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Magneto-optical excitations of carbon toroids by the cross polarized light are studied within the gradient
approximation. Their dependences on the magnitude ��� and the direction ��� of the magnetic field vary with
the changes in the toroid geometry �chiral angle, height, and radius�. The absorption spectra of armchair toroids
are hardly affected by � and �. In contrast, the absorption peaks of zigzag toroids, due to the changes in the
energy spacing and the destruction of the state degeneracy, obviously split and shift as � and � vary. For
different �’s, the threshold excitation energy ��th� displays the periodic Aharonov-Bohm oscillations or mo-
notonously decreases as � increases. Moreover, the � dependences of �th on the toroid height and the toroid
radius are significantly different.
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The very considerable potential of carbon nanotubes
�CNs� for nanotechnology has stirred many studies since
they were discovered in 1991 by Iijima.1 Theoretical predic-
tions showed that a carbon nanotube can be either metallic or
semiconducting, and that this strongly depends on its geo-
metric structure. Electronic properties have been also con-
firmed by scanning tunneling microscopy. A carbon toroid
�CT� is a form of carbon structure, which was formed by
knitting the open two ends of a CN and was discovered by
Liu et al.2 Because its average radius is much larger than its
height or width, a CT is very thin.

This new quasi-zero-dimensional system has prompted
many investigations, such as geometric structures,2–8 elec-
tronic structures,9–14 magnetic properties,15–21 optical
properties,22,23 electronic excitations,24,25 thermal
properties,26 and transport properties.27,28 The low-
temperature magnetoresistance of CTs has been observed
experimentally,28 and predicted to be used to make interfer-
ence devices. On the other hand, electronic structures of CTs,
at zero field, have been calculated within the tight-binding
model, which included the curvature effect. The evaluated
band structures predicted four types of energy gaps, which
are very sensitive to the changes in the geometric
structure.9,10 The tight-binding model has been further used
to evaluate the magnetoelectronic structures for CTs14 and
CNs.29 Consequently, the magnetoband structure, the energy
gap, the energy spacing, and the state degeneracy strongly
depend on the magnitude and the direction of the magnetic
field. A CT is similar to a CN in geometric structure in that
they both have a cylindrical symmetry. The magnetic field
�B� is thus expected to play an important role on the induced
quantum effects. Experimentally, due to their larger radius,
CTs are more suitable than CNs in helping to identify the
quantum effects induced by the magnetic field.

In this work, we use the tight-binding model to calculate
the magnetoelectronic states. Then magneto-optical excita-
tions of CTs in the presence of cross polarized light are
evaluated within the gradient approximation.17,30–35 Similar
approximations have been successfully applied to understand
the optical spectra of graphite30 and carbon nanotubes.17,31–35

In the calculation, the curvature effect is included and Zee-

man splitting is negligible because of the large CTs. Our
study shows that the magnetic field could cause a large shift
in the longitudinal angular momentum �L� and strong cou-
pling of different L’s. Furthermore, it would significantly in-
duce the changes of the energy spacing, the quantization of
the wave function, and the destruction of the state degen-
eracy. Such changes depend strongly on the toroid geometry
�radius �R�, height �2r�, and chiral angle ����. They are di-
rectly reflected in the optical excitations, such as the optical
spectral function A��� and the threshold excitation energy
�th. The predicted results could be verified by the experi-
mental measurements, as was done for carbon
nanotubes.36–41

A carbon toroid is a rolled-up graphite sheet such that the
carbon atom at the origin coincides with the two atoms at
Rx=ma1+na2 and Ry= pa1+qa2 simultaneously �see details
in Fig. 1 of Ref. 9�, where a1 and a2 are the primitive lattice
vectors of the graphite sheet. The parameters �m ,n , p ,q� de-
fine a carbon toroid. The radius, the height, and the chiral
angle are, respectively, R=b�3�p2+ pq+q2� /2�, 2r
=b�3�m2+mn+n2� /�, and �=tan−1− ��3n / �2m+n��. b
=1.42 Å is the C-C bond length.

