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Abstract
In earlier work, the momentum distribution of harmonically confined bosons has been calculated for interparticle interactions
which are also harmonic for an arbitrary number N of repelling Bose particles. After a brief discussion of the pair function in
2 ,
this model, attention is also given, but now for N = 2, to the single-particle density for the repulsive interaction potential λ/r12
where r12 is the interboson distance and λ the repulsive coupling strength. The single-particle density is displayed for specific
values of λ, with attention focusing on the limit of strong repulsive coupling. Throughout, the focus is on the fingerprints of
Wigner bosonic molecules.
 2005 Elsevier B.V. All rights reserved.
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In earlier work [1], attention has been focused on
the momentum distribution of harmonically confined
bosons for interparticle interactions which also have
harmonic form for an arbitrary number N of repelling
(and also attracting) Bose particles. In this Letter, following a brief discussion of the pair correlation function P (r1 , r2 ) in this model, attention is also given, but
now for N = 2, to the single-particle density ρ(r) for
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the repulsive interaction potential changed to the form
2 where r = |r − r | denotes the interboson
λ/r12
12
1
2
separation while λ measures the repulsive coupling
strength. In particular, the ground-state particle density
ρ(r) is displayed for specific values of λ, with attention focusing on the change from the Gaussian form
of ρ(r) as λ goes from zero to large values of this repulsive coupling strength. It will be shown that ρ(r)
for large λ already contains clear fingerprints of the
formation of a Wigner bosonic molecule.
Following the culture of the background to the
present study, let us utilize the early work of Cohen
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and Lee [2] on the low-order density matrices for N
bosons with harmonic confinement and also harmonic
interparticle repulsion. In particular, from Eq. (2.35) of
[2] for the second-order density matrix, we can write
the diagonal pair function P (r1 , r2 ) already referred
to above as
3/2

2 /π 2
N ωδN
N (N − 1)
P (r1 , r2 ) =
2
(N − 2)ω + 2δN



× exp −2b1 r12 + r22 − 2b2 r1 · r2


+ b3 2r1 · r2 + r12 + r22 ,

(1)

where b1 –b3 are recorded explicitly in Eqs. (2.38)–
2 = ω2 ± N γ 2 , where the
(2.40) of [2]. Finally, δN
confinement potential V is 12 ω2 r 2 and the interaction
potential is ± 12 γ 2 rij2 . The limit of strong repulsions is
achieved for δN  0 and a further increase of γ would
break the external confinement. The important point
here is the appearance in Eq. (1), via the scalar product
r1 · r2 , of the angle between the position vectors r1 and
r2 , superposed of course on ‘confinement’ terms of the
expected Gaussian form. If we fix particle 1 say at position (0, 0, a) in Cartesian coordinates, then the top
panel in Fig. 1 displays P ([0, 0, a], r2 ) to demonstrate
this conditional probability distribution of boson separation for two bosons. For large bosonic repulsion, the
tendency towards ‘particle localization’ is becoming
evident. The effect of repulsions is more clearly seen
in the behavior of the pair function g([0, 0, a], r2 ), defined as
g(r1 , r2 ) =

2N P (r1 , r2 )
.
N − 1 ρ(r1 )ρ(r2 )

(2)

For non-interacting particles g(r1 , r2 ) ≡ 1 reflecting
the absence of correlations, while on switching on the
interactions g develops a peak at r2 = (δN + ω)/(δN −
ω)r1 , which tends to r2 = −r1 in the limit of strong
interactions. This is accompanied with a diminution
of the width of g along the direction of r1 − r2 . The
location of the peaks is expected since, given a particle at r1 , in order to minimize the energy at large
interparticle repulsions, r12 must be maximal and thus
r2 = −r1 . These effects are illustrated in the bottom
panel of Fig. 1.
We have also considered the distributions of 4 and 6
bosons with interparticle harmonic repulsions. In this

case g has a maximum when
r2 =

δN + (N − 1)ω
r1 ,
δN − ω

(3)

however, its width is non-monotonic on increasing the
strength of the interaction, diverging for extremely low
values of δN . This suggests that, in contrast to the
two-boson problem, the spatial distribution of 4 or 6
bosons does not possess a structure at large couplings.
In Fig. 2 we show contour plots of P for N = 2, 4 and
6 bosons and two values of the interparticle interaction close to the strong repulsion limit. The contour
plots evince the strongly elongated structure of the
pair function for two bosons at δN  0 and illustrate
the regular behavior of the distributions of 4 and 6
particles on increasing δN . However, we stress here
that the ground-state density ρ(r) retains its spherical Gaussian form for all N , though naturally the
half-width of the Gaussian depends on the strength of
the interparticle interactions. These comments parallel
those pertaining to the momentum distribution in [1].
This is the point to consider the alternative choice
2 . Here we can
of interparticle repulsion energy λ/r12
draw on the work of Crandall et al. [3]. While these authors were concerned exclusively with a two-electron
atomic model, with therefore no reference to bosons,
we can utilize the fact that they have an exact, spatially symmetric solution of the Schrödinger equation
for confinement potential V (r) given by
1
V (r) = mω2 r 2 ,
(4)
2
and repulsive interaction potential energy W (r12 )
given by
2
W (r12 ) = λ/r12
,

λ > 0.

