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Bose-Einstein Condensates in an Optical Lattice
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We calculate the quantum motion of a Bose-Einstein condensate in an optical lattice generated by
a standing wave of laser light. We show how to boost a stationary condensate into motion or stop
a moving condensate by manipulating the optical lattice and how to achieve Bloch oscillations of the
condensate in an accelerating optical lattice. We show how atomic interactions affect these processes
and discuss conditions for possible experimental realization. [S0031-9007(99)08636-6]

PACS numbers: 03.75.Fi, 32.80.Pj, 42.50.Vk

Bose-Einstein condensates (BEC) [1-3] in dilute atomids renormalized by a factor of half due to the transverse
gases provide a good opportunity for controlled studyconfinement [13]. In both cases we can model the motion
and manipulation of their dynamics, which has not beeras a one-dimensional problem and take the initial state to
possible for He superfluids. Much work has already beee uniform before the standing wave is turned on.
done along this line of research, including the studies of Our study of the BEC dynamics will be based on the
nonlinear response to time-dependent modulations of theonlinear Schrédinger equation. The equation has been
trap potential [4] and condensates in spatially periodicsuccessfully applied to the calculation of stable BEC states,
potentials [5,6]. the expansion of BEC, and collective excitations [14—20].

In this Letter, we investigate the possibility of manipu- It can be derived from the mean-field theory, with the atom-
lating the condensate by a periodic potential, which mayatom interaction modeled by a repulsi&€unction poten-
be created by a standing wave of laser light [7]. In pardial, and should be very accurate for the dilute, near-zero
ticular, we show how to boost a stationary condensate ttemperature condensate [21,22]. Specifically, we con-
a finite velocity and study how a moving condensate maysider the following 1D equation:

be stopped by a stationary potential. We also show how 06 ﬁz 92 2

Bloch oscillations of the condensate arise in an accelerat- ih— = > TV co2k;x)
ing potential. The motion of ultracold but non-BEC atoms o1 2m ax

in accelerating potentials have been studied extensively 47715 a

and can be understood in a model of noninteracting atoms 61°¢ . (1)

[8—10]. Here we are interested in the effect of atomic in_wherem is the atomic massk, is the wave vector of

teractions on the quantum transport of the condensate. the | liahte is th L ttering lendth bet
Modeling of the system-Instead of using trapped € laser ighta 1S the s-wave scatlering lengtn between

gases, we study a model of a free condensate released fro%omstandlfot |sﬂt]he| mﬁtgnlttudetof tq‘; potent|a: WT'Ch 'Sf

a trapping potential after the ground state BEC is achieve r:g?/t/)g\l/gnfincczlone|slgucrllntﬁ;;||2y re reiennothr?elzr?ulr%rt]J;

The typical size of a BEC wave packet is of ordérum, of atoms per unit volume P

which expands with a typical time scale of 10 ms. The b " . . . .

wavelength of our standing wave will be much smaller we [escale Eq~. (l)hby ;ntrqducmg dlmerjsmnl?nss var-

than this size, and the proposed experimental process@@'eS X =2kx, 1= 4kit, & = ¢/\no, Vo = 3z X

are also of much shorter duration than the expansion timéz=)Vo, andC = ==, wheren is the density of BEC.

It is then reasonable to model the condensate dynamlc'Ehen we obtain the dlmen3|onless equation (replatihg

as a one-dimensional problem, where the system varies etc.),

in the direction of the standing wave and is uniform in a¢ 1 az¢

the perpendicular directions. Another case of interestisa i —— = —— —— + Vocodx)¢p + ClolPed. (2

BEC strongly confined in a long cigar shape [11,12]. The o1t 2 ax

density profile in the transverse directions is held fixed bywe setV, = 0.1-0.4 and calculate the response of the

the trap while the motion along the longitudinal direction solutions to the external potential for various values of

can be considered free. When the standing wave of th€. As in Ref. [14], we use the Crank-Nicholson method

laser light is applied along the longitudinal direction, it is [23,24] for the numerical solution of Eq. (2). This method

sufficient to consider only that direction, with the cautionpreserves the unitarity of the time evolution and yields

