 Re�r� + 2
23�b21�2 Re�/r�

= 2
12
Re�r�

1 + �r�2 + ��2
+ 2
23

Re�r��
1 + �r�2 + ��2

, �6�

where the denominators in the last line result from the prob-
ability conservation law, �b11�2+ �b21�2+ �b31�2=1, and the
definitions of r and . By differentiating once both r and ,

the ratios are found from Eqs. �3� to satisfy the set of coupled
differential equations,

i
dr

dt
= �r2 − 1���t� + �21r − M�t� , �7a�

i
d

dt
= ��31 + ��t�r� − M�t�r . �7b�

For a known r�t�, Eq. �7b� is an inhomogeneous linear
first-order differential equation of the form du

dt + P�t�u=Q�t�
with the solution �22�

u�t� =
1

z�t��
t0

t

Q�t��z�t��dt� + u�t0�� , �8�

where z�t�=exp�t0
t P�t��dt�� and u�t0� is the value of u at the

initial time t= t0. We will apply Eq. �8� many times through-
out this paper.

A. Weak-field low-frequency excitation

In the following, we shall consider a special case of weak
depopulation of the initial state, �r��1. Alternatively, it will
be referred to as the weak-excitation case. In this case, one
can neglect the term M�t�b31 in Eq. �3b�, resulting in the
neglect of the last term on the right-hand side of Eq. �7a�,
M�t�. Then, Eq. �7a� is decoupled from Eq. �7b� and sim-
plified to the form

i
dr

dt
= �r2 − 1���t� + �21r . �9�

It is nontrivial �quadratically nonlinear� Riccati-type equa-
tion for a two-level system �17,18�. In the weak-excitation
limit, Eq. �9� can be solved by successive approximations. In
the zero-order approximation, we neglect the quadratic term,
r2, obtaining the equation

i
dr0

dt
= �21r0 − ��t� . �10�

To have a solution slightly better than r0 we then put r=r0
+r1 into Eq. �9�, assuming �r1�� �r0�. Under this assumption,
we ignore the minor term quadratic in r1 in Eq. �9� and also
use the zero-order equation �Eq. �10��. Along this line we
obtain the equation for small correction r1,

i
dr1

dt
= ��21 + 2r0��t��r1 + r0

2��t� . �11�

Equations �10� and �11� form a linearized approximation to
Eq. �9� at �r��1. Finally, we find  from the simplified ver-
sion of Eq. �7b�,

i
d

dt
= ��31 + ��t�r0� − M�t�r0. �12�

Equations �10�–�12� have their solutions in the form of
Eq. �8� with appropriately identified P�t� and Q�t� functions.
Specifically
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r0 = ie−i�21t

t0

t

��t��ei�21t�dt�, �13�

r1 = − ie−i��21t+2A0�t��

t0

t

r0
2�t����t��ei��21t�+2A0�t���dt�,

�14�

 = ie−i��31t+A0�t��

t0

t

r0�t��M�t��ei��31t�+A0�t���dt�, �15�

where

A0�t� = 

t0

t

r0�t����t��dt�. �16�

As an example, we calculate the integrals in Eqs.
�13�–�16� assuming square-envelope laser pulse �f�t�=1, t0
=0�. This choice leads to

r0 =
�R

2
e−i�21t� ei�+t − 1

�+ +
ei�t − 1

�
� , �17�

A0 =
�R

2

4��+�2�21�t +
sin�2�0t�

2�0
−

sin��t�
�

−
sin��+t�

�+ �
+ i� ��+�2 + �2 + ��+

��+ − 2�21� cos��t�
�

+
cos��+t�

�+ �
+ cos�2�0t��� , �18�

where �=�21−�0 and �+=�21+�0. Obviously, the use of
the above r0 and A0 will result in very complicated final
expressions for r1 �Eq. �14�� and  �Eq. �15��. However, in
the case of our interest, i.e., that of low-frequency excitation
��0��21�, when a number of laser photons �0 are needed to
cover the distance �21, considerable simplifications are pos-
sible. Since then �+����21, one arrives at the approxi-
mate expressions

r0 =
�R

�21
�cos��0t� − e−i�21t� �19�

and

A0 =
�R

2

2�21
�t +

sin�2�0t�
2�0

� . �20�

It becomes clear from Eq. �19� that to satisfy the weak-
excitation condition, �r��1, one needs �R /�21�1 limiting
the electric-field strength of the laser pulse, E0. Moreover,
the calculation of r1 and  with the use of A0�t� of Eq. �20� is
then much facilitated since we can apply the Fourier-Bessel
expansion �23�

eiqA0 = eiq�st/2exq sin�2�0t� = eiq�st/2 �
m=−�

�

Jm�xq�ei2m�0t,

�21�

where q=1 or 2, �s=�R
2 /�21 has the meaning of the Stark

shift, xq=q�s / �4�0�=q�R
2 / �4�0�21��1, and Jm�xq� is the

Bessel function of integer order. With this expansion, the
integrals in Eqs. �14� and �15� become elementary though
their calculation is much time consuming.

