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Electronic and nuclear spins of shallow donors in silicon are attractive candidates for qubits in quantum
computer proposals. Shallow donor exchange gates are frequently invoked to perform two-qubit operations in
such proposals. We study shallow donor electron properties in Si within the Kohn-Luttinger envelope function
approach, incorporating the full Bloch states of the six band edges of the Si conduction band, obtairedal from
initio calculations within the density-functional and pseudopotential frameworks. Intervalley interference be-
tween the conduction-band-edge states of Si leads to oscillatory behavior in the charge distribution of one-
electron bound states and in the exchange coupling in two-electron states. The behavior in the donor electron
charge distribution is strongly influenced by interference from the plane wave and periodic parts of the Bloch
functions. For two donors, oscillations in the exchange coupling calculated within the Heitler-LaAtdon
approach are due to the plane-wave parts of the Bloch functions alone, which are pinned to the impurity sites.
The robustness of this result is assessed by relaxing the phase pinning to the donor sites. We introduce a more
general theoretical scheme, the floating-phase HL, from which the previously reported donor exchange oscil-
latory behavior is qualitatively and quantitatively confirmed. The floating-phase formalism provides a “handle”
on how to theoretically anticipate the occurrence of oscillatory behavior in electronic properties associated with
electron bound states in more general confining potentials, such as in quantum dots.
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[. INTRODUCTION other researchers to perform further theoretical studies, going

Doping in semiconductors has significant technologicalP®y0nd some of the simplifying approximations in the for-
impact. As transistors and integrated circuits decrease in siz8)alism adopted in Ref. 9, and incorporating perturbation ef-
the physical properties of the devices are becoming sensitiicts due to applied stralifior gate fields:* Both these stud-
to the actual configuration of impuritids striking example  i€s, performed within the standard Heitler-LondoHL)
is the proposal of donor-based silicon quantum computeformalism;2essentially reconfirm the originally reported dif-
(QO) by Kane? in which the monovalent'P impurities in Si ~ ficulties regarding the sensitivity of the electron exchange
are the fundamental quantum bitgubits. This intriguing  coupling to donor positioning, indicating that these may not
proposal has created considerable recent interest in revisitifge completely overcome by applying uniform strain or elec-
the donor impurity problem in silicon, particularly in the tric fields. At this point it is clear that the extreme sensitivity
Si*P system. of the calculated exchange coupling to donor relative posi-

Two-qubit operations for the donor-based Si QC architection originates from interference between the plane-wave
ture, which are required for a universal QC, involve preciseparts of the six degenerate Bloch states associated with the Si
control over electron-electron exchafdeand electron- conduction-band minima. Theoretically, this effect is dictated
nucleus hyperfine interactions. Such control can presumablyy the HL description of the two-electron singlet and triplet
be achieved by fabrication of donor arrays with accurate postates, defined as properly symmetrized combinations of
sitioning and surface gates whose potential can be precisebingle-particle ground-state functions, where the phases of
controlled®>® However, we have showWnthat electron ex- the Bloch states are pinned at each donor site.
change in bulk silicon has spatial oscillations on the atomic Our goal in the present study is to assess the robustness of
scale due to the valley interference arising from the particuthe HL approximation for the two-electron donor-pair states.
lar sixfold degeneracy of the bulk Si conduction band. Thesépecifically, we first examine the single donor properties in
oscillations place heavy burdens on device fabrication andnore detail by including the complete Si conduction band
coherent control, because of the very high accuracy requireBloch functions. The calculated single donor electron charge
ment for placing each donor inside the Si unit cell, and/or fordensity vividly illustrates the rapidly oscillatorgand non-
controlling the external gate voltages. commensuraenature of the donor electron properties. We

The potentially severe consequences of these problentBen relax the phase pinning at donor sites and allow small
for exchange-based Si QC architecture motivated us anghase shifts in the plane-wave part of the Bloch functions,
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which could in principle moderate, even eliminate, the oscil-the donor perturbation potential E@) is more attractivgis

latory exchange behavior. Within this more general theoretimaximum, thus minimizing the energy f%o(r). In Eq.(3),

cal scheme, which we call thitoating-phaseHL approach, F,(r-Rg) are envelope functions centeredR, for which

our main conclusion is that, for all practical purposes, phasge adopt the anisotropic Kohn-Luttinger forfa.g., for u

shifts are energetically unfavorable for both singlet and trip=z, F,(r)=exp-[(x2+y?)/a2+Z2/b?]"2 /| ma?b]. The effec-

let states. The previously adopted HL wave functions argjve Bohr radiia andb are variational parameters chosen to

thus found to be robust, and the oscillatory behavior obtaineghinimize Eg\= (i |Hs\|ir ), leading toa=25 A, b=14 A

