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Recent attempts have been made to increase the efficiency of solar cells by introducing an im
level in the semiconductor band gap. We present an analysis of such a structure under ideal con
We prove that its efficiency can exceed not only the Shockley and Queisser efficiency for
solar cells but also that for ideal two-terminal tandem cells which use two semiconductors, as
as that predicted for ideal cells with quantum efficiency above one but less than two. [S0
9007(97)03454-6]
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Recent attempts have been made to increase the
ciency of solar cells by introducing an impurity energ
level in the semiconductor band gap that absorbs ad
tional lower energy photons [1–3]. The question has be
raised [4,5] whether these cases have their efficiency l
ited too by the Shockley and Queisser (SQ) model [6]
ideal cells, as it is the case for conventional solar cells.
this paper an ideal solar cell with an intermediate ene
level or band within the semiconductor gap is analyz
presenting an efficiency well above the one permitted
the SQ model. What we precisely mean by ideal so
cell is developed along the text in seven conditions
beled IC1 to IC7.

In Fig. 1 a band diagram of the structure we propo
is presented. It contains the usual semiconductor vale
band (VB) and conduction band (CB) but, in addition, the
is an intermediate band (IB). Such an intermediate ba
(or level) is possible by several means (lone pair bands,
dimensionality superlattices, impurities, etc. [7]) althou
some of them may not comply with the required condition

We shall assume that, in addition to the common abso
tion of photons by electron transitions between the vale
and the conduction band (processACV ), absorptions with
transitions between the valence band and the intermed
band (processAIV ), and between this band and the co
duction band (processACI) may also take place. In this
we follow an important early work of Wolf [8]. In mos
of the recent literature [1–5] only one of the last two pr
cesses was considered. Unlike Ref. [8] we consider t
if the absorption processes occur, the opposite transit
with emission of photons also occur, as required by the
tailed balance.

As in the SQ model, we shall assume that any ir
versible mechanism is prevented, besides those inhere
the photovoltaic operation [9]. In particular, nonradiativ
transitions between any two of the three bands are forb
den (IC1), carrier mobilities are infinite (IC2), and Ohm
contacts are applied so that only electrons, no holes,
be extracted from the conduction band to form the ext
nal current, and only holes, no electrons, can be extrac
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from the valence band. No carrier can be extracted fro
the impurity band (IC3).

A consequence of the infinite carrier mobility is th
constancy of the quasi-Fermi levels throughout the who
cell volume (currents are proportional to their gradient
the constant of proportionality comprising the mobility)
We assume three separate quasi-Fermi levels,eFV , eFI,
andeFC, one for each band.

In addition, we shall consider that the cell is thic
enough to assure full absorption of the photons wi
enough energy to induce any one of the transitions d
scribed above (IC4). Furthermore, a perfect mirror mu
be located at the back of the cell (and elsewhere) so t
the radiation generated in the cell by processesACV , ACI,
andAIV can only escape by the front area of illuminatio
(IC5). For simplicity this area is considered unity.

What we are going to do now is to determine th
photons leaving the cell resulting from processesACV , ACI,

FIG. 1. Band diagram of a solar cell with an intermediate ban
© 1997 The American Physical Society
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andAIV . Photons are continuously emitted and absor
inside the semiconductor but only when they leave the
is a net electronic transition (towards the lower energ
produced. Accordingly, we shall establish equations
balance of electrons from which we shall obtain the so
cell current. This solar cell current is related to the splitt
of the quasi-Fermi levels and consequently to the
voltage. Hence anI-V equation will be obtained from
which we shall calculate the cell efficiency.

Let us consider a mode of radiation—defined by
certain energy and photon direction (wave vector) wh
the electromagnetic field is developed in a set of pl
waves—andn be the number of photons in this mod
Let z be the distance along a ray associated with
mode from its entrance to the semiconductorsz  0d to its
necessary [10] egresssz  1d by the front face after som
reflections on the back mirror or, if the cell is texture
v
a
t,
d
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s)
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.
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,

by total internal reflection on some of the front fac
facets. LethCi,Vj  hVj,Ci be a coefficient proportiona
to the element of matrix of the transition [11] from
certain stateCi in the conduction band to a certain sta
Vj in the valence band. Similarly lethCi,Ij  hIj,Ci and
hIi,Vj  hVj,Ii be the coefficients for transitions betwee
states in the conduction band and the intermediate b
and between states in the intermediate band and the val
band, respectively. Let us also assume for generality t
this photon mode has enough energy to induce all the th
transitionsACV , ACI, andAIV .