To show the effect of the pulse shape we also consider the
case of a smooth envelope given by f�t�=sin��lt�, where 0
� t� tp and �l=� / tp. In this case, the length of the pulse, tp,
determines the full width at half maximum of the pulse by
�t1/2= 2

3 tp. This width translates into the spectral full width at
half maximum equal to ��1/2=1 /�t1/2=3�l / �2��. Then r0 of
Eq. �13� takes the form

r0 =
�R

2
��21 sin��0 + �l�t + i��0 + �l�cos��0 + �l�t

�21
2 − ��0 + �l�2

−
�21 sin��0 − �l�t + i��0 − �l�cos��0 − �l�t

�21
2 − ��0 − �l�2

+ i� �0 − �l

�21
2 − ��0 − �l�2 −

�0 + �l

�21
2 − ��0 + �l�2�e−i�21t� .

�22�

For low-frequency ��0��21� many-cycle pulse �tp�T
=2� /�0→�l��0 /2�, the above r0 converts into

r0 =
�R

�21
� f�t�cos��0t� − i

�l

�21
e−i�21t� . �23�

In the same limits,

A0 =
�R

2

2�21
f2�t��t +

sin�2�0t�
2�0

� . �24�

As compared with Eqs. �19� and �20� for the square-pulse
case, the main difference consists of the small factor
�l /�21= ��0 /�21���l /�0��1 at e−i�21t in Eq. �23� for r0.
This difference in r0 will produce differences in r1 and  of
Eqs. �14� and �15�, respectively. As a result, any effect com-
ing from the term proportional to e−i�21t in r0 is expected to
be much smaller for a smooth pulse than for a square one.

B. Dipole expectation value

Under the assumed weak-excitation condition, �r� , ���1,
the dipole expectation value of Eq. �6� reduces to the
three-term sum, d�t�=d0�t�+d1�t�+d�t�, where d0�t�
=2
12 Re�r0�, d1�t�=2
12 Re�r1�, and d�t�=2
23 Re�r0

��.
Using the square-pulse equations �Eqs. �19�–�21��, these
terms are found from Eqs. �13�–�15� in the following ana-
lytic forms:

d0�t� = 2
12
�R

�21
�cos��0t� − cos��21t�� , �25�
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d1�t� =

