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Steel tape gratings are used in different metrology applications. As the period of these gratings was large
(around 100 lm), its analytical study has been performed, up to date, using a geometrical approach.
Nowadays, steel tape gratings can be manufactured with lower periods, around 20–40 lm, and diffractive
effects must be taken into account. Also, due to the roughness of the surface, statistical techniques need
to be considered to analyze their behavior. In this work, an analysis of the pseudo-imaging formation in a
double grating system including one steel tape grating is performed. In particular Moiré and Lau config-
urations are analyzed. We have found that roughness significantly affects to Moiré configuration. How-
ever, its effect is negligible in Lau configuration. Generalized grating imaging configuration is also
studied in depth. It is shown that roughness does not affect to the contrast of pseudoimages, but it mod-
ifies their depth of focus.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Double grating systems are used in numerous applications such
as metrology, interferometry [1–3], and spectrometry [4,5], exist-
ing several common configurations [6,7]. In Moiré configuration,
a plane wave illuminates a system formed by two gratings of the
same period [8]. Then fringes are observed just after the second
grating. The well-known Talbot effect appears, that is, a periodic
modulation of contrast in terms of the distance between gratings.
The period of this modulation is the well-known Talbot distance
zt = p2/k, where p is the period of the gratings and k the wavelength.
In so-called Lau configuration, on the other hand, a point source is
not required. [9,10]. The observation plane is located at infinite
and, in practice, a lens is used to detect fringes at its focal plane
[11]. In Generalized Grating Imaging configuration the two grat-
ings may present equal or different periods and fringes are ob-
tained at finite distances from the second grating [12–15]. As a
consequence, the devices which use this configuration are more
compact and robust, since no lenses are required.

In most applications, chrome on glass gratings are used. They
are easily manufactured and their period can be very small. How-
ever, glass gratings are not appropriate for measuring displace-
ments longer than 3 m, since they are difficult to manufacture
and handle. In these cases, steel tape gratings are used. This kind
of gratings can be much more easily manufactured for longer
lengths than chrome on glass gratings. Besides, their handling is
not critical. However, some disadvantages appear. The period of
ll rights reserved.
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steel tape gratings is larger. Traditionally, the standard periods
for steel tape gratings were around 100 lm, and a geometrical
analysis was enough to determine the main characteristics of the
fringes. Nowadays, periods of 20–40 lm are available for commer-
cial steel tape gratings [16]. With this range of periods, the diffrac-
tive behavior of the gratings must be taken into account. Also, steel
tape gratings are not ideal, because their surface presents a certain
roughness due to the fabrication process and to the nature of the
substrate. This roughness produces adverse effects in the self-
imaging process [17,18].

In this work, we analyze double grating systems when one of
the gratings is a steel tape grating. In particular, we have analyzed
the fringe formation when the first grating is a steel tape grating
and the second grating is an amplitude grating (for example, a
chrome on glass grating). A scalar Fresnel approach is used for
the propagation calculations since the period of the gratings is
much larger than the wavelength of the light used. Also, owing
to the rough surface, statistical techniques need to be used to
determine the average intensity distribution at the observation
plane. The case where the first grating is an amplitude grating
and the second grating is a steel tape grating can be easily derived
from this work.

2. Theoretical approach

The general configuration for a double grating system is shown
in Fig. 1a, where the first grating is a steel tape grating and the sec-
ond one is an amplitude grating (chrome on glass grating). Let us
consider a monochromatic light source with wavelength k and
lateral size S. The periods of the gratings, p1 and p2, respectively,
are assumed much larger than the wavelength and then a scalar
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Fig. 1. (a) Standard set-up for a double grating system showing the parameters
involved. (b) Set-up when a steel tape grating is used. Since the first grating is
opaque, a beam splitter is required for the illumination.
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approach is acceptable. As shown in Fig. 1, the distances between
the source, gratings, and observation plane are, respectively, de-
noted by z0, z1, and z2. Since the system is symmetrical along the
y-axis, a 2-D analysis can be performed. The steel tape grating is
opaque and then the configuration depicted in Fig. 1a is only valid
for theoretical purposes. On the other hand, a practical set-up is
shown in Fig. 1b where a beam splitter is used to illuminate the
grating. This set-up can be used to analyze all the double grating
configurations. The light source is made up of point-like emitters
which incoherently generate divergent spherical waves. By the
moment, let us consider one of these point emitters placed at a dis-
tance x0 from the axis. The amplitude just before the first grating is
given by the Fresnel propagation of a single point source