Let fVi , fIi , andfCi be the Fermi-Dirac functions for
the electrons in the statesVi, Ii, andCi, respectively, cor-
responding to each of the three bands considered. Tak
into account the properties of the quantum mechanic h
monic oscillator [12], the variation of the numbern of
photons in the mode when progressing along the ray is
to both
nvolved
dn

dz


n
c

X
i,j

fhCi,Vjsn 1 1dfCis1 2 fVjd 2 hVj,CinfVjs1 2 fCidg

1
n
c

X
i,j

fhCi,Ijsn 1 1dfCis1 2 fIjd 2 hIj,CinfIj s1 2 fCidg

1
n
c

X
i,j

fhIi,Vjsn 1 1dfIis1 2 fVjd 2 hVj,IinfVjs1 2 fIidg . (1)

In each line the second term in brackets is the absorption of photons. The first term is their generation due
spontaneous and stimulated emission. The sum refers to the different combination of states in the two bands i
producing emission or absorption of photons in the mode under study. The factornyc (n, semiconductor index of
refraction) is intended to convert a time rate into a space derivative.

After some mathematical handling, this equation may be written as

dn

dz
 aCV snCV 2 nd 1 aCIsnCI 2 nd 1 aIV snIV 2 nd (2)

being

e Ù eCi 2 eVj  eCi 2 eIj  eIi 2 eVj ,

aCV Ù
n
c

X
i,j

hCi,Vjs fCi 2 fVjd; nCV Ù
1

ese2mCV dykT 2 1
; mCV Ù eFC 2 eFV ,

aCI Ù
n
c

X
i,j

hCi,Ijs fCi 2 fIjd; nCI Ù
1

ese2mCIdykT 2 1
; mCI Ù eFC 2 eFI ,

(3)

aIV Ù
n
c

X
i,j

hIi,Vjs fIi 2 fVjd; nIV Ù
i

ese2mIV dykT 2 1
; mIV Ù eFI 2 eFV .
(of

the

cts
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The solution of Eq. (2) is

nsz d 
aCV nCV 1 aCInCI 1 aIV nIV

aCV 1 aCI 1 aIV

3 f1 2 e2saCV 1aCI1aIV dz g

1 ns0de2saCV 1aCI1aIV dz . (4)

In the case of reflections, the equation has to be sol
for each straight line element of the path, putting as
initial condition the final situation in the preceding fligh
ed
n

because each flight involves a different photon mode
the same energy) with differenta’s. However, in many
cases the symmetry properties of the crystal wipe out
differences and the samea’s are valid for the whole path.

The expression contains two terms. The latter refle
the progressive absorption of the photons in the mode t
have entered the cell from the source. Full absorption (o
condition IC4) means that the sum of thea’s timesl —the
value ofz when the ray leaves the cell—is large and the e
ponential becomes negligible. The former term shows t
5015
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progressive filling of the mode with photons emitted
the various emission mechanisms. Oncez is big enough,
the mode exhibits a constant population independent oz .
In our case this population is fully developed whenz  l.

Such constant population is the average of the th
Bose-Einstein functionsnCV , nCI, andnIV , weighted by
the absorption coefficientsaCV , aCI, and aIV . As an
additional condition for high efficiency (IC6) we sha
assume that for every range of energies only one of
three absorption lengths is important, so that a sin
Bose-Einstein function describes the population of phot
escaping from the cell in every mode.

Thus (see Fig. 1), assuming thateI , eC , the photon
population of each mode when escaping from the cell
for e , eI , nIV for the intervaleI , e , eC , nCI for the
interval eC , e , eG, andnCV for eG , e.

The flux ÙN of photons leaving the semiconductor ass
ciated with these distributions is well known because
distributions are those of thermodynamic equilibrium.
is given by [13]

ÙNsem, eM , T , md 
2

h3c2

Z eM

em

e2 de

ese2mdykT 2 1
, (5)

where proper intervals of integration and chemical pot
tial are to be set, as described above. The temperatur
each case is the crystalline network temperatureTa

We want to emphasize that, in spite of the distributio
of the emitted photons being those of equilibrium, insi
the semiconductor the photons are not in equilibrium
their populations are neither homogeneous nor isotrop

The preceding equation can also be used for the pho
coming from the Sun by using the solar temperatureTs and
putting 0 for the chemical potential. By doing so we im
plicitly admit that the cell illumination is isotropic. This
is another condition (IC7) for maximum efficiency. It
achieved if we use an ideal concentrator, of zero abs
tance, that sends the luminescent photons escaping
the cell somewhere inside the solar disk. Such a conc
trator has to have a geometrical concentration of, at le
the ratio of the sun distance to the sun radius, that is 46 0

According to our outline let us now calculate, by
balance of electrons, the currentI delivered to an externa
load. This current leaves the semiconductor by the vale
band (positive contact) and returns by the conduction b
(negative contact), which involves a flow of electro
leaving this band of valueIyq (q, electron charge). Thus
looking at the conduction band,
Iyq  f ÙNseG , `, Ts, 0d 2 ÙNseG , `, Ta, mCV dg

1 f ÙNseC , eG, Ts, 0d 2 ÙNseC , eG , Ta, mCIdg . (6)
This current is delivered at a voltage that equals the qu
Fermi levels splitting of the two bands involved [6], th
is, qV  mCV .