12

4

�R
3

�21
2 �

m=−�

+�

�
n=−�

+�

Jn�x2�„Pm cos��21 − 2�m − n��0�t

+ Qm cos��21 + 2n�0 + �s�t − Rm cos�2�m − n�

+ 1��0t + Sm cos�2�21 − �2�m − n� + 1��0�t… , �26�

d�t� =

23

4

MR�R
2

�21
2 �

m=−�

+�

�
n=−�

+�

Jn�x1��Tm cos�2�m − n�

+ 1��0t − Um cos��21 + 2�m − n��0�t + Vm cos��21

− 2�m − n��0�t − Wm�cos���31 + �2n − 1���0 +
�s

2
�t

+ cos��31 + �2n + 1��0 +
�s

2
�t

− 2 cos��23 − 2n�0 −
�s

2
�t�� . �27�

The frequency and field-dependent coefficients in d1�t� are

Pm = 4am−1�Jm−1�x2� + Jm+1�x2� + 2Jm�x2�� , �28�

Qm = �3cm + 3cm−1 + cm+1 + cm−2 − 4bm − 4bm−1

− 4am − 8am−1 − 4am−2�Jm�x2� , �29�

Rm = cm�3Jm�x2� + 3Jm+1�x2� + Jm−1�x2� + Jm+2�x2�� ,

�30�

Sm = 4bm�Jm�x2� + Jm+1�x2�� , �31�

am =
1

2�m + 1��0 + �s
, �32�

bm =
1

�21 − �2m + 1��0 − �s
, �33�

cm =
1

�21 + �2m + 1��0 + �s
, �34�

while those in d�t� have the forms

Tm = fm�Jm�x1� + 2Jm+1�x1� + Jm+2�x1�� + fm−1�2Jm�x1�

+ Jm−1�x1� + Jm+1�x1�� − 4gm�Jm�x1� + Jm+1�x1�� ,

�35�

Um = 2fm−1�2Jm�x1� + Jm−1�x1� + Jm+1�x1�� , �36�

Vm = 2gm�Jm�x1� + Jm+1�x1�� + 2gm−1�Jm�x1� + Jm−1�x1�� ,

�37�

Wm = �fm + 2fm−1 + fm−2 + 2gm + 2gm−1�Jm�x1� , �38�

fm =
1

�31 + �2m + 2��0 +
�s

2

, �39�

gm =
1

�23 − �2m + 1��0 −
�s

2

. �40�

Except am, the coefficients bm, cm, fm, and gm are seen to
have resonance structures. Resonances occur when the total
energy of an appropriate number of photons approaches the
level separation energy �21, ��31�, or ��23�. In agreement with
the multiphoton electric-dipole selection rules, these coeffi-
cients allow either odd-photon 1→2 and 2→3 resonances or
even-photon 1→3 resonance.

The conclusion from Eqs. �25�–�27� is that, under weak
low-frequency excitation by square-envelope pulse of fre-
quency �0, the expected frequency components in the coher-
ent part of the spectrum are �2k+1��0, �21�2k�0,
2�21� �2k+1��0., �31� �2k+1��0, and �23�2k�0, in gen-
eral, where k=0,1 ,2 , . . .. Depending on the specific condi-
tions, only some of the above possible components are pre-
dicted to reveal well in the spectrum. In agreement with what
was said in the last sentence of Sec. III A, the components
�21�2k�0 and �23�2k�0=�21−�31�2k�0 should be
weakened by the factor ��l /�21�2 when one uses a smooth
pulse �f�t�=sin��lt�� instead of a square pulse �f�t�=1�.

C. Representative coherent spectra

Because of the weak-field ��R /�21�1� and low-
frequency ��0��21� assumptions the arguments of the
Bessel functions, xq=q�R

2 / �4�0�21� with q=1 or 2, remain
much smaller than 1 justifying the approximation Jm�xq�
��xq /2�m /m! for m�0. For negative Bessel indices one
should use the relation J−m�xq�= �−1�mJm�xq� first. This ap-
proximation means that we are allowed to retain only those
summation indices, m and n, which generate the lowest-order
Bessel functions in Eqs. �26� and �27� for d1�t� and d�t�,
respectively.

Far from the odd-photon 1→2 resonance, we retain the
summation indices which lead to J0

2�x2� in d1�t�. Then, due to
the low-frequency condition, we approximate bm=cm
�1 /�21. Also, we neglect �s in the denominator of am if
m�−1. As a result, one finds

d1�t� =

12

2
� �R

�21
�3��21

�0
�cos��21 − 2�0�t − cos��21 + 2�0�t

−
4�0

�s
�cos��21 + �s�t − cos��21t��� − 3 cos��0t�

− cos�3�0t� + 2�cos�2�21 − �0�t + cos�2�21 + �0�t�� .

�41�

As a matter of fact, d0�t� of Eq. �25� and d1�t� of Eq. �41�de-
termine roughly the coherent part of the scaled spectrum,
Sc��� /�4, from a two-level system �levels 1 and 2 in Fig. 1
only� under weak low-frequency excitation by square-
envelope pulse. As seen from d0�t�, this scaled spectrum
should be dominated by two well separated frequencies, the
laser frequency �0 and the transition frequency �21. The
peaks at these positions in the scaled spectrum are of equal
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height. From d1�t� of Eq. �41� one should also expect addi-
tional peaks, mainly the satellites of the 1→2 transition fre-
quency, �21�2�0. The satellites have the same height in the
scaled spectrum but are lower than the dominant peaks be-
cause the ratio d1�t� /d0�t���R

2 / �4�0�21�=x1�1. In the
low-frequency part of the spectrum, also weaker third har-
monic peak of the laser frequency �3�0� should be revealed.
The above two-level result agrees with that of Zuo et al. �9�
obtained by applying the Wentzel-Kramers-Brillouin method
when solving approximately the equations for the amplitudes
b11 and b21 �Eqs. �3� with b31=0�. On the other hand, the
predicted high-frequency components 2�21��0 agree with
the numerical result of Caldara and Fiordilino �19�.

