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Effect of an electric field on the Bohm-Aharonov oscillations in the electronic spectrum
of a quantum ring
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We have studied the effects of an external electric field on the electronic and optical spectra of a semicon-
ductor quantum ring threaded by a magnetic flux. The calculations were performed within a single-particle
formalism using the effective-mass approximation. An electric field applied in the ring plane destroys the
rotational invariance, mixing the states with different angular momentum and suppressing the oscillations of
the ground-state energy as a function of the magnetic field. However, for excited states whose electronic wave
function are allowed to spread out along the ring, periodic Bohm-Aharonov-type oscillations are found. The
range of energies for which these oscillations occur can be controlled by changing the electric-field strength. To
explore the possibility that this effect can be observed in future optical measurements we have calculated the
absorption coefficient for different configurations of magnetic and electric fields. Our results show very rich
spectra for quantum rings in the presence of electric fields, which effectively displays the signature of the
Bohm-Aharonov effect.
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Systems with ring-confining geometries have been the
ject of considerable attention during the last few years du
the possibility of experimental observation of th
Aharonov-Bohm1 effect in these structures. In mesoscop
rings threaded by a magnetic field,2 a so-called ‘‘persisten
current’’ has been measured, which is a periodic curren
the magnetic flux with a period given by the elemental qu
tum flux. Recent advances in the fabrication of semicond
tor nanostructures have made possible the realization
nanoscopic quantum rings in which the electronic states
in the true quantum-confinement limit.3 By employing spec-
troscopy techniques Lorkeet al. have investigated the
ground-state and the excitations in self-assembled InG
quantum rings subjected to magnetic fields oriented perp
dicular to the plane of the rings. They found that, when
proximately one flux quantum threads the ring, a grou
state transition from angular momentuml 50 to l 521 take
place.

The effects of the electron correlations and the prese
of impurities in quantum rings subject to a perpendicu
magnetic fields have been investigated.7,5,6,4,8Also theoreti-
cal studies on the optical properties, such as the influenc
the different geometric-confinement parameters on the
sorption spectrum9 have been reported.

The purpose of this paper is to report the effects of
external in-plane electric field on the electronic and opti
spectra of a semiconductor quantum ring threaded by a m
netic flux. We perform our calculations within a singl
particle formalism using the effective-mass approximation
is found that the electric field breaks the rotational symme
by creating a pocketlike potential at one side of the r
where the electronic wave function becomes localized. T
periodic Bohm-Aharonov-type oscillations are suppres
for the low-lying energy states but surprisingly they are e
hibited for those higher excited states that have electro
wave functions spread out along the ring. The range of
ergies for which these oscillations occur can be controlled
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changing the electric-field strength. To explore the possibi
that this effect can be observed in future optical measu
ments we have calculated the absorption coefficient for
ferent configurations of magnetic and electric fields. Our
sults show very rich spectra for quantum rings in t
presence of electric fields, which effectively displays the s
nature of the Bohm-Aharonov effect.

The effective-mass Hamiltonian for an electron in
quantum-ring structure subjected to external magnetic fi
perpendicular to the ring axis and an electric field appl
along one direction in the ring plane can be written as

H5
pz

2

2mz*
1

1

2m*
S pW r1

e

c
AW rD 2

1Vcon f~rW ,z!1eFW •rW . ~1!

Herem* andmz* represent the in-plane and perpendicu

effective masses respectively, andVcon f(rW ,z) is a confine-
ment potential modeling the quantum ring. The poten
vector has been taken in the symmetric gauge, thenAW r

5(B/2)(2y,x). We assume that the dependence inz of the
eigenfunctions of the Hamiltonian~1! is described by the
solutions of a quantum-well potential in that direction. In th
way, the z motion can be integrated out by obtaining a
effective ring-confinement potential depending only on t
in-plane coordinates. For modeling the in-plane electro
ring confinement we use a potential generated by a rotat
around the ring axis, of a one-dimensional parabolic pot
tial centered at a distancer5r0 of the ring center,
1
2 m* vg

2(r2r0)2. We will refer to r0 as the radius of the
ring. vg is a characteristic frequency of the lateral geome
confinement, in terms of which we define the ring width
RW5A\/m* vg.

The electric field breaks the azimuthal symmetry a
mixes the eigenfunctions with different angular momentu
In order to calculate the single-electron energy levels a
wave functions in a quantum ring in the presence of b
©2002 The American Physical Society07-1
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external fields we write the two-dimensional solutions a
linear combination of the eigenfunctions of the orbi
angular-momentum operator,c(r,f)5(mCm(r)eimf. The
coefficients of this expansion are solutions of the coupled
of differential equations:

2
\2

2m*
F d2

dr2
1

1

r

d

dr
2

m2

r2 GCm~r!1F1

2
\vcm2E

1
1

2
m* v* 2~r2r0* !21

1

2
m* v* 2S vc

2vg
D 2

r0*
2GCm~r!