. . 0 0 1 ) i)

in Refs. 9-11 cannot be taken as an artifact. and Es,~ -30 meV when recently measured effective mass
The present paper is organized as follows: In the nex{5iues are used in the minimizatién.

section we review the shallow donor problem in Si, fully  the 3/, ground state is sixfold degenerate. This degen-

mcprp_oratlng the details of th_e Si banq structure. We presergracy is lifted by the valley-orbit interactiof$5which ac-

ab initio results for the bulk Si conduction-band-edge charg&,qynt for intervalley scattering effects and are included here

densities associated with individual Bloch states and singlg, Hyo. Valley-orbit effects are conveniently represented by

donor states. In Sec. lll we consider two substitutional doy,q types of intervalley couplingétye, ,; For valleys at

nors in bulk Si, and introduce the floating-phase HL apprOXi'perpendicular directionge.g., w=x v:zSLY\VNe take the cou-

mation. The two-particle ground state energy is compare%"ng Hyoxz=-Ac while for those in opposite directions

with that of the standardpinned-phase HL states. We e.g., u=2, v=-2), Hyos—p=—-Ac(1+8). Of courseHyo

present results for the donor electron exchange betweenfl? . Tak}ng AC':Z.lé meV  and 8=-0.3 correlé’tlILy

dqnor pairs in Si in situations of practical interest, ConSiStenPeproduce’s? the ordering and relative splittings of the lowest

Wlth _the' current degree _of gxpenmgntal control oyer'donorenergy states manifold for P donors in Si: A ground state of

positioning~’ for the fabrication of Si QC. We also indicate A, symmetry, followed by a triplet of, symmetry and by a

how the floating-phase scheme may be useful for differenfy, piet ofE symmetry. In unstrained Si, the nondegenerate

Si-based QC architectures. Concluding remarks are preA1 ground state corresponds to 31)51/\% in (3), and its

sented in Sec. IV. This work thus provides necessary the Sinding  energy s Eo=(i [Ho| s )=Esy- (5+8)Ac~

retical support and pictures to anticipated experimental stu 0™ PRl W0I¥Ry/ =SV ©

: : - . ) —40 meV, to be compared to the experimental vilusf
ies on qubit exchange coupling in a Si matrix.

-45 meV1’ Aiming at the ground state of the system, we
restrict our discussion to the_nondegener@te symmetry
II. SINGLE DONOR IN SILICON grOUnd state, thus al&rﬂ=1/\s’6 in (3) in relaxed Si. For
strained Si, also considered below, the valley populations
We determine the donor electron ground state using effecchange according to the degree of stridin.
tive mass theory. The bound donor electron Hamiltonian for The periodic part of each Bloch function is pinned to the
an impurity at siteR is written as lattice, independent of the donor site. It can be expanded
Ho=Hey+ Hyo. (1) over the reciprocal lattice vectofs:

The first term,Hgy is the so-called single-valley Kohn- u,(r) = ckecr. (4)
Luttinger Hamiltoniar® which includes the single particle G
kinetic energy, the Si periodic potential, and the screene

impurity Coulomb potential QNe determine the coefficients; for the conduction band

edge Bloch states in Eq4) from ab initio calculations.
e Electron-electron interactions are described by density-
- m- 2 functional theory(DFT) within the local-density approxima-
tion (LDA).1819We use the exchange-correlation potential
For shallow donors in Si, we use the static dielectric constanparametrized by Perdew and Zuntfdrom Ceperley-Alder
€=12.1. The second term of E(lL), Hyo, includes the inter- quantum Monte Carlo results for the homogeneous electron
valley coupling effects due to the presence of the impuritygas?! The interactions between valence electrons and ions

V(r)=

potential4 are described by thab initio, norm-conserving pseudopo-
The electron eigenfunctions are written in terms of the sixtentials of Troullier-Marting? generated by the FHI98PP
unperturbed Si band edge Bloch staggs=u,,(r)e*x", code?® We use 290 plane waves in the expansion of @y.

up to a maximum kinetic energy of 16 Ry. Calculations are
performed by the ABINIT codé? The key ingredients of this
code are{(i) an efficient fast Fourier transform algoritAm
6 for the conversion of wave functions between real and recip-
_ B ik (1-Rg) rocal space(ii) the use of iterative minimization techniques
- 2_‘, @,Fu(r =Ro)u,(r)efs ' 3 to solve the Kohn-Sham eigenvalue problem, more specifi-
wet cally an adaptation to a fixed potential of the band-by-band
The phases of the plane-wave part of all band edge Blochonjugate gradient methd, and a potential-based
states are naturally chosen to be pinnedgt and thea,  conjugate-gradient algorithm for the determination of the
expansion coefficients, also called valley populations, areelf-consistent potentidl. Details of the methodology are
real. In this way the charge density at the donor Bithere  described in Ref. 26. We find the equilibrium lattice constant

