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In this paper we analyze experimentally and theoretically the competition between two pattern forming
instabilities in a single mirror feedback scheme with sodium vapor as the nonlinear medium. Two types of
structures with different transverse wave numbers are observed experimentally, if the spatial phase modulation
of the light field is varied. This phenomenon results from the combination of a nonlinear self-lensing effect on
the one hand and of the externally controlled phase front curvature of the light field on the other. A linear
stability analysis yields two instabilities whose length scales match quite well the experimental findings.
Further analysis reveals the mechanism of length-scale selection in this system and demonstrates the possibly
crucial role of phase front curvature in optical pattern formation.
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I. INTRODUCTION

An intriguing feature of spontaneous pattern formation is
the appearance of structures such as stripes, hexagons, or
spirals in very different natural or laboratory systems. In par-
ticular, spirals occur, e.g., in chemical reactions �1,2� and in
the chemotaxis of some biological specimens �3,4�. Other
examples are electrochemistry �5�, electro-luminescence of
thin films �6�, heterogeneous catalysis �7�, Faraday experi-
ments, and convection instabilities �8�.

In optics, a lot of attention was drawn to spiral structures
in the phase of the optical field, so-called “optical vortices”
�e.g., �9–11��. Here, the phase change on a circle is an integer
multiple of 2� while in the center the phase is singular and
the intensity is zero. As the spirals are only formed in the
phase of the electro-magnetic field these structures cannot be
observed by the eye directly.

This feature is different from spiral structures occurring in
the amplitude of the light field. Such intensity spirals are
much less studied in optics. They were predicted to be gen-
erated in a secondary bifurcation in an internally pumped
optical parametric oscillator �12� and they have been ob-
served in nonlinear feedback systems in which the rotational
symmetry is broken by a rotation of the feedback loop
�13–15� as well as in a single-mirror scheme with sodium
vapor as the nonlinear medium and rotationally symmetric
feedback �16,17�. In the latter case it has been proven experi-
mentally that the existence of a phase front curvature in the
light field was essential in the formation of dynamic target
patterns and of the spirals. Very recently, the importance of a

phase front curvature in the formation of intensity spirals has
also been emphasized in an optically driven semi-conductor
microresonator �18�. In �16,18�, it was found that the direc-
tion of rotation of the spirals could be inverted by changing
the phase front curvature. While in �18� a phase front curva-
ture was applied externally, it was self-induced in �16�.

In this paper we present an analysis of the occurrence of
target patterns in the single-mirror feedback experiment with
sodium vapor as the nonlinear medium. We demonstrate that
the competition between different pattern forming instabili-
ties can drastically be influenced by the existence of a phase
front curvature and discuss the implications. These include
the formation of intensity spirals which are considered as
disturbed target patterns.

II. EXPERIMENTAL SETUP

The considered system is a realization of the well-known
single-mirror feedback scheme that was analyzed in �19–21�.
Sodium vapor in a nitrogen buffer gas atmosphere is used as
the nonlinear medium.

Figure 1 shows a schematic of the experimental setup. A
frequency-stabilized dye laser serves as the light source. The
laser frequency is tuned to 10 to 15 GHz above the sodium
D1 transition. The intensity is adjusted by means of an
electro-optical modulator. Spatial filtering of the light field
by use of a single-mode optical fiber yields a smooth
Gaussian-shaped intensity profile. The phase front curvature
of the laser beam is addressed by a combination of two tele-
scopes. The longitudinal shift ��x� of the first lens of the first
telescope, L1, controls the curvature of the phase fronts at the
position of the second lens, L2, of the first telescope. The
second telescope �L3 and L4� images the output facet of the
first telescope onto the vapor without modifying the phase
distribution. In this way we can vary the phase front curva-
ture of the light field continuously without major changes of
the beam radius. Figure 2 shows the radius of the phase front
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curvature of the light field at the position of the nonlinear
medium in dependency on the shift of L1. We concentrate our
investigations on positive values of �x because they intro-
duce the phase front curvature of a convergent beam which is
needed to counteract the phase modulation that is nonlinearly
induced by the Gaussian-shaped intensity profile of the laser
beam �16�. Immediately before the light enters the sodium
vapor its polarization state is adjusted to be circular by a
combination of a linear polarizer and a quarter-wave plate. In
the sodium vapor the beam radius at the 1/e2 point of inten-
sity is approximately 1.5 mm.