1
eFr

2
@Cm11~r!1Cm21~r!#50. ~2!

Herevc is the cyclotron frequency,v* 5A(vc
2/4)1vg

2 is an
effective frequency, andr0* 5r0(vg /v* )2 is an effective ra-
dius describing the lateral confinement potential.

To solve Eq.~2! we expand the coefficientsCm(r) in
terms of a basis of harmonic oscillator solutions:

Cm~r!5(
j

Njmre2b2(r2r0* )2/2H j@b~r2r0* !#. ~3!

Here, H j (x) are the Hermite polynomials andb
5Am* v* /\ is the inverse of an effective ring width. Th
linear factorr has been included to assure a regular beha
of the solution atr50. The selection of this expansion wa
based in the case of large and narrow rings,r0@RW , in the
absence of any external field. In this limit, the bidimensio
problem for the ring can be thought as a superposition o
one-dimensional harmonic potential and an infinite quantu
well potential with an effective width ofL52pr0.

By replacing the expansion forCm(r) in Eq. ~2!, we de-
rive an infinite coupled set of homogeneous equations for
coefficientsNjm ,

FIG. 1. In-plane energy spectrum as a function of the elect
field strength for a GaAs/Al0.3Ga0.7As quantum ring of radius
r05400 Å and widthRW520 Å. The magnetic field is zero.
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Nj ,mH 26 jS~2,j 8, j 21!1~m221!S~1,j 8, j !

23br0* S~2,j 8, j !1F412 j 2S 2E

\v*
D 1S mvc

v*
D

1S vc

2vg
D 2

~br0!2GS~3,j 8, j !J 1
eF

b\v*
(

j
@Nj ,m21

1Nj ,m11#S~4,j 8, j !50, ~4!

where the integralS is defined as

S~ i , j 8, j !5E
0

`

exp$2@b~r2r0!#2%S r

r0
D i

3H j 8@b~r2r0!#H j@b~r2r0!#dr.

To obtain accurate energies and wave functions from
~4! we truncate the basis by choosing an adequate se
Hermite polynomials and eigenfunctions of the orbi
angular-momentum operator. The set of angular-momen
quantum numbersm, is chosen starting from a particula
value of m of the ground-state energy in the absence of
electric field. For the cases studied very good accura
were reached with a set up toj 56 and up tom5101.

To show the main features of the effects of the exter
fields on the electronic and optical spectra of a quantum r
we have chosen a representative GaAs/Al0.3Ga0.7As quantum
ring of radiusr05400 Å and widthRW520 Å correspond-
ing to a radial confinement energy ofEo5\vg/2
'250 meV.

-

FIG. 2. The magnetic-field dependence of the electronic ene
spectrum of a quantum ring forF510 kV/cm. The 2D electronic
energies are plotted versus the number of flux quanta. The i
shows an expanded view on a shorter energy scale, in which
Aharonov-Bohm-type oscillations are clearly seen.
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Figure 1 shows the in-plane energy spectrum for a qu
tum ring, for zero magnetic field, as a function of th
electric-field strength. When the electric field is zero one c
observed the expected behavior for the energies of large
narrow rings. The ground state in this case corresponds t
angular momentumm50, and its energy is roughly the cha
acteristic energy of the radial confinementEo . The low-lying
excited states correspond to different values of the ang
momentum with energies doubly degenerated in6m. A
change in the spectrum is apparent when the second
associated with the radial confinement arises, and the le
become superposed.

As the electric field increases, the ground-state energy
creases with a slope determined by the ring radius. The s
behavior is observed for that set of energies, starting roug
at 3Eo , which is related to the first excited state of the rad
confinement. We can also observe that for increasing ele
fields the density of states decreases for energies nearb
ground state, while it strongly increases, for energies nea
DE52eFr0 over the ground-state value, displaying a frin
with a positive slope. We think that this effect is a cons
quence of the bias induced by the electric field on the r
potential, the difference between the minimums of the pot
tial along the field direction being approximatelyDE. Thus,
the electron can be trapped in a pocketlike potential form
in the region of lowest energies. The density of states
creases for higher energies where the pocket has large
gular extension because the electronic confinement is lo
Over the fringe, the density of states becomes nearly in
pendent of the particular value of the electric field until t
next set of energies associated to the lateral confineme
reached. This can be associated to the spread of the
tronic wave function along the ring. The fundamental state
the electron is confined in the potential pocket, while for t

FIG. 3. Energies corresponding to the position of each re
nance maximum in the absorption spectrum, as a function of
number of flux quanta.
19330
n-

n
nd
an

ar

el
ls

e-
e

ly
l
ric
the
y

-
g
-

d
-

an-
er.
e-

is
ec-
f

e

excited state over the fringe region, the probability density
significant all along the ring.