U1ðx1; z0Þ ¼
A0ffiffiffiffiffiffiffiffi
ikz0

p exp
ik

2z0
ðx1 � x0Þ2

� �
; ð1Þ

A0 being the amplitude, k = 2p/k, and x1 the transversal coordinate
at the first grating plane. Light is reflected by the first grating (steel
tape grating). As it is shown in [17], the steel tape grating presents
two roughness levels. The high roughness level scatters light in all
directions and its contribution to the diffraction pattern is a con-
stant background intensity. Then, the reflectance of the steel tape
grating can be mathematically described as the product of two
terms T(x1) = g1(x1)t(x1). The first term is a binary amplitude grating
whose infinite Fourier series is g1(x1) =

P
nanexp(inq1x1), where

q1 = 2p/p1, and an is the nth coefficient of the grating with n integer.
The second term, t(x1), includes the topography of the rough sur-
face. It is defined using a stochastic function, f(x1), whose average
height is zero hfðx1Þi ¼ 0. Taking the thin element approach, the
reflectance due to roughness is given by t(x1) = exp[�2ikf(x1)],
[19,20]. Then, the amplitude of the light field after the grating
results

Ûðx1; z0Þ ¼
A0ffiffiffiffiffiffiffiffi
ikz0

p exp
ik

2z0
ðx1 � x0Þ2

� �
tðx1Þ

X
n

an expðinq1x1Þ: ð2Þ

The next step is to propagate the field up to the second grating,
placed at a distance z1 from the first grating

Uðx2; z1Þ ¼
A0

ik
ffiffiffiffiffiffiffiffiffi
z0z1
p

Z 1

�1

X
n

an expðinq1x1Þ exp
ik

2z0
ðx1 � x0Þ2

� �
tðx1Þ

� exp
ik

2z1
ðx2 � x1Þ2

� �
dx1: ð3Þ

The second grating is a binary amplitude grating with period p2

which is also described by its Fourier Series expansion
g2(x2) =

P
mbmexp(imq2x2), where bm is the mth coefficient of the

grating with m integer, q2 = 2p/p2, and x2 is the transversal coordi-
nate at the second grating plane. Thus, the amplitude of the light
field after the second grating is given by

Ûðx2; z1Þ ¼ g2ðx2ÞUðx2; z1Þ

¼ A0

ik
ffiffiffiffiffiffiffiffiffi
z0z1
p

Z 1

�1

X
n

an expðinq1x1Þ
X

m

bm expðimq2x2Þ

� exp
ik

2z0
ðx1 � x0Þ2

� �
tðx1Þ

� exp
ik

2z1
ðx2 � x1Þ2

� �
dx1: ð4Þ

Finally, light propagates along a distance z2 from the second grating
up to the location of the photodetector or the observation plane and
the amplitude is

Uðx3; z2Þ ¼
A0

ðikÞ3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffi
z0z1z2
p

Z 1

�1

Z 1

�1

X
n

an expðinq1x1Þ

�
X

m

bm expðimq2x2Þ exp
ik

2z0
ðx1 � x0Þ2

� �
tðx1Þ

� exp
ik

2z1
ðx2 � x1Þ2

� �
exp

ik
2z2
ðx3 � x2Þ2

� �
dx1dx2: ð5Þ

An exact equation for the field at the observation plane cannot
be determined since the topography f(x1) is stochastic and thus the
reflectance coefficient t(x1) is unknown. Nevertheless, the average
intensity at the observation plane (x3,z2) can be calculated from the
amplitude using an averaging process, hIðx3; z2Þi ¼ hUðx3;

z2ÞU�ðx3; z2Þi, where h�i represents the average over a hypothetical
ensemble of rough surfaces. We will assume that roughness is sta-
tionary and, therefore, the amplitude correlation of the speckle
field is stationary too. The only stochastic factor in the intensity
equation is htðx1Þt�ðx01Þi, which is known as the autocorrelation
function of the surface [19]. In many theoretical and experimental
works on roughness a Gaussian function is used to represent the
autocorrelation function htðx1Þt�ðx01Þi ¼ exp½�ðx1 � x01Þ