In the absence of magnetic field, the �-electron states of a
CT are derived from those of a graphite sheet, but with the
periodic boundary conditions along the transverse �x̂� and the
longitudinal �ŷ� directions taken into account. The discrete
energy states are characterized by the transverse �J
=1,2 ,…Nu� and the longitudinal �L=1,2 ,…Nv� angular
momenta. Nu=2��m2+mn+n2��p2+ pq+q2� /3 /Nv, and Nv is
the double of the maximum common factor of �p ,q�. The
curvature effect, the misorientation of the 2pz orbital on the
cylindrical surface, is also included in the calculations. It
affects the nearest-neighbor interaction of the A and B atoms.
The resonance integrals along the different nearest-neighbor
directions are, respectively, given by �1=�0�1
−b2 sin2� /8r2�, �2=�0�1−b2�sin �+�3 cos ��2 /32r2�, and
�3=�0�1−b2�sin �−�3 cos ��2 /32r2�.42 �0�� 2.6−3 eV�
�Refs. 14, 21, and 29� is the nearest-neighbor interaction
without the curvature effect between the A and B atoms.

The magnetic field is B=B cos �ẑ+B sin �R̂=B�ẑ+B�R̂
and the magnetic flux is �=� R2B. � is the angle between
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the magnetic field and the symmetric axis �ẑ�. It is conve-

nient to use the cylindrical coordinates �R ,� ,z��ŷ � �̂ ;�

=y /R�. The vector potential is A=RB cos � /2�̂

+RB sin � sin �ẑ. It induces a magnetic phase factor G
=�A�D� ·dD. The effect of the magnetic field on J is negli-
gible because of R	100r. B� makes L change into L
+� cos � /�0, and B� leads to the coupling of different L’s.
�0�=hc /e� is the fundamental magnetic flux. The calcula-
tions due to B� are relatively complicated, since each wave
function is the superposition of those of different L’s. The
Hamiltonian matrix in the presence of B� needs to be ex-
panded in the tight-binding functions of the L space. It is
characterized by a 2Nv
 2Nv Hermitian matrix.14,21 Elec-
tronic states are obtained by diagonalizing the Hamiltonian
matrix. The state energy is Eh�J ,� ,��, where h=v�c� repre-
sents the ���*� state with negative �positive� energy. The
Zeeman splitting energy Ez=g�� /m*R2�0. g	2 is the same
as that of pure graphite. �= ±1/2 is the electron spin and m*

is the bare electron mass. It could be neglected except at very
large ��� 102�0�. The total energy is Eh�J ,� ,� ;��
=Eh�J ,� ,��+Ez. CTs might have an energy gap between the
highest occupied molecular orbital �HOMO� and the lowest
unoccupied molecular orbital �LUMO�. The features of cal-
culated electronic states will be directly reflected in the op-
tical excitations.

The CTs are assumed to be excited by an EM field with an
electric polarization E� perpendicular to the symmetric axis.
The low-frequency optical excitations depend on the dipole
transition matrix element, 
�h��J ,L� ;���cos  P /me��h


�J ,L ;���.  is the angle between E� and P �momentum�.
The selection rule is L�=L± 1. The absorption spectrum is
evaluated within the gradient approximation. The spectral
function is given by the Fermi golden rule,43

A��� =
e2

�2r2R


h,h�,J,L

�
�h��J,L ± 1;���
e± iP

me
��h�J,L;����2Im� f�Eh�J,L;��� − f�Eh��J,L ± 1;���

Eh��J,L ± 1;�� − Eh�J,L;�� − � − i�
� . �1�

�=5
 10−5 �0 is the energy width due to various deexcita-
tion mechanisms.

The zigzag �27,0,2887, −5774� CT ��=0°, R=1957 Å,
and 2r=21.1 Å� and the armchair �15,15,5000, −5000� CT
��=−30°, R=1957 Å, and 2r=20.3 Å� are chosen as model
studies. As a result of the longitudinal and transverse bound-
ary conditions, they have many discrete electronic states. The
low-energy states of the zigzag CT are shown in Fig. 1�a�.
The occupied states are symmetric to the unoccupied states
around the Fermi level EF=0. At �=0, a zigzag CT has
fourfold degeneracy except for the doubly degenerate
HOMO and LUMO. The fourfold and double degeneracies,
respectively, come from E�J ,L�=E�J ,Nv−L�=E�Nu−J ,L