The sodium vapor is contained in a cell which is sur-
rounded by three orthogonal pairs of Helmholtz coils. By
this setup one can compensate for the earth’s magnetic field
or can create an oblique dc magnetic field that changes the
optical properties of the vapor. The sodium cell is heated to
Tcell�340 °C. The pressure of the nitrogen buffer gas atmo-
sphere is 300–310 hPa.

After passing the short sodium vapor cell �length 15 mm�
the light propagates to a feedback mirror which is located in
the beam path at a distance d �typically 75 mm� behind the
cell. Ninety-nine percent of the power is reflected into the
nonlinear medium. The small amount of light which is trans-
mitted by the mirror is used for the analysis of the transverse
structures. The lens L4 images the intensity distribution at a
distance of 2d behind the mirror on one-half of the chip of a
charge-coupled device �CCD� camera. This plane is chosen
because here the optical field is proportional to the light re-
entering the nonlinear medium. In the following we call this
the near-field distribution. The corresponding far field is pro-
vided by L5 in a 2f scheme with the central part being
blocked by a stop. L6 images the plane of the stop onto the

other half of the camera chip. The camera is equipped with
an image intensifier and a fast shutter provided by a micro-
channel plate which allows the time-resolved acquisition of
8-bit gray-scale images 768�576 pixels in size. In another
arm of the setup a photodiode is placed behind a pinhole in
the image plane of L4. Its output signal is proportional to the
local intensity of a small part of the transverse cross section
of the laser beam and can also be used as a trigger for the
“video-sampling method” that allows the recording of slow
motion sequences of fast repetitive processes by scanning the
delay between a trigger signal and the image acquisition
�22,23�.

III. EXPERIMENTAL OBSERVATIONS

If the input power is increased in this system, dynamical
target patterns and spirals with an inward motion are ob-
served in the transverse intensity profile of the laser beam.
The structures are stable for periods of time ranging from
milliseconds up to some minutes. For constant experimental
parameters, the system exhibits spontaneous switching be-
tween target patterns and spirals as well as spirals with vary-
ing numbers of arms or different chiralities �16�.

In Fig. 3 snapshots are shown for different positions of L1.
If the beam waist is placed within the sodium vapor, i.e., for
flat phase fronts of the incident light, targets and spirals are
observed. Here, a three-armed spiral with a spatial frequency
of 15 rad/mmis shown �Fig. 3�a��. Such spirals with an in-
ward radial motion of the spiral arms occur up to a shift of
2.25 mm. In Fig. 3�b� the upper half of the beam is struc-
tured by the remainder of a spiral or a target pattern while
there is evidence of a shorter length scale in the lower part.

FIG. 2. Radius of phase front curvature in dependency on the
shift of L1.

FIG. 1. Schematic experimental setup. LP: linear-polarizer, QW:
quarter-wave plate, L1 to L6: lenses, FBM: feedback mirror, B:
magnetic field, BS1, BS2, BS3: beam splitters, ST: stop.

FIG. 3. Snapshots of structures spontaneously formed beyond threshold taken from an experiment in which the shift of L1 is varied.
Parameters: d=75 mm, �=14 GHz, B�=3.6 �T, Bz=24.0 �T, Tcell=355°C, pN2