2
=T2

0�, T0

being the correlation length of the field. The correlation length of
the field is related to the roughness parameters according to
T0 ¼ kT=4pr, where T is the correlation length of the roughness
and r is the standard deviation in heights [21]. After a straightfor-
ward calculation, the average intensity at the observation plane
results
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hIðx3; z2Þi ¼
A2

0

kzT

X1
n;n0 ;m;m0¼�1

ana�n0bmb�m0

� exp � z0
ðn� n0Þq1z12 þ ðm�m0Þq2z2

kT0zT

� �2
( )

� exp �i ðn2 � n02Þ q2
1

2k
z0z12

zT
þ ðm2 �m02Þ q2

2

2k
z2z01

zT

� �� �

� exp �i ðn0 � nÞq1
ðx3z0 þ x0z12Þ

zT
þ ðm0 �mÞq2

ðx3z01 þ x0z2Þ
zT

� �� �

� exp �i ðmn�m0n0Þq1q2

k
z0z2

zT

� �� �
; ð6Þ
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being zT = z0 + z1 + z2, z12 = z1 + z2, and z01 = z0 + z1. The effect of
roughness appears in the first Gaussian term of (6) and produces
a decreasing of the average intensity at the observation plane. This
reduction depends on the correlation length of the field T0, the dis-
tances involved, the periods of the gratings, and the wavelength of
the incident beam. From this general approach, some important
cases can be analyzed, such as Moiré, Lau or Generalized Grating
Imaging configurations.
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Fig. 2. Fringes obtained with a Moiré configuration when the wavelength is
k = 0.68 lm and the period of both gratings is p = 20 lm. (a) The first grating is a
chrome on glass grating. (b) The first grating is a steel tape grating whose roughness
parameters are r = 0.1 lm, T = 50lm.
2.1. Moiré configuration

Moiré effect can be derived from Eq. (6) considering that both
gratings have the same period p1 = p2 = p and placing the light
source at infinite, z0 ?1. Then, the mean intensity for Moiré con-
figuration results

hIðx3Þi /
X1

n;n0 ;m;m0¼�1
ana�n0bmb�m0

� exp � q
ðn� n0Þz12 þ ðm�m0Þz2

kT0

� �2
( )

� exp �i
q2

2k
ðn2 � n02Þz12 þ ðm2 �m02Þz2
� �� �

� exp iqx3 ðn� n0Þ þ ðm�m0Þ½ �f g

� exp �i
q2

k
ðmn�m0n0Þz2

� �
: ð7Þ

Classically, Moiré effect is analyzed when the observation plane
coincides with the second grating plane, z2 ? 0. Thus, Eq. (7) simpli-
fies to

hIðx3Þi /
X1

n;n0 ;m;m0¼�1
ana�n0bmb�m0

� exp � q
ðn� n0Þz1

kT0

� �2
( )

� exp �i
q2

2k
ðn2 � n02Þz1
� �� �

� exp iqx3 ðn� n0Þ þ ðm�m0Þ½ �f g: ð8Þ

In Moiré configuration, the presence of roughness produces a
Gaussian decreasing of the intensity in terms of z1, which is shown
in Fig. 2. The relative displacement Dx between gratings can be in-
cluded in the equations using the following change: an ?
anexp(iqnDx). Then the average intensity distribution results
hIðx3ÞiM /
X1

n;n0 ;m;m0¼�1
ana�n0bmb�m0 exp iqðn� n0ÞDx½ �

� exp � q
ðn� n0Þz1

kT0

� �2
( )

exp �i
q2

2k
n2 � n02Þz1
� �� �

� exp iqx3 ðn� n0Þ þ ðm�m0Þ½ �f g: ð9Þ

When z1� kT0/q, the only significant terms are those that fulfill
n = n0. Then the information about the relative displacement be-
tween gratings disappears and the second grating receives a con-
stant field. On the other hand, when roughness is zero, T0 ?1,
the classical expression of Moiré effect is recovered.