As no current is extracted from the intermediate ban
ÙNseI ,eC , Ts, 0d 2 ÙNseI , eC, Ta, mIV d

 ÙNseC , eG , Ts, 0d 2 ÙNseC , eG, Ta, mCId . (7)
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For a given value of the external voltage, this equatio
together with

qV  mCI 1 mIV  mCV (8)

[see Eq. (3) or Fig. 1], allows for the calculation of a
the chemical potentials. With this knowledge, and usi
Eq. (6), theI-V curve and the power deliveredIV can
be calculated. As in normal cells, this power presen
a maximum. The efficiency is the result of dividing thi
maximum power by the powersT 4 (s, Stefan-Boltzmann
constant) delivered by the Sun on the cell illuminated ar
(with concentrated sunlight).

In Fig. 2 we present the maximum efficiency achievab
with this structure vs the intermediate band positioneI .
This curve is obtained by selecting aneI and then taking
arbitrary values ofeG and calculating the maximum powe
for each one. Only the highest value of these maxima
retained and, once divided by the incoming power, it
drawn in the curve. The corresponding value ofeG is also
displayed in the figure.

The efficiency corresponding to the SQ model, witho
intermediate band, using a back mirror and an ide
concentrator [14], is also represented in Fig. 2. The c
with intermediate band presented in this paper can re
an efficiency of 63.1% instead of the 40.7% which is th
SQ model limit.

If only one of the radiative links of the intermediat
band is absent, the cell proposed here shall behave
the SQ cell. In effect, as no electron is extracted from t
intermediate band to the external circuit (condition IC
the transitions to and from the band remaining radiative
linked balance out.

FIG. 2. Efficiency limit for a solar cell with an intermediate
band and for a two-terminal ideal tandem cell, in both cases
the lowest band gapeI , and for a cell with a single band gap
The corresponding values of the highest band gap in cells w
intermediate bandsEGd and in tandem cellssECd, for maximum
efficiency, are also presented.
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It has to be underlined that tandem cells, who
development effort for high efficiency is significant today
can exceed the SQ model efficiency. In Fig. 3 we sho
the diagram of a two-terminal tandem cell using tw
semiconductors. The semiconductor of higher band g
is located at the top and the one of lower band gap at
bottom, separated—to avoid photonic coupling—by a
ideal filter reflecting the photons of energy aboveeC (and
transmitting the rest). A perfect mirror at the rear and
ideal concentrator are also used. The equations govern
this system are

Iyq  ÙNseC , `, Ts, 0d 2 ÙNseC , `, Ta, mCId (9)

[instead of Eq. (6)] and Eqs. (7) (with̀ in place ofeG,
not defined in Fig. 3) and (8) (without the last equalit
referring tomCV , not defined either). The curve of bes
efficiencies is also presented in Fig. 2 and shows poo
results: The highest efficiency in this case is only 55.4
below the 63.1% mentioned above.

The reason for this poorer performance is that in t
tandem cell structure two photons are needed to deli
one electron to the external circuit. In other words, th
overall quantum efficiency is12 . In the single band gap cell
with intermediate band the same applies to the low ene
photons [see the terms in the second brackets of Eq.
unable to transfer the free energy necessary to produce
external voltage. However, for the most energetic photo
(terms in the first brackets) only one photon is needed
deliver one electron and, therefore, the overall quantu
efficiency is above1

2 .
It is of interest here to make a comparison with the Aug

effect cells allowing for a quantum efficiency higher tha
one [15,16]. Excluding values of the quantum efficienc
higher than two, the maximum efficiency is more or le
the same as the one obtained in the two-terminal tand

FIG. 3. Band diagram of a two-terminal tandem cell.
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cell with two semiconductors, which is 55.4%. However
it is lower than the one obtained with our intermediate ban
gap structure.

Indeed, this paper, aimed to obtain limits, deals wit
highly ideal structures. However, a recent theoretic
study [17], with realistic parameters, has shown that
cells might experience real, although minor, improveme
by the impurity level due to indium.

In summary, we can state that a cell with an intermedia
band gap has an efficiency limit higher than the SQ mode
if the intermediate band gap is radiatively connected wi
the two bands: of valence and of conduction. Moreover—
putting aside multiple (more than two) semiconducto
tandems or multiple pair-generation processes—this ide
structure shows better performances than any other id
structure of similar complexity known today.
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