=307 hPa; �a� �x=0 mm, Pin=186 mW; �b� �x
=2.25 mm, Pin=186 mW; �c� �x=8 mm, Pin=162 mW; �d� �x=12 mm, Pin=167 mW; and �e� �x=17.5 mm, Pin=174 mW.
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This length scale reappears in a nice stationary, hexagonal
pattern with transverse wave number qHex�26 rad/mm if
the shift of L1 is further increased �Fig. 3�c�, �x=8 mm�. At
�x=12 mm �Fig. 3�d�� we find again a structure which com-
bines two length scales. In the beam center, three constitu-
ents remain of the hexagonal pattern with the small length
scale whereas the outer parts are structured with the length
scale of the spirals. Phenomenologically similar structures
have been observed in a spiral core instability in Rayleigh-
Bénard convection �24�. It is believed, however, that the phe-
nomena are not closely related, since in contrast to the
present case a vortex is the primary organization center of
the spirals in �24�. For even larger values of the shift again
spirals are generated. Their radial motion now is directed
outward �Fig. 3�e�, �x=17.5 mm�.

In Fig. 4 the threshold power needed for the spontaneous
formation of structures is plotted in dependency on the lon-
gitudinal shift of L1. The gray-shaded area indicates the in-
terval in which stationary patterns with the smaller length
scale and a hexagonal symmetry are observed beyond thresh-
old. The boundaries of this interval match with abrupt
changes in the threshold power. The transition structures
which show patches of both length scales exhibit higher
thresholds than the “pure” structures. In contrast to theoreti-
cal expectations for the homogeneous system, we observe no
interaction of the length scale belonging to the dynamical
structures and the length scale belonging to the stationary
pattern, neither so-called “winking hexagons” �25� nor reso-
nant patterns like those predicted in �26�.

IV. THEORETICAL MODEL

The experiments are analyzed on the basis of a semiclas-
sical model in which the light interacts with a homoge-
neously broadened J= 1

2 ↔J�= 1
2 transition. This description

has been proven to be adequate in several previous experi-
ments �27–30�, so that only the main features are discussed
here. Details can be found in the literature �27,30,31�.

Due to angular momentum selection rules, �+-circularly
polarized light excites atoms from the �mJ=− 1

2
�-Zeeman sub-

level of the ground state. As the atoms relax into both Zee-
man substates a population imbalance is created. This pro-
cess is known as “optical pumping” �32�. We consider the
direction of the laser beam as quantization axis �z axis�. In
the following we will refer to it as the “longitudinal” direc-
tion. The population difference is proportional to the longi-
tudinal component of a macroscopic magnetization of the
sodium vapor. A dc magnetic field with nonvanishing longi-
tudinal and transverse components forces the magnetization
to precess and by that it generates transverse components of
the magnetization. The state of the sodium vapor can be
described by a Bloch vector m= �mx ,my ,mz� that is propor-
tional to the magnetic moment of the sample. Its dynamical
evolution is given by the partial differential equation
�27–29,33�:

�

�t
m = − �m + D��m + êzP�mz�− P�mz�m − m � ��mz� .

�1�

We define a nonlinear operator by setting

�

�t
m = N�m� . �2�

In Eq. �1� � is a constant relaxation rate of m of about
1.5 s−1, D is the diffusion constant of the thermal diffusion of
the sodium atoms, and �� is the transverse part of the La-
placian. êz is the unit vector in the longitudinal direction and
P is the pump rate for exciting sodium atoms. It depends on
mz �see below�. P is proportional to the total intensity im-
pinging on the sodium vapor, i.e., it is proportional to the
sum of the intensity of the forward beam and the intensity of
the light fed back by the mirror; interference effects can be
neglected due to the thermal motion of the sodium atoms.
The backward-traveling beam is modified in phase and am-
plitude due to the optical properties of the nonlinear medium
and the diffraction acting during the propagation to the mir-
ror and back. The next term originates from the saturation of
the optical pumping process. � is a torque vector which is

defined by �= ��x ,0 ,�z− �̄P� where �x and �z are the Lar-
mor frequencies corresponding to the respective components
of the external magnetic field whose transverse component
defines the x direction. A light-induced level shift is de-

scribed by −�̄P in the z component of � where �̄ is the
detuning of the laser suitably normalized to the width of the
D1 resonance. Obviously, the factor P in the light shift intro-
duces a dependence of � on mz. The vector product de-
scribes the Larmor precession of m induced by a magnetic
field whose z component is modified by the light shift.