+Nv /2�=E�Nu−J ,Nv /2−L� and E�Ja ,La�=E�Nu−Ja ,La
+Nv /2�. �Ja ,La� represents the HOMO nearest to the Fermi
level. The effects of the parallel magnetic field on angular
momenta L and Nv−L are different, e.g., Ev at �=0° and
�=0.25 �0. Consequently, the fourfold degeneracy is
changed into a double degeneracy, but the double degeneracy
from HOMO and LUMO remains unchanged. When the
magnetic field deviates from the toroid axis, B� induces the
coupling of different L’s in addition to the shift of L from B�.
Each electronic state consists of different L’s. Each state
could be characterized by a specific L with the maximum
probability. The coupling of L’s is strong only at large � and
�. At �=0.25 �0, this coupling hardly affects the state de-

FIG. 1. Low-energy magnetoelectronic states at �=0.25 �0 and
different field directions are shown for �a� the �27,0,2887, −5774�
toroid of �Ja=9, L=2884−2890� and �b� the �15,15,5000, −5000�
toroid of �Ja=15, L=1666−1670�. Those at zero flux are also
shown for comparison.
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generacy even at �=90°, but the energy spacing between
states closer to Fermi level is apparently changed. An energy
gap comes from the �Ja=9, La=2887� or �Ja=18, La=5774�
states for any �.

The electronic states of an armchair CT are very different
from those of a zigzag CT. The former, as shown in Fig. 1�b�,
has a smaller energy gap because of the weaker curvature
effect. At �=0, an armchair CT has double degeneracy, i.e.,
E�J ,L�=E�J ,Nv−L�. At �� 90° and �=0.25 �0, the double
degeneracy is destroyed. The L=1668 state approaches the
Fermi level. An energy gap is only associated with the �Ja
=15, La=1668� state, not the �Ja=15, La=8332� state. At
large � and �, this coupling has an effect on the HOMO and
the state degeneracy. It is remarkable that all of the states
have no degeneracy at �� 90° for different �’s. The state
degeneracy at �=90° is recovered to the �=0 case.

At zero temperature, electrons are excited from the occu-
pied � states to the unoccupied �* states. The inter-�-state
excitations play the main role in the absorption spectra, as
shown in Fig. 2. For a zigzag CT, Fig. 2�a� shows that the
intensity of A��� declines with increasing frequency at �
=0. At �=0.25 �0, the destruction of state degeneracy in-
duces the splitting of absorption peaks, thus the peak height
is reduced. In addition, the change in energy spacing causes
the absorption peak shifts. �th, which is related to the highest
absorption peak, decreases with an increase in �. Compared

with the zigzag CT, an armchair CT only exhibits the lowest-
frequency inter-�-state excitation �see inset in Fig. 2�b�� at
�=0. The other excitation channels hardly exist due to the
vanishing dipole matrix element. This is because of the in-
trinsic symmetry of the geometric structure. At �=0.25 �0
and �=0°, the absorption spectrum �Fig. 2�b�� is almost the
same as in the �=0 case. At ��0°, the coupling of L could
induce other excitation channels and thus absorption peaks
�not shown here�. But their intensity is too weak to be mea-
sured by experiments. On the other hand, the intensity and
position of the absorption peak associated with �th are
slightly changed. Such results show that the optical excita-
tions of armchair CTs have a weak dependence on �.

The � dependence of the absorption spectra for zigzag
CTs is further studied, since it is weak for armchair CTs. The
electronic states exhibit a periodic oscillation as � varies at
�=0°. The Aharonov-Bohm �AB� effect is also shown in the
optical excitations. The absorption spectra, as shown in Fig.
3�a�, show that the separation of each pair of peaks widens
with an increase in �. The separation reaches the maximum
at �=0.5 �0 and recovers to the �=0 case at �=�0. The
oscillation is symmetric around �=0.5 �0 and periodic with
a period �0. The oscillation could be seen also in Fig. 4�a�
for the � dependence of the excitation energy ��ex�. When B
is perpendicular to the symmetric axis, i.e., �=90°, Fig. 3�b�
shows that the splitting of absorption peaks is different than
that of �=0°. In the former, each pair of peaks, at low fre-
quency, has a wider separation as � increases, but it is op-

FIG. 2. Absorption spectra are calculated at �=0.25 �0 and
different �’s for the �a� �27,0,2887, −5774� and �b� �15,15,5000,
−5000� toroids. Also shown for comparison are results without
magnetic flux.