The effect of the third level of the model from Fig. 1 is
nested in d�t� of Eq. �27� or, more specifically, in the coef-
ficients fm and gm defined by Eqs. �39� and �40�, respectively.
As a special case, let us consider nearly two-photon �31
spacing ��31�2�0� resulting in the � configuration of the
levels. At �31�2�0, the coefficient f−2 reaches high value
and the dominant terms in d�t� are those accompanied
by the product f−2J0

2�x1�. Separating these terms and intro-
ducing �0=�31−2�0 as the static two-photon detuning for
the 1→3 transition, one obtains

d�t� =

23

4

MR�R
2

�21
2

1

�0 +
�s

2

�cos��0t� − cos��0 + �0 +
�s

2
�t

+ cos�3�0t� − cos�3�0 + �0 +
�s

2
�t + 2 cos��21

− 2�0 − �0 −
�s

2
�t − 2 cos��21 − 2�0�t� . �42�

When �0→0, the factor before the bracket increases and
becomes comparable with that in d0�t� of Eq. �25�, i.e., even
higher than that in d1�t� of Eq. �41�. Thus, for �0→0, the
third level is seen to change appreciably the scaled spectrum
of the two-level system. Even more dramatic changes are
expected when �0→−�s /2. The main changes should consist
of introducing asymmetry in the heights of the satellites
�21�2�0 of the transition frequency �21 in enhancing the
third harmonic and in introducing doublet structures around
the frequencies �0, 3�0, and �21−2�0. All these effects,
originating in the third level, are clearly seen in Fig. 2. Fig-
ure 2�a� corresponds to the two-level system and serves as a
reference point for comparisons, while Figs. 2�b� and 2�c� to
the three-level lambda systems characterized by different
values of the two-photon 1→3 detuning, �0=�31−2�o, with
positive frequency difference �31. The solid curves were ob-
tained by using analytic equations �Eqs. �25�–�27��, while the
dotted curves result from numerical solution of Eqs. �3�. In
Fig. 2�a�, the analytic and numerical curves coincide almost
perfectly. In Fig. 2�b�, the agreement between the approxi-
mate analytic curve and the numerical one is seen to be good
as far as the number of peaks, their positions, and relative
heights are concerned. In this case, the weak-excitation con-
dition was satisfied well for all times ��r�t��2�0.006 and
��t��2�0.0025�. However, for the parameters of Fig. 2�c�
this condition was poorly satisfied ��r�t��2�0.009 and

��t��2�0.4� and thus one observes some discrepancies
between the curves concerning the height of the back-
ground mainly. The reason of these discrepancies is the
effect of multiphoton coherent population trapping in the
superposition of states �1� and �3� ��0.71 population in
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FIG. 2. �Color online� Scaled coherent spectra, Sc��� /�4,
produced by 30-cycle pulse of square envelope: �a� two-level sys-
tem with �21 /�0=13 and �R /�0=0.5, �b� three-level lambda sys-
tem with the same �21 and �R values as for the two-level system
and, additionally, �23 /�0=11.12, �31 /�0=1.88→�0=�31−2�0

=−0.12�0, and MR /�0=0.3, and �c� as �b� but with �23 /�0=11 and
�31 /�0=2→�0=0. Solid �dotted� curve—analytical �numerical�
spectrum.
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�1�, �0.29 population in �3�, and, practically, no popula-
tion in �2��. We will give more attention to this effect else-
where.

The changes in the scaled spectrum around �0, 3�0, and
�21−2�0, caused by the third level under the condition of
two-photon 1→3 resonance, �31�2�0, are a special case of
more general multiphoton �even-photon� resonance when the
�31 distance is close to the total energy of an even number
of photons. Still keeping �31 positive, one finds that the
dominant terms in d�t� are then those accompanied by
f−2−mJ0�x1�J−m�x1� with m non-negative. If �31�2�m+1��0,
these terms lead to

d�t� =

23

4

MR�R
2

�21
2 �− 1�m �x1/2�m

m!

1

�m +
�s

2

�cos��31 − �0

− �m�t − cos��31 − �0 +
�s

2
�t + cos��31 + �0 − �m�t

− cos��31 + �0 +
�s

2
�t + 2 cos��23 −

�s

2
�t

− 2 cos��23 + �m�t� , �43�

where �m=�31−2�m+1��0 is the static detuning from 2�m
+1�-photon 1→3 resonance. As seen, Eq. �42� is a special
form of Eq. �43� when m=0. For �m→−�s /2, the coeffi-
cients at the cosine functions in Eq. �43� become higher than
the appropriate coefficients in Eq. �26� for d1�t�. For a given
m�0, Eq. �43� thus predicts the appearance of resonance
structures in the scaled spectrum around �31��0 and �23.
These predicted resonance structures are marked by arrows
in Fig. 3 showing scaled spectra for two different �31�0
separations �4�0 and 6�0, meaning m=1 and m=2, respec-
tively�. As previously, the solid �dotted� curves are the ana-
lytic �numerical� scaled spectra. Let us notice that, for m
�0, the satellites �21�2�0 of the transition frequency �21
keep the same height just opposite to the case of m=0, i.e.,
�31�2�0.