The intensity-dependent optical properties of the sodium
vapor are determined by the z component of the magnetiza-
tion as the nonlinear susceptibility is given by

� = −
N���2

2	0 
 �2

�̄ + i

�̄2 + 1
�1 − mz� . �3�

FIG. 4. Threshold intensity of spontaneous pattern formation in
dependency on the shift of L1. The gray shaded area indicates the
interval in which stationary patterns with the smaller length scale
and a hexagonal symmetry are observed beyond threshold. Param-
eters as in Fig. 3.
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Here, N denotes the particle density of the sodium vapor,
� is the reduced dipole matrix element of the transition, and
�2 is the relaxation rate of the optical coherences. The spatial
distribution of m modifies � and this results in a spatial
modulation of P imposed by the feedback beam. It is readily
obtained by solving the �linear� paraxial wave equation in the
free space between the sodium cell and the feedback mirror,
while diffraction can be neglected in the short nonlinear me-
dium. It is the nonlocal dependence of P on the spatial dis-
tribution of m that makes Eqs. �1� and �2� nonlinear.

V. LINEAR STABILITY ANALYSIS

In a linear stability analysis of the homogeneous solution
of Eq. �1� a Hopf instability at a finite wave number and a
stationary modulational instability at higher wave number
can be found. The length scale and the frequencies of the
unstable Hopf modes match nicely the experimentally ob-
served properties of the target patterns and spirals so that the
Hopf instability can be considered as the origin of these
structures �16�.

However, for a homogeneous phase profile of the input
light field the threshold of the stationary modulational insta-
bility is typically lowest whereas no stationary patterns but
dynamical target patterns and spirals are experimentally ob-
served at threshold. We have proposed that this discrepancy
can be attributed to the effect of the inhomogeneous phase
distribution that is induced by an interplay of the Gaussian
shape of the spatial intensity distribution of the laser beam
and the intensity-dependent index of refraction of the sodium
vapor, i.e., the nonlinearity of the medium �16�.

A linear stability analysis taking into account linear phase
gradients of various strengths illustrates the drastic influence
of an inhomogeneous phase distribution on the bifurcation
scenario. Figure 5 shows the instability regions of the Hopf
instability and the modulational instability. At this special set
of parameters the Hopf instability does not even exist with-
out phase gradient. When the strength of the phase gradient
is increased, the boundary of the modulational instability re-
mains nearly unchanged while the Hopf instability expands

its region of existence. For the largest phase gradient shown
it even exhibits a lower threshold than the modulational in-
stability.

Thus, the incorporation of the Gaussian shape of the
pump profile into the theoretical treatment of the system
seems to be inevitable. For a linear stability analysis, m̄, the
stationary, unstructured, but inhomogeneous magnetization
distribution induced by the Gaussian beam, is needed at first:

0 = N�m̄�r�� . �4�

We calculate m̄ by means of Newton’s method iteratively
�34,35�:

m�r�n+1 = m�r�n − ��N„m„r…n
…�−1N„m�r�n

… . �5�

Here, �N is the Jacobian of N. It is numerically calcu-
lated using finite differences. The strong depolarization of
the sodium atoms by wall collisions are taken into account
by the boundary condition m�r0�=0. Here r0 is the radius of
the cell. A discretization of m on an orthogonal grid with
N�N points would cause N to have 3N2 and �N to have
32N4 elements. As the calculations would be computationally
too expensive for an appropriate choice of N, here we restrict
the analysis to the rotationally symmetric problem. The
pump field is given by a Gaussian beam whose beam waist is
placed within the sodium vapor. To calculate the propagation
of the transmitted light field the paraxial wave equation
is solved in polar coordinates by a spectral algorithm using
the quasi-fast Hankel-transform �35,36�. In order to use this
algorithm the light field as well as the Bloch vector have to
be discretized on grids with exponentially growing spacings.