(5)

The nodeless solution which they utilize for their
two-electron atomic model, times of course a singlet spin function to give an overall antisymmetric
fermion wave function, has the unnormalized form [3,
Eq. (3.14)]
α
,
Ψ (r1 , r2 ) = e−mωr1 /2h̄ e−mωr2 /2h̄ r12
2

2

(6)

where α = [(1 + 4λm/h̄2 )1/2 − 1]/2. Clearly, when
the interparticle repulsion is switched off in the present
bosonic application, the r12 ≡ |r1 − r2 | term in (6) is
replaced by unity and one has an elementary product wave function in which the two bosons under
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Fig. 1. Pair functions P (r1 , r2 ) (top panel) and g(r1 , r2 ) (bottom panel) for r1 = a ẑ and r2 = zẑ of two bosons interacting with harmonic
repulsions as functions of z/a. The different curves correspond to the values of δN /ω = 1, 0.5, 0.25 and 0.05. The dashed lines locate |z1 | = a.

discussion occupy the same Gaussian orbital. While,
of course, we can immediately construct P (r1 , r2 ),
after appropriate normalization, as |Ψ (r1 , r2 )|2 from
Eq. (6), we shall rather start displaying below the
single-particle density given by

ρ(r) = N Ψ 2 (r1 , r2 ) dr2 ,
(7)

where N is to be chosen such that

ρ(r) dr = 2

(8)

in the present two-boson model. Explicitly, using
Eq. (6) in Eq. (7), we have

2
−mωr 2 /h̄
ρ(r) = N e
(9)
e−mωr2 /h̄ |r − r2 |2α dr2 .
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√
Fig. 2. Contour plots of the pair functions P ([0, 0, z1 ], [0, 0, z2 ]) as functions of z1 /d and z2 /d with d = h̄/(mω) for N bosons interacting
1
2
2
with the harmonic potential 2 ω r . The left, middle and right columns correspond to N = 2, 4 and 6 bosons respectively, and the top and
bottom rows to δN /ω = 0.05 and 10−3 .

The integral entering Eq. (9) gives

21−α mω 3/2
ρ(r) = 3/2
h̄
π
3

−2mωr 2 /h̄
3 mωr 2
,
×e
1 F1 2 + α, 2 , h̄

for the distance between the two particles is a highly
peaked function around

(10)

where 1 F1 is the confluent hypergeometric function
[4]. For discrete values of λ given by

4λm 1/2
− 1 = 2n,
1+ 2
(11)
h̄
where n is an integer, ρ(r) can be explicitly written
as exp(−mωr 2 /h̄) times a polynomial of order 2n.
In practice, ρ(r) has to be evaluated numerically and
sample results for ρ(r) are displayed in Fig. 3. The
repulsive interaction between the two bosons, first
widens the density profile and then leads to the formation of a maximum displaced from the trap center.
This can be viewed as the first signature of the formation of a Wigner molecule of bosonic particles.
Let us now examine the pair function for two
2 repulsion. In Fig. 4 we show the
bosons with λ/r12
contour plots of |Ψ (r1 , r2 )|2 for α = 0.1 and 10. We
observe the appearance of two well separated regions
where the conditional probability is maximum. From
these plots it is clear that the probability distribution

0
/d =
r12

√
2 + 2α,

(12)

√
where d = h̄/(mω). Furthermore, the differences
with the harmonic repulsions are notable. Even though
we found that the probability distribution of two
bosons is maximum when they are in opposite positions, their repulsion is not as strong as to separate
them from each other at a minimum distance as two
2 are. In this sense, the
bosons interacting with λ/r12
lack of strong localization can be attributed to the
weak interactions present in the exact model of harmonic interactions.
To conclude, it is of interest to make contact with
the numerical study of Romanovsky et al. [5]. Though
these workers considered different repulsive interactions, namely, contact and Coulomb, from those studied in the present Letter, some similarities are evident. However, we have only N = 2 for the inverse
2 , whereas the numersquare interaction potential λ/r12
ical studies of [5] considered N = 6. For Coulomb
repulsions, they noted, in two dimensions, in contrast
to the present three-dimensional study, the tendency to
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2 interaction potential as functions of r/d with ρ
Fig. 3. Boson densities ρ(r)/ρmax for two bosons with the λ/r12
max the maximum density for
√
given α, and d = h̄/(mω). The different lines correspond to different values of α (measuring the strength of the repulsive interaction: see
Eq. (6)) as indicated in the plot.

2
Fig. 4. Contour plots of the pair functions P ([0, 0, z1 ], [0, 0, z2 ]) as functions of z1 /d and z2 /d for two bosons interacting with the λ/r12
potential. Left and right panels correspond to α = 0.1 and 10, respectively.

ring formation of the bosons, with, as they term it, a
breaking of rotational symmetry.
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