We would like to stress that some peaks in Fig. 3 have
interference character. A good example of this interference is
the third harmonic peak �3�0� formed in the case of the level
separation frequency �31=4�0. In fact, this peak has two
origins: the off-resonance and resonance ones. The off-
resonance contribution comes from Eq. �41� for d1�t�. The
resonance contribution is given by Eq. �43� when takingm
=1. This resonance contribution is simply the left �low-
frequency� wing of the doublet �31��0 built up around
the separation frequency �31. In Fig. 4, we show the
interference structure of the third harmonic peak by
changing the separation frequency �31 slightly around 4�0.
The single peak at 3�0, well pronounced in Fig. 3�a� when
�31=4�0, is seen in Fig. 4 to split into two components when
one departs from the perfect four-photon �31 separation. The
weaker component �the off-resonance one� keeps the posi-
tion 3�0., irrespective of the choice of �31, while the stron-
ger component �the resonance one� moves to the position
�31−�0.

Let us consider now the case when, instead of even-
photon 1→3 resonance, one realizes the vicinity of odd-
photon 3→2 resonance, still being far from odd-photon
1→2 resonance. Assuming �23 to be positive �lambda sys-
tem� and close to �2p+1�-photon resonance, with p being
non-negative, one finds gp of Eq. �40� as the largest coeffi-
cient. Then the leading terms in d�t� are those proportional
to gpJ0�x1�Jp�x1�, giving

d�t� =

23

4

MR�R
2

�21
2

�x1/2�p

p!

2

�p −
�s

2

�cos��31 − �0 + �p�t

− cos��31 − �0 +
�s

2
�t + cos��31 + �0 + �p�t

− cos��31 + �0 +
�s

2
�t + 2 cos��23 −

�s

2
�t

− 2 cos��23 − �p�t� , �44�
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FIG. 3. �Color online� Scaled coherent spectra from three-level
lambda systems of different even-photon level separations �31�0:
�a� �31 /�0=4; �b� �31 /�0=6. Other parameters: �21 /�0=13,
�R /�0=0.5, and MR /�0=0.3. The arrows indicate the resonantly
enhanced spectral components �31��0 and �23. In �b�, the com-
ponent �31+�0 overlaps with the component �23.
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where �p=�23− �2p+1��0 stands for the static detuning
from �2p+1�-photon 3→2 resonance. Since Eq. �44� is of
the same structure as Eq. �43�, it will generate spectra similar
to those discussed earlier but with different positions of the
�31��0 and �23 peaks.

The special case of interest is that of two coupled multi-
photon resonances, i.e., when both the even-photon 1→3
and odd-photon 3→2 resonances take place simultaneously
��m→−�s /2,�p→�s /2�. Then, the resonant part of the
scaled spectrum is determined by the sum of Eqs. �43� and
�44�. Due to the weak-field condition, x1�1, these two equa-
tions will, however, contribute comparably if m= p only, oth-
erwise either Eq. �43� or �44� dominates. This comparable-
contribution condition requires �2p+2�-photon 1→3
resonance and �2p+1�-photon 3→2 resonance simulta-
neously. In this case, the �31−�0 spectral component will
always interfere with the �23 component. As compared to the
single-resonance case, the spectrum is thus expected to be
reduced by one peak, generally, when approaching two
coupled resonances. Now, the well pronounced lines, caused
by the third level, should be �31+�0= �2p+3��0 and �31
−�0=�23= �2p+1��0. The effect of two coupled resonances
is shown in Fig. 5�a� for m= p=3, i.e., eight-photon 1→3

resonance ��3=0� and seven-photon 3→2 resonance ��3
=0� simultaneously. The reduction in the number of lines in
the scaled spectrum, due to coupled resonances, is seen by
comparing Fig. 5�a� with Fig. 5�b�, the latter one prepared
for substantial detuning �3=�31−8�0=−0.5�0 from eight-
photon 1→3 resonance. Obviously, the case of two coupled
resonances means also the odd-photon 1→2 resonance of
high order k=2�m+1�+ �2p+1�=2�m+ p�+3. The term de-
scribing this resonance is that proportional to brJr�x2�J0�x2�
in Eq. �26� for d1�t�, where r= �k−1� /2=m+ p+1. This term
can result in eventual enhancements of the �21 and 2�21
− �2r+1��0 components eventually.