that the effective scattering length between the particlegood convergence of the solutions for moderate values of
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the nonlinear coupling strengii (C = 1 mostly in this tial is reduced by the repulsive self-interaction because the
work). density of atoms tends to be larger in the potential wells
Numerical results and theoretical analysisFirst, we and smaller in the barrier regions, so that the second term
consider how the current of a moving condensate degradés the effective potential tends to even out the first term
when a stationary periodic potential is turned on. Oumwhich represents the external potential.
initial wave function is taken to be = e¢’** which has a An explicit analytic expression for the effective potential
currentky. (Later, we will show how such a state may becan be calculated using perturbation theory Vag X
prepared.) The potential is then turned on adiabaticallgogx) + const, wheréV.¢s = V/(1 + 4C). This result
to a strength/, in a timet¢, and stays constant afterwards. is valid as long as the condensate density is nearly uniform,
From the solution, we obtain the condensate curjest i.e., whenV.s < 1, which is realized for either a weak
(h) Im(qﬁ*””’) as shown in Fig. 1, where we have takenexternal potential or a strong atomic interaction. From
ko = 1/4,V, = 0.05, andzy = 60. The current decreases this effective potential, we can also calculate the current
as the potential is turned on and settles down to new valuggerturbatively, with the resuly, = ko — 8ko Vi /(4k§ —
depending on the strength of the atomic interactionFor ~ 1)>. We plot the current and the effective potential as
small C, the current decreases dramatically, butdoe=  functions ofC in Fig. 2, where we see that the analytical
1.0, the current stays almost constant [also see Fig. 2(a)fesults agree very well with the numerical data.
These results show that the ability for the condensate to The above picture of noninteracting condensate in a
maintain its current depends crucially on the strength ofeduced effective potential also gives an idea of the time
interaction between the atoms. scale for adiabaticity. The relevant energy gap is that
This strong dependence is explained in terms of the efoetween the lowest two bands at the same Bloch wave
fective potentialV,cogx) + C|¢|> seen by each atom. number, which is abouhE = 1/4 for ko = 1/4 in the
We view our system as a noninteracting gas in the effectivéimit of small V.i;. In order to avoid excitations across
potential, with the condensate wave function correspondthe gap, we choose our turn on time of the potential to
ing to the Bloch state in the lowest energy band of thesatisfy the conditiom\z, > AE = 87r. Tiny oscillations
effective potential and with initial wave numbgg. The  of the current in Fig. 1 are due to residual nonadiabatic
Bloch wave number is conserved because the potential Bxcitations, as is evident from the fact that their oscillation
periodic and the state lies in the lowest band becayse frequency coincides withE. These oscillations become
lies in the first Brillouin zone and the potential is turned even smaller if we use a longer turn-on time.
on adiabatically. The Bloch state has a periodic density Next, we show how a stationary condensate can be
profile so that the periodicity of the external potential isboosted to a finite velocity. We first turn on a stationary
preserved in the effective potential. The effective potenpotential adiabatically to a strength of 0.1, then accelerate
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with initial currentk, = 1/4. V, = 0.1, andzy = 60. Results potential for the runs in Fig. 1. Open squares and crosses are
are shown forC = 0.0, 0.1, 0.4, and 1.0. numerical results. Solid lines are analytic results.
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the potential to a final velocity af;. The induced current cillation period of1/a, which agree with the results in the
(the average velocity) of the condensate is shown in Fig. 8gure.
for vy = 0.2 and for various values of atomic interaction The size and shape of the modulations (excluding the
C. ForC = 0, the condensate follows the motion of the fast oscillations to be discussed below) in Fig. 4 can also
potential, acquiring the same velocity as the potential. Fobe explained in terms of Bloch oscillations in the effec-
nonzeroC, the current is lower, implying a leakage of tive potential [9]. ForC = 0, the potential of strength
the atoms through the potential. For largérvery little  Vy, = 0.4 is known to produce a narrow band with a
current is dragged by the potential. These results can agagosine energy dispersion, which explains the small and
be simply understood in terms of the effective potentialsinusoidal modulations in that case. For lagethe ef-
reduced by the self-interaction. The insensitivity of thefective potential is weak, and the energy dispersion is para-
motion of the condensate with strong atomic interactiorbolic (ask?/2 in the free case) except near the Brillouin
to an external potential reminds us of the property of a&zone edgek = t%, where it becomes flat due to Bragg
superfluid. reflection. The acceleration of the condensate in the co-
A real three-dimensional BEC has an inhomogeneoumoving frame is given by-ae’’(—at), which nearly can-
density distribution. Our results should be valid when thecels the acceleration of the potential everywhere, except
spatial variation of the density over a lattice constant isvhenk is near the zone edge. The velocity of the con-
small. When one tries to drag the BEC by a periodicdensate should then follow a stair case curve, with the
potential, it may happen that only the low density region issteps coinciding with the occurrence of Bragg reflections.
affected while the high density portion of the BEC remainsThe fast oscillations for the cases 6f= 0.3 and0.5 in
undragged due to the self-interaction of the atoms. Fig. 4 are due to Landau-Zener tunneling [25] through the
Finally, we show in Fig. 4 Bloch oscillations of the con- gap between the lowest two bands of the effective poten-
densate when the potential is accelerated at a constant ratal. The critical acceleration for the tunnelingds/Z; /2
a. The average slope of the current is given by the accelf8], which is smaller for larger values @ and becomes
eration, meaning that the condensate follows the potentialomparable to the acceleration used in the calculation for
on average. The oscillatory modulations can be underthe above two cases. A detailed study of Zener tunneling
stood by the following arguments. In the comoving frame,of a BEC will be reported in the future.
the potential is stationary but the atoms feel an inertial Experimental realization and future directiors.In
force, which makes the Bloch wave number drifting at atypical experiments to date, the relevant parameters are
rate of —a. If the lowest band of the effective potential given by ny = 10°° m™3, ¢ = 5.4 nm, andk;, = 27/
has the dispersioa(k), then the velocity in the comoving A = 8.06 X 10° m™! for Rb [26] and ny =3 X
frame is given bye’'(—at). Because of the periodicity of 102! m™3, a = 2.65 nm, andk;, = 1.07 X 107 m~! for
the Bloch band, this velocity has a zero mean and an os-
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FIG. 3. Current as a function of time for the wave function FIG. 4. Current as a function of time for the wave function
with zero initial current. Vo, = 0.1 and the acceleration occurs with zero initial current. Parameters afg = 0.4 andz, = 70.
betweenr = 0 and ¢ = 50. Results are shown fof€ = 0.0, The acceleration i&z = 0.01 for + = 100. Results are shown
0.1, 0.4, and 1.0. for C = 0.0, 0.1, 0.3, and 0.5.
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