The magnetic-field dependence of the electronic ene
spectrum of the quantum ring in the presence of an elec
field of F510 kV/cm is displayed in Fig. 2. The two
dimensional~2D! electronic energies are plotted versus t
number of flux quanta. This is defined as the ratio of t
magnetic fluxf through a one-dimensional ring of radiusr0,
and the fundamental flux quantumfo5hc/e. One can see
that the electric field destroys the well-known oscillations
the ground-state energy as a function of the magnetic fi
The low-lying energy levels are almost independent of
magnetic field, up to an energy region where new perio
Aharonov-Bohm-type oscillations appear. These oscillatio
are clearly developed for that energy at which the electro
wave function is completely expanded along the ring. T
inset shows in detail the region of energies where the os
lations arise.

To explore the possibility that these Aharonov-Bohm-ty
oscillations can be seen in optical measurements, we h
calculated the absorption coefficient for dipole-allowed int
band transitions as a function of the photon energy and fo
electric field ofF55 kV/cm.

The electron-hole transitions are calculated by consid
ing a confinement energy in thez direction of Ez
5121 meV for electrons andEz538 meV for holes. These
correspond to the ground-state energy of a 35 Å width qu
tum well, with barriers of 300 meV and 165 meV, respe
tively. For simplicity we have considered equal in-plane
fective masses,m* 50.067mo , for electrons and holes
Figure 3 displays the photon energies corresponding to

-
e FIG. 4. Absorption coefficient as a function of the photon e
ergy and as a function of the number of flux quanta. The figu
show the region for photon energies~a! below and~b! above the
optical gap in absence of the electric field. The amplitudes in~a! are
amplified by a factor of 5.
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position of the maximum of each resonance in the absorp
spectrum, as a function off/fo . Let us note that the optical
absorption edge, which corresponds to an energy ofEg*
52185 meV for zero electric field, is effectively shifted t
lower energies in the presence of the field. However, the
significant resonances appear only 15 meV underEg* . This
happens because in the ground state the electron and the
are localized in opposite regions of the ring, along t
electric-field direction. In fact, the oscillator strength corr
sponding to the lowest-energy transitions vanishes. The z
field optical-absorption edge separates two different regim
related with the behavior of the energy transitions as a fu
tion of the magnetic field. It is readily seen that for energ
lower thanEg* the energy position of all resonances is almo
independent of the magnetic field. For higher energies, h
ever, transitions displaying the Aharonov-Bohm period a
clearly visible in the plot.

To display the features of the amplitude of the resonan
we show in Figs. 4~a! and 4~b! the absorption coefficient as
function of the number of flux quanta and as a function
the photon energy. In both figures the magnetic field ran
from B50 to B52.47 T, equivalent to two flux quanta. W
have used a broadening parameterG50.1 meV and the in-
tensities in Fig. 4~a! have been amplified by a factor of
relative to those in Fig. 4~b!. In Fig. 4~a!, we show spectra
for photon energies belowEg* . We see there that the inten
sities of the resonances with positions independent of
magnetic field, show a peculiar dependence on the magn
1933
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field, vanishing with the Aharonov-Bohm period. In Fig. 4~b!
are shown transitions corresponding to energies above
optical gapEg* . There, stronger absorption peaks with po
tions oscillating with the magnetic field, correspond to tra
sitions between the fundamental localized state and on
the states extended along the ring. Resonances of lowe
tensities but which depend on the magnetic field, are a
seen in that photon energy region.

In summary, we have studied the effects of an exter
electric field on the Bohm-Aharonov oscillations in quantu
rings. We have found that, in the absence of any impurity
neglecting excitonic effects the periodic Bohm-Aharono
type oscillations are suppressed for the low-lying ene
states but they are exhibited for higher excited states wh
electronic wave functions spread out along the ring. T
range of energies for which these oscillations occur can
controlled by changing the electric-field strength. To explo
the possibility that this effect can be observed in future
tical measurements we have calculated the absorption c
ficient for different configurations of magnetic and elect
fields. Our results show very rich spectra for quantum rin
in the presence of electric fields, which effectively displa
the signature of the Bohm-Aharonov effect.
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