The scaled coherent spectra of Figs. 2–5 were obtained
under the assumption of square pulse. In Sec. III A, we have,
however, predicted substantial suppression of some spectral
components when applying smooth pulse instead of a square
pulse. Figure 6, when compared with Fig. 2�b�, shows an
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FIG. 4. �Color online� Splitting of the third-harmonic peak from
Fig. 3�a� into two components when changing the level separation
�31 around 4�0: �a� �31 /�0=4.2; �b� �31 /�0=3.8. Other param-
eters: �21 /�0=13, �R /�0=0.5, and MR /�0=0.3. The arrows indi-
cate the interfering spectral components.
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FIG. 5. �Color online� Reduction in the number of spectral lines
in the scaled coherent spectrum from three-level lambda system
when approaching two coupled resonances, i.e., even-photon
1→3 and odd-photon 3→2 resonances simultaneously: �a� the case
of eight-photon 1→3 resonance ��31 /�0=8� plus seven-photon
3→2 resonance ��23 /�0=7�. Other parameters: �21 /�0=15,
�R /�0=0.5, and MR /�0=0.3. �b� The case of some detuning from
eight-photon 1→3 resonance ��31 /�0=7.5� plus seven-photon
3→2 resonance ��23 /�0=7�. Other parameters: �21 /�0=14.5,
�R /�0=0.5, and MR /�0=0.3. The arrow shows where the �31

−�0 and �23 components overlap.
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exemplifying pulse-shape effect in the scaled coherent spec-
trum. The numerical spectrum of Fig. 6 was obtained for the
same parameters as Fig. 2�b� except the pulse shape being
now f�t�=sin��lt�, where �l=� / tp=� /30T=�0 /60. The ar-
rows in Fig. 6 indicate the suppressed spectral components.
Figure 6 confirms the analytic predictions of Sec. III A con-
cerning both the suppressed components �those governed
by the term proportional to e−i�21t in r0 of Eq. �23�� and
the degree of suppression �of the order ��l /�21�2

= ���0 /�21���l /�0��2= ��1 /13��1 /60��2=1.6�10−6�. The
square-pulse approximation is thus seen to overestimate
greatly some frequency components in the coherent spectra.
Moreover, the components �0 and 3�0 are spectrally wider
in Fig. 6 than in Fig. 2�b� and do not exhibit the doublet
structures as it was for square pulse.

IV. TOTAL SPECTRUM

To calculate the total spectrum we first need to find its
incoherent part �j=2 and 3 in Eqs. �1�, �2�, and �3a�–�3c��
and then add this part to the coherent part calculated in Sec.
III. In contrast to the coherent part, determined completely
by the ratios r and  only, one now needs to know all popu-
lation amplitudes bkj found at the initial conditions indicated
by j=1, 2, and 3.

For j=1, Eqs. �3� can be solved in terms of r and  as

b11�t� = e−i��1t−A�t��, �45�

b21�t� = ie−i�2t

0

t

���t�� + M�t���t���b11�t��ei�2t�dt�,

�46�

b31�t� = ie−i�3t

0

t

M�t��b21�t��ei�3t�dt�, �47�

where A�t�=0
t r�t����t��dt� is a generalization of Eq. �16�

for A0�t�. In a general case, r and  have to be found from
exact equations �Eqs. �7��.

For j=3, we introduce different ratios, x=b23 /b33 and y
=b13 /b33. From Eqs. �3�, we find equations for them sym-
metric to Eqs. �7� for r and , namely,

i
dx

dt
= �x2 − 1�M�t� + �23x − ��t�y , �48a�

i
dy

dt
= ��13 + M�t�x�y − ��t�x . �48b�

In terms of x and y, the set of Eqs. �3� has the solutions

b33�t� = e−i��3t−B�t��, �49�

b23�t� = ie−i�2t

0

t

�M�t�� + ��t��y�t���b33�t��ei�2t�dt�,

�50�

b13�t� = ie−i�1t

0

t

��t��b23�t��ei�1t�dt�, �51�

where B�t�=0
t x�t��M�t��dt�.