FIG. 3. Similar plot as Fig. 2, but shown for the �27,0,2887,
−5774� toroid at �a� �=0° and �b� �=90°, and different �’s
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posite in the latter. Moreover, the splitting of absorption
peaks with higher frequency is absent. The reason is that B�

shifts L but B� couples different L’s. The closer to the Fermi
level the state is, the stronger the coupling effect becomes.

At �=0°, the excitation energy, which is defined by �ex
=Ec�Ja ,L+1�−Ev�Ja ,L�, varies with increasing � and could
also present the AB effect. Figure 4�a� shows that the exci-
tation energy is symmetric around �=0.5 �0 and has a pe-
riod �0. The oscillatory amplitude for the high-frequency
excitation has a stronger � dependence, but the correspond-
ing absorption peak is lower and difficult to observe in ex-
periments. So the threshold excitation energy is more impor-
tant than others since it has the strongest absorption peak. As
��0°, �th monotonously decreases with an increase in �.
Meanwhile, �th is getting smaller as � increases. The reduc-
tion of magnetic flux along the symmetric axis is the main
reason.

In order to understand the dependence of magneto-optical
excitations on the toroid geometry, the variations in absorp-
tion spectra of CTs with different heights and radii are inves-
tigated. Since the Coulomb interaction is reduced with in-
creasing toroid height, the smaller excitation energy and
lower peak height are expected, as shown in Fig. 5�a�, at �
=0.25 �0 and �=0°, 90°. Moreover, the absorption peak of
higher CTs decays more rapidly as �ex increases. Compared
with the height dependence, the radius dependence of the
absorption spectrum is very different. As the radius in-

creases, there are more allowed L states leading to the in-
crease in transition channels. Thus more absorption peaks
occur for a larger CT, as shown in Fig. 5�b�. On the other
hand, the changes in the excitation energy and the peak
height for different radii are smoother than those for different
heights. The reason behind the result is the curvature effect
has a stronger height dependence, which leads to the obvious
changes in excitation energies. As for �th, at �=0°, it is
symmetric around �=0.5 �0 at ���0 and decreases with
increasing toroid height in Fig. 5�c�. At �=90°, however, �th
monotonously decreases as � increases for the lower CTs,
but for the higher CTs, �th initially declines then slowly
grows to a constant in an increase of �, as shown in Fig.
5�c�. Concerning the radius-dependent �th at �=0° �Fig.
5�d��, the change in the magnitude of �th with increasing
radius is smaller than that of �th for different heights. Figure
5�d� further shows that �th, at �=90°, monotonously de-
creases as � increases for different radii. In addition, �th
seems to be independent of the toroid radius for the larger
CT, e.g., �27,0 , p , -2p� CTs for p�2887. Therefore, the ra-
dius dependence of �th is much weaker than the height de-
pendence.

In conclusion, we have studied the magneto-optical prop-
erties of zigzag CTs and armchair CTs. They are significantly
affected by the toroid geometry �height, radius, chiral angle�,

FIG. 4. �a� �-dependent excitation energy at �=0° and �b�
�-dependent threshold excitation energy at different �’s are calcu-
lated for the �27,0,2887, −5774� toroid.

FIG. 5. Absorption spectra of the zigzag toroids are shown at
�=0°, 90° for �a� different heights and �b� different radii. �c� and
�d� are similar plots as in �a� and �b�, but shown for the threshold
excitation energy.
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the magnitude, and the direction of the magnetic field. For
the armchair CTs, they only exhibit one prominent absorp-
tion peak even in a magnetic field. The position and ampli-
tude of the peak both have a weak dependence on �’s and
�’s. However, the absorption spectra of the zigzag CTs are
apparently changed as � or � varies. The excitation energy,
at �=0°, displays the periodic AB oscillation as � is altered.
At �� 0°, the threshold energy monotonously declines as �
increases, and decreases as � grows. Furthermore, �th, at �

=90°, has a very weak � dependence for the higher CT, and
it is independent of the toroid radius for the larger CT. The
absorption spectra directly reflect the characteristics of the
magnetoelectronic states. The optical measurements can be
used to verify the predicted absorption spectra.
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