Figure 6 shows the z component of the stationary, unstruc-
tured, but inhomogeneous state, m̄, in dependency on the
radial coordinate. Due to the applied boundary condition the
magnetization decays to zero in the outer parts. It increases
towards the center until a maximum is reached. In the central
region where pattern formation takes place, a dip of the mag-
netization is formed due to the particular shape of the non-
linear characteristic of the system �29�.

To analyze the stability of m̄ we consider the eigenvalues
and eigenvectors of the linearization �N�m̄� of the nonlinear
operator N�m̄�. The eigenvalues of �N�m̄� determine the
stability, the radial shape of the perturbations is given by the

FIG. 5. Results of a linear stability analysis taking into account
linear phase gradients of increasing strength �0.0, 0.3, 0.6, 0.9, 1.1,
and 1.4 rad/mm�. Parameters: �x=2.5�105 rad s−1, �z=10.0
�105 rad s−1, d=75 mm, �=10.0 GHz, N=0.8�1020 m−3, D
=260 mm2 s−1, �=1.5 s−1, �2=10.1�109 rad s−1.

FIG. 6. Stationary, unstructured, but inhomogeneous solution
nonlinearly induced by the Gaussian beam in dependency on the
radial coordinate. P=92 500 s−1, other parameters as in Fig. 5.
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eigenvectors. If the pump rate P in the beam center is in-
creased, there is a threshold at which a complex conjugate
pair of eigenvalues of �N�m̄� crosses the imaginary axis.
The system gets unstable against an oscillating spatially
modulated perturbation, i.e., it undergoes a Hopf bifurcation.
In Fig. 7 the spatial shape of this perturbation and its dy-
namical evolution are shown. The perturbation is drawn at
five successive time steps with light gray denoting the first
one and black the last. As it can be seen, the direction of
motion is pointed towards the beam center. The dominating
transverse wave vector is 15.5 rad/mm and the Hopf fre-
quency calculated by the imaginary part of the eigenvalue
is approximately 110 kHz. The amplitude of the spatio-
temporal oscillation is largest in the beam center and de-
creases towards the boundary. Here, only the inner part of the
beam profile up to a radius of 1.5 mm is displayed. As the
perturbation is rotationally symmetric it is equivalent to an
inwardly moving target pattern. The described features—the
Hopf bifurcation itself, its length scale and frequency, and
the direction of the radial motion—are in good agreement
with experimental observations.

In order to understand the influence of the phase front
curvature, we take into account an appropriate spatial phase
distribution of the pump light. In Fig. 8 the positive real parts
of the eigenvalues are plotted in dependency on the radius of

the phase front curvature of the incident light.
For large values of the radius of curvature, i.e., when the

system is only weakly changed, the above-described Hopf
bifurcation is found. There is a pair of complex conjugate
eigenvalues whose real part is positive while the imaginary
part is in the order of the Larmor frequency. The latter fact is
a clear indication that the observed time dependence is di-
rectly related to the Larmor precession. The real part of the
pair of eigenvalues decreases when the radius of the phase
front curvature is decreased. In an interval of the radius from
−4 to −1 m different modes come into play, since they have
relatively large real parts of the eigenvalues. The transverse
wave numbers, being 25.2 rad/mm at a radius of curvature
of −1.3 m, are in line with the length scales of the modula-
tional instability calculated for the homogeneous system or
for a linear phase gradient and with the length scale of the
experimentally observed stationary hexagonal pattern. The
eigenvalues form a resonance-like maximum at a radius of
−1.3 m before a Hopf mode with an imaginary part of the
eigenvalues being close to the Larmor frequency takes over
again if the radius of phase front curvature is further de-
creased.