2.2. Lau configuration

Lau effect can also be obtained from Eq. (6) considering that
the size of the source is infinite, S ?1, assuming p1 = p2 = p,
and placing the observation plane at infinite, z2 ?1. We will
consider first a source of finite size S and perform an integration
in x0 with the following limits: �S/2 < x0 < S/2. Then the average
intensity is
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Fig. 3. Self-images obtained in generalized grating imaging (a) without considering
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hIðhÞi/
X1

n;n0 ;m;m0¼�1
ana�n0bmb�m0

� exp � z0q
kT0
ðn�n0 þm�m0Þ

� �2
( )

exp �i
q2

2k
ðn2�n02Þz0

� �

�exp �i
q2

2k
ðm2�m02Þz01

� �
exp iqh ðn�n0Þz0þðm�m0Þz01½ �f g

�exp �i
q2

k
ðmnþm0n0Þz0

� �
sinc

qS
2
ðn�n0 þm�m0Þ

� �
;

ð10Þ

where we have used h = x3/z2 and sinc(x) = sin(x)/x. For an infinite
source we need to consider the limit S ?1, and then the sinc func-
tion tends to a Kronecker delta function d(n � n0 + m �m0). Thus, the
average intensity simplifies to

hIðhÞiL /
X1

n;n0 ;m0¼�1
ana�n0bð�nþn0þm0 Þb

�
m0

� exp �i
q2

2k
ðn� n0Þ2z1

� �
exp �i

q2

k
ðn0 � nÞm0z1

� �

� exp �iqhðn� n0Þz1½ �: ð11Þ

Roughness dependence disappears from the equation and the
expression obtained corresponds to the classical expression for
the Lau effect [22].

2.3. Generalized grating imaging

Generalized grating imaging configuration has become very
common because, for it, lenses are not required to obtain fringes.
Due to this, this kind of devices is more compact and robust. The
period of the gratings can be equal or different and the light source
has finite size, S. Fringes are formed at finite distances from the
second grating. The expression for generalized grating imaging
when a finite source is considered can be determined from Eq.
(6). The light source can be considered as a sum of incoherent point
sources. Then the average intensity can be obtained as an integra-
tion of Eq. (6) between �S/2 < x0 < S/2, resulting in

hIðx3;z2Þi /
X1

n;n0 ;m;m0¼�1
ana�n0bmb�m0

� exp � z0

kT0zT
½ðn�n0Þq1z12þðm�m0Þq2z2�

� �2
 !

� exp �i
1

2kzT
½ðn2�n02Þq2

1z0z12þðm2�m02Þq2
2z2z01�

� �

� exp � ix3

zT
½ðn0 �nÞq1z0þðm0 �mÞq2z01�

� �

� exp �i ðmn�m0n0Þq1q2

k
z0z2

zT

� �� �

� sinc
S

2zT
½ðn�n0Þq1z12þðm�m0Þq2z2�

� �
: ð12Þ

The intensity distribution depends on the correlation length of
the field T0, as it is shown in Fig. 3. When the distance between
the light source and the first grating z0 is zero, the exponential
term associated to roughness disappears and (12) becomes the
standard equation for the generalized grating imaging phenome-
non with finite source [14]. When the light source is infinite
(S ?1), the sinc function tends to a Kronecker delta function
d[(n � n0)q1z12 + (m �m0)q2z2]. In this case, the roughness effect
also disappears for any distance z0 and the mean intensity is given
by
hIðx3Þi /
X1

n;n0 ;m;m0¼�1
ana�n0bmb�m0 exp ix3½ðn0 � nÞq1

þ ðm0 �mÞq2� exp �iðmþm0Þðn� n0Þ q1q2

2k
z1

h i
� d½ðn� n0Þq1z12 þ ðm�m0Þq2z2�; ð13Þ

which is equivalent to that obtained by Swanson and Leith [12].
However, when roughness is present, the width of the pseudo-