Finally, for j=2, we define the ratios u=b12 /b22 and �
=b32 /b22. These ratios are found from Eqs. �3� to satisfy the
set of differential equations,

i
du

dt
= �u2 − 1���t� + ��12 + M�t���u , �52a�

i
d�

dt
= ��2 − 1�M�t� + ��32 + ��t�u�� . �52b�

Both equations in this set resemble, to some extent, Eq. �7a�
for r and Eq. �48a� for x. In the case of j=2, the solutions of
Eqs. �3�, expressed through u and �, look like

b22�t� = e−i��2t−C�t�−D�t��, �53�

b12�t� = ie−i�1t

0

t

��t��b22�t��ei�1t�dt�, �54�

b32�t� = ie−i�3t

0

t

M�t��b22�t��ei�3t�dt�, �55�

where C�t�=0
t u�t����t��dt� and D�t�=0

t ��t��M�t��dt�.
Now, we adapt the above formal solutions to the weak-

field low-frequency excitation by square pulse, i.e., the con-
ditions under which we have calculated analytically the co-
herent part of the spectrum in Sec. III. The condition of weak
field, translating into weak depopulation of the initial state,
allows us to neglect the term M�t���t�� in Eq. �46� for b21
and to replace r�t�� by r0�t�� implying the replacement A�t�
→A0�t�, where A0�t� is given by Eq. �20�. Similarly, we can
drop out the term ��t��y�t�� in Eq. �50� for b23 and replace
B�t� by B0�t�=0

t x0�t��M�t��dt�, where the equation for x0 is
obtained from Eq. �48a� in the same way as Eq. �10� for r0
from Eq. �7a�. In the low-frequency limit ��0� ��23� in this
case�, B0�t� is thus found from Eq. �20� for A0�t� by replacing
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FIG. 6. Suppression of selected spectral components in the
scaled coherent spectrum �those indicated by the arrows� when re-
placing square pulse, f�t�=1, by a smooth pulse, f�t�=sin��lt�,
where �l=� / tp=� / �30T�=�0 /60. Other parameters as in Fig. 2�b�.
The present spectrum was obtained by solving numerically Eqs. �3�
and putting the solution into Eq. �5�.
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�R→MR and �21→�23 simultaneously. Finally, we are
allowed to ignore the terms M�t�� in Eq. �52a� and ��t�u
in Eq. �52b� obtaining a pair of decoupled Riccati-type
equations in which we then neglect the inherent quadratic
terms. From Eqs. �52�, approximated along the above lines,
we find u0�t� and �0�t� and use these solutions to replace
C�t�→C0�t�=0

t u0�t����t��dt�=−A0�t� and D�t�→D0�t�
=0

t �0�t��M�t��dt�=−B0�t�. All these approximations, along
with the Fourier-Bessel expansion such as Eq. �21�, result in
the analytic amplitudes given in the Appendix.

From Eqs. �1� and �2� and the analytic amplitudes, we
finally find the total spectrum of scattered light, i.e., that
composed of both the coherent and incoherent parts. In Fig.
7, we present the exemplifying scaled total spectra, S��� /�4,
obtained in this way �solid curves� and compare them with
the numerical spectra �dotted curves�, i.e., those based on
numerical solution of Eqs. �3� for the amplitudes. The ana-
lytic total spectra are seen to reproduce well the numerical
ones.

In both Figs. 7�a� and 7�b�, we have included the corre-
sponding coherent spectra as well. By comparing the total
and coherent spectra, we see a profound effect of incoher-
ency. Many details of the coherent spectrum are seen to dis-

appear almost completely in the total spectrum. This is due
to the featureless, to some extent, intense background intro-
duced by the incoherent part to the total spectrum. For the
parameters taken, the total spectrum includes practically
three components only, �0, �21, and �23, with the latter one
being enhanced as compared with that in the coherent spec-
trum.

To observe the predicted details of the coherent spectra
in a real experiment, dealing with a large collection of
identical three-level systems rather than one, it is thus
recommended to choose the forward direction of observa-
tion. The reason is that the coherent part of the forward-
scattered light from a macroscopic sample is proportional to
the second power of the number of individual systems but
the incoherent part is proportional only linearly to this num-
ber �20�.