6
Yr,(1) = 2 a,F,(r =Rg)¢,(r,Ro)
u=1
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of Si at a=5.41 A and the conduction-band minima at
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FIG. 1. (Color) (a) and(b) Probability density
for the single Bloch statp,=|¢,|? in two differ-
ent crystal planes. Notice thp,) atomiclike sig-
nature.(c) and (d) Total probability density for
the six conduction-band minima, showing a more
symmetric structure. White dots represent Si sites
in the diamond structure and the color scheme
runs from purple (low density to red (high
density).

In Figs. Xa) and Xb) we present the electronic probability

0.8442m/a) from I, in close agreement with experimental density p,=|¢,|? obtained from thesingle conduction-band-
results!® These values are used in the calculations presentegdge Bloch stateb,=u,(r)e€*x". Visually, our results indicate
below. that this state is predominantly formed by, atomiclike

(a)
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FIG. 2. (Color) Frames(a) and (b) give the
electron probability densities on th@01) plane
of bulk Si for the bottom of the conduction band
eigenstate corresponding to a symmetric combi-
nation of the six degenerate Bloch states at the
conduction band edge, calculated within models
(i) and(ii), respectively. Frameg) and(d) give
the corresponding probabilities for the ground
state of a donor in Si within the envelope func-
tion approximation. The white dots give the in-
plane atomic sites and the color scheme runs
from purple(low density to red (high density.
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orbitals, although some character may also be present, con-riodicity imposed by the plane-wave part of the Bloch func-
sistent with the higher degree of delocalization for theseions is 27/k,, incommensurate with the lattice periad
states as compared to the conduction band states df the
point?® Of course, as for any Bloch state, the probability
density is periodic in the fcc lattice. It is also interesting to
note that, among the 290 plane-wave states included in our A. Exchange coupling within the Heitler-London approach
basis, over 90% of the spectral weight in the plane-wave
expansion ofu,(r) in Eq. (4) comes from five reciprocal
lattice vectorsG=(0,0,0,(2w/a)(-1,+1,+1). These give
the five smallest values dfc+k,| since k,=0.84427/a)
X(+1,0,0. This same criterion for the five most relevant Eq.(3
coefficientscg applies to each of the other fivg, vectors?® g.(3),

IIl. DONOR PAIR

Within the HL approximation, the lowest energy singlet
and triplet wave functions for two electrons bound to a donor
pair at sitesR, andRg are written as properly symmetrized
combinations of«//RA and PRy which are in turn defined in

In Figs. Xc) and Xd) we show the total charge density < 1
3 ,-1.d#,J%. Figure 1c) shows the characteristic antibonding W¢(r1.r2) = m[lﬂRA(rl) Yrg(r2) = Yr (e, (ro)],
signature of the conduction band state, which was also found VA=
by Richardson and Coh&hfor the conduction-band density (%)

at theX point in Si(thus not exactly at the band edg&he . , .
conduction band edge state of Si has been previously studié’vheres is the overlap integral and the uppéower) sign

by Ivey and Miehef® Our ab initio results are in good quali- c_%rresrlmnd? totthhe smgtgl?nplet) state. The energy expecta-
tative agreement with this earlier empirical pseudopotentia}Ion values for these states are
study. s s s Hox H;

We analyze the effects of Si band structure on donor elec- Ep=(PiHIY) =260+ T 5 (6)
tron wave function within two models for the conduction -
band edge statefsp,} of Si: (i) ¢MYRO:e'ku'(f‘R0); (i) bur, whereE; is the isolated impurity binding energy ahty and
=u,,(r)g*« (R0, Model (i) corresponds to the free-electron Hy are usually referred to as Coulomb and exchange
single-plane-wave-per-valley approximation adopted in preintegralsi®* The energy differencé=E,-E gives the ex-
vious studie$:131In model(ii) band structure contributions change splitting. We have previously derived the expression
are fully incorporated. Regarding the electron probabilityfor the donor electron exchange splitting in Ref. 10, which
density plotted in Fig. 1 for modéli), model(i) would have ~ We reproduce here

iven completely uniform distributions, consistent with tak-

ﬁ]g u,=1, il.ae.,cgy= So.r for all . IR) =2 |e, )T, (R)cogk,, =k,) R, (D)