images decreases, thus reducing the tolerances of optical devices
based in generalized grating imaging systems. To analyze this ef-
fect, it is interesting to perform the following change of variables
in (12): N = n � n0, M = m �m0, u = n � N/2, and v = m �M/2. As a
result, the mean intensity is

hIðx3;z2Þi /
X1

N;M¼�1
exp � ix3

zT
½Nq1z0þMq2z01�

� �

� sinc
S

2zT
½Nq1z12þMq2z2�

� �

�exp � z0

kT0zT
½Nq1z12þMq2z2�

� �2
 !

�
X1

u;v¼�1
auþN=2a�u�N=2bvþM=2b�v�M=2 exp 2pi½uðNc11þMc12Þf

þ vðMc22þNc12Þ�g; ð14Þ
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where c11 ¼ z0z12=zkzT ; c22 ¼ z2z01R2=zkzT ; c12 ¼ z0z2R=zkzT ;R ¼
p1=p2; and zk ¼ p2

1=k. A given pseudoimage (N,M) presents a
maximum value when the argument of the sinc function in Eq.
(14) is zero, resulting

z2 ¼
1

RQ � 1
z1; ð15Þ

where Q = �M/N. At the exact locations of the pseudoimages, the
sinc term and the Gaussian term are unity and the intensity does
not depend on the roughness parameters.

For the usual distances (millimeters-centimeters), pseudoimag-
es are quite narrow and they do not overlap (pseudoimage isola-
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Fig. 4. (a) Width of the pseudoimage (1,�2) at z2 = 2.4 mm, defined as Eq. (16), for
different values of r: 0.05 lm, 0.1 lm, 0.25 lm, 0.5 lm, 0.75 lm, and 1 lm. The
wavelength is k = 0.68 lm, the source size is S = 300 lm, the period of the gratings
is p1 = p2 = 20 lm, and z1 = 5mm. (b) Profile of the pseudoimage (1,�2) for different
values of the correlation length T0 for the same conditions of (a) when T0 = 5 lm
(dashed), T0 = 10 lm (solid), and T0 = 50 lm (dashed-dot).
tion, regime 3 of Ref. [23]). The sinc term and the Gaussian term
control the width of the pseudoimage, being both terms competi-
tive. We will define the width of a given pseudoimage as

x2
N;M ¼

R
ðz1 � �zÞ2hAmpðz2Þidz1R
hAmpðz2Þidz1

; ð16Þ

where hAmpðz2Þi ¼maxhIN;Mðx3; z2Þi �minhIN;Mðx3; z2Þi and �z ¼
R

z1

hAmpðz2Þidz1=
R
hAmpðz2Þiz1. The width of a given pseudoimage

(N,M) is dependent on the correlation length of roughness T0, as it
is shown in Fig. 4.

For low values of T0, the Gaussian term controls the width of the
pseudoimage which increases linearly as

xN;M �
kT0zTffiffiffi
2
p

z0Nq1

ð17Þ

However, when roughness is very low, the width of the pseudo-
image is controlled by the sinc function, resulting in

xN;M �
2:6zT

SNq1
ð18Þ

This effect can be observed in Fig. 4a. For low values of T0, the
width of the pseudoimage presents a linear dependence with T0.
On the other hand, when T0 is large, then the width is constant.
We can also see in Fig. 4b that, depending on the value of T0, the
shape of the pseudoimage varies from a Gaussian shape for low
values of T0 up to a maximum with several lobes when roughness
is null.
3. Conclusions

In this work, we have performed an analysis of the behavior of a
double grating system with a steel tape grating. Moiré configura-
tion has been shown to strongly depend on the roughness of the
grating and the self-imaging process eventually disappears as
the distance between the two diffraction gratings increases. On
the contrary, for the Lau and Generalized grating imaging configu-
rations, the roughness of the steel tape grating does not affect the
self-imaging process, although it affects the depth of focus of the
self-images.
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