It has to be mentioned that the mode with the large wave
number occurring for radii between −4 and −1.8 m has com-
plex eigenvalues, i.e., the unstructured state is unstable
against the formation of moving targets. The magnitude of
the imaginary parts of the eigenvalues, however, is smaller
than the Larmor frequency by nearly one order of magnitude.
In the experiment stationary hexagons were observed in this
range of radii, whose wave numbers agree with those of the
targets. This difference is by no means surprising: nonlinear
interactions of wave vectors can form hexagons, of course,
and these become stationary in a Gaussian beam, if the ab-
solute value of the imaginary part of the eigenvalues is too
small. This “locking” phenomenon of hexagons has previ-
ously been observed in a closely related experiment involv-
ing feedback by a tilted mirror �37�. In the interval of radii
from −1.8 to −1 m the eigenvalues are purely real, indicating
an instability against stationary target patterns. Obviously,
this is compatible with the existence of stationary hexagons.

In Fig. 9 the spatial shape and the temporal evolution of
the Hopf mode are illustrated at a radius of curvature of
0.9 m. The dominating length scale is 15.6 rad/mm and the

FIG. 7. Spatial shape and temporal evolution of the perturbation
originating from the Hopf instability calculated for infinite radius of
the input phase front curvature. Parameters as in Fig. 6.

FIG. 8. Positive real parts of eigenvalues of �N�m̄� in depen-
dency on the phase front curvature of the input light field. Crosses
denote eigenvalues connected to the Hopf length scale; solid dia-
monds denote eigenvalues connected to the length scale of the
modulational instability. Parameters as in Fig. 6.

FIG. 9. Spatial shape and temporal evolution of the perturbation
originating from the Hopf instability in the case of a radius of the
input phase front curvature of −0.9 m. Parameters as in Fig. 6.
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frequency is approximately 109 kHz. In contrast to the case
of flat phase fronts, the motion is directed towards the
boundary, which again is in good agreement with the experi-
ment.

VI. CONCLUSION

In the present system, the Gaussian intensity profile of the
input laser beam induces nonlinearly a defocusing phase dis-
tribution of the light field transmitted by the sodium vapor. In
our experiments, this phase distribution is counteracted and
even overcompensated by an external focusing phase modu-
lation. Experimentally, we found transitions from radially in-
wardly moving target patterns and spirals via a stationary
hexagonal pattern with a different, significantly smaller
length scale to outwardly moving spirals, again with the first
length scale.

In a linear stability analysis of the homogeneous system
two instabilities are found whose length scales agree with the
experimental findings quite well: a Hopf instability at a finite
wave number and a modulational instability leading to the
formation of a stationary pattern. The modulational instabil-
ity has the lower threshold in the homogeneous case. It could
be shown that an inhomogeneous phase distribution alters
the marginal stability curve of the Hopf instability drastically
while the threshold of the modulational instability remains
nearly unchanged. Hence, in a linear stability analysis with a
Gaussian-shaped input intensity profile, the Hopf instability
is dominating due to the phase distribution of the nonlinear
self-lensing. In further calculations, this self-induced phase
modulation is compensated by an antagonistic curvature of
the input phase fronts.

Obviously the linear stability analysis used here is much
better adapted to experiments using Gaussian beams in the
fundamental mode than the usual procedure that assumes
plane waves. Due to the assumption of radial symmetry, it
can only predict the threshold for the formation of target
patterns, of course. From the fact, however, that spontaneous
switching between target patterns and spirals is frequently
observed, it can be concluded that the threshold of target and
spiral pattern formation is not too different. Indeed it should
be possible to examine the stability of the system against
azimuthal perturbations which lead to spirals. Corresponding
efforts are being undertaken at present.

If there is no differentiation between target patterns and
spirals, then it can be concluded that the results of the analy-
sis agree very well with the observations. The transitions
between different structures for laser beams of various cur-
vatures are nicely reproduced. It turns out that the different
sensitivities of the two competing instabilities to phase front
curvatures are at the origin of the drastic changes.

Even if experiments are performed with well-collimated
laser beams, the phase fronts can be modified nonlinearly.
Therefore it can be assumed that in many experiments
curved phase fronts come into play. On the other hand, it is
shown here that a phase front curvature can have a strong
influence on pattern formation and can change the pattern
selection completely. Thus it might be wise to study the con-
sequences of phase front curvatures in pattern formation in a
wider context.
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