V. SUMMARY

In the approximate analytical approach, we have calcu-
lated the spectrum of light scattered by a three-level system.
The pulsed classical light, of duration much shorter than the
spontaneous-decay time, was assumed to be weak ��R /�21
�1� and of low frequency ��0 /�21�1�. Physically, the
weak field was understood as that depopulating weakly the
initial state, and the low frequencies were those allowing
high-order multiphoton transitions in the system. Our ap-
proach was based on a pair of coupled differential equations
for the appropriately defined ratios of the level-population
amplitudes with one equation, at least, being the Riccati-type
one. We have calculated the total spectrum, i.e., both its co-
herent and incoherent parts. We have put special emphasis on
description of the coherent part of the spectrum from the
lambda-type system under the conditions of multiphoton
resonances between different levels, including the case of
two coupled resonances as well. Moreover, profound effect
of the incoherent part on the total spectrum was found. Gen-
erally, many details of the coherent spectrum were shown to
vanish in the total spectrum due to substantial featureless
background coming from the incoherent part. By comparison
with numerical spectra our analytic approach was proved to
be good. We have recommended the forward direction of
observation in a real scattering experiment to verify the pre-
dictions of our theory.

APPENDIX

The amplitudes calculated along the line sketched in Sec.
IV are

b11�t� = e−i��1−�s/2�t �
m=−�

+�

Jm�x1�ei2m�0t, �A1�

b21�t� =
1

2
�Re−i�2t �

m=−�

+�

�m�Jm�x1� + Jm+1�x1��

��ei��21+�2m+1��0+�s/2�t − 1� , �A2�
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FIG. 7. �Color online� Scaled total spectrum calculated from the
analytical amplitudes �Eqs. �56�–�64�� �solid curve� in comparison
with the numerical total spectrum �dotted curve�. The bottom curve
is the coherent spectrum. �a� The same parameters as in Fig. 2�b�;
�b� the parameters as in �a� except �23 /�0=10.5.
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b31�t� =
1

4
MR�Re−i�3t �

m=−�

+�

���m�mJm�x1� + �m+1�mJm+2�x1�

+ ��m + �m+1��mJm+1�x1���ei��31+2�m+1��0+�s/2�t − 1�

+ ��m + �m−1�Jm�x1���−�e−i��23−�0�t − 1�

+ �+�e−i��23+�0�t − 1��� , �A3�

b33�t� = e−i��3−�s�/2�t �
m=−�

+�

Jm�x1��e
i2m�0t, �A4�

b23�t� =
1

2
MRe−i�2t �

m=−�

+�

�̄m�Jm�x1�� + Jm+1�x1���

��ei��23+�2m+1��0+��s�/2�t� − 1� , �A5�

b13�t� =
1

4
MR�Re−i�1t �

m=−�

+�

���̄m�̄mJm�x1�� + �̄m+1�̄mJm+2�x1��

+ ��̄m + �̄m+1��̄mJm+1�x1����e
i��13+2�m+1��0+�s�/2�t − 1�

+ ��̄m + �̄m−1�Jm�x1����̄−�e−i��21−�0�t − 1�

+ �̄+�e−i��21+�0�t − 1��� , �A6�

b22�t� = e−i��2+�s/2+�s�/2�t �
m=−�

+�

Jm�x1 + x1��e
−i2m�0t, �A7�

b12�t� = −
1

2
�Re−i�1t �

m=−�

+�

�m� �Jm�x1 + x1�� + Jm+1�x1 + x1���

� �ei��21+�2m+1��0+�s/2+�s�/2�t − 1� , �A8�

b32�t� = −
1

2
MRe−i�3t �

m=−�

+�

�̄m� �Jm�x1 + x1�� + Jm+1�x1 + x1���

� �e−i��23+�2m+1��0+�s/2+�s�/2�t − 1� , �A9�

where

�m =
1

�21 + �2m + 1��0 +
�s

2

, �A10�

�m =
1

�31 + 2�m + 1��0 +
�s

2

= fm, �A11�

�� =
1

�23 � �0
, �A12�

�̄m =
1

�23 + �2m + 1��0 +
�s�

2

, �A13�

�̄m =
1

�13 + 2�m + 1��0 +
�s�

2

, �A14�

�̄� =
1

�21 � �0
, �A15�

�m� =
1

�21 + �2m + 1��0 +
�s

2
+

�s�

2

, �A16�

�̄m� =
1

�23 + �2m + 1��0 +
�s

2
+

�s�

2

�A17�

and, moreover, x1=�R
2 / �4�0�21�, x1�=MR

2 / �4�0�23�, �s
=�R

2 /�21, and �s�=MR
2 /�23. For low frequencies of interest

��0��21, ��23�� the denominators in these coefficients can
be approximated properly. Then, some of the above coeffi-
cients become identical.
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