The effects of the conduction band states of Si on the my
donor wave functions and charge density are well establishedhere «,, are the valley populations defined in E), and
experimentally?? Particularly, the single impurity charge .7,,(R) are kernels determined by the envelopes. These are
density is not only an interesting physical property by itself,slowly varying functions oR (explicit expressions are given
but also foretells the oscillatory behavior in two-donor prop-in Ref. 10, monotonically decaying with distance since only
erties such as exchange. Figurés)2nd 2b) give the single the exponential envelopes centered at each donor, but not the
electron charge densitb(r)|?> along a(001) crystal plane Bloch functions, contribute to them. Below we make a few
for a symmetrized state at the conduction-band edgeutd  observations before we attempt to go beyond the HL ap-
silicon, <I)(r):(\s’6)‘12ﬁ:1 (;SM,RO(r), within models (i) and  proximation.
(i), respectively. Framéa) shows that interference from the ~ Equation(7) does not involve any contribution from the
six plane-wave states included in mod#l leads to a peri- periodic part of the Bloch functiong) [in terms of addi-
odic charge pattern consistent with a simple-cubic lattice otional oscillatory behavior id(R) or additional contribution
lattice parameter 2/k,~ 1.18, with a periodicity which is  to the magnitude o8(R)], which therefore may essentially
clearly different(and incommensuratdrom the atomic po- be taken asu,(r)=1. This fact has been pointed out by
sitions in the lattice, sinc&ﬂ| is incommensurate with the Wellard et al,'* and is a consequence of the pinning of the
reciprocal lattice. Of course a different interference patterru,(r) functions to the lattice, independent of the donor site,
would result if the plane waves were nall pinned at site  and of their fast oscillating nature. These authors calculated
Ro. Results for modelii) given in (b) show that additional some HL integrals wittG different from thel’ point, which
interference from the Bloch functionsg,(r), which are peri- were originally neglected in Refs. 9, 10, and 31, and con-
odic in the fcc lattice, further reduce the periodicity of the firmed numerically that all approximations adopted hered
charge density. in Ref. 10 are excellent. We therefore conclude that models

Figures 2c) and 2d) give the charge densil1y;{/R0(r)|2 for (i) and(ii), though giving quite different electron probability
the donor state in Eq3), within models(i) and(ii), respec- densities as illustrated in pandls and(d) of Fig. 2, effec-
tively. The impurity siteR,, corresponding to the higher tively lead to the same results for the exchange coupling
charge density, is at the center of each frame. It is interestingithin the HL approximation.
(and somewhat counterintuitivéhat, except for this central Although the exchange coupling given in Ed) should
site, regions of high charge concentration and atomic sites dbe applicable to any relative position vec®yincluding the
not necessarily coincide, because the charge distribution peffect of small perturbations in the donor sites into off-lattice
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(a) x =0 J(meV) (v) x = -20 mum to twofold. In this case, the valley populatioag in
I UL L L D) 21, L AR M the donor electron ground state wave functi@nare deter-
08| . o ] mined from a scalar valley strain paramejgrwhich quan-
o6 kbt 3 15F E tifies the amount of strain. Figurgld givesJ(R) in uniaxi-
T ] r . ally strained(alongz direction Si for y=-20 for the same
0.4 | . 1E B relative positioning of the donor pairs as in FigaB Notice
. ] s ] that the exchange coupling is enhanced by about a factor of
3 1 %°F X E 2 with respect to the relaxed Si host, but the order-of-
P N 0 St S nman] magnitude reduction id caused by displacements of ampli-
L LR tudedyy into nearest-neighbor sites still persistssag is not
Oz 1. °C ] parallel to thex-y plane.
P 4 % L o
_2-_ AA‘*‘A‘% _-E _2-_ _- B Fl ) X
1= L . Floating-phase Heitler-London approach
ol 1 Z,‘T ol 1. Formalism
[ 1 [ 1 In Refs. 9 and 10, as in the standard HL formalism pre-
TR S ST o L L sented above, it is implicitly assumed that the phasésRo
100 o (S’O 100 o (1;)’0 in Eq. (3) remain pinned to the respective donor siRs

=R, and Rg, as we adopt single donor wave functions to

FIG. 3. (Color onling Calculated exchange coupling for a donor PUild the two-electron wave function. Although phase pin-
pair versus interdonor distance (&) unstrained andb) uniaxially ~ NiNG to the donor substitutional site is required for the
strained(alongz) Si. The open squares correspond to substitutionaground state of an isolated don@; symmetry in order to
donors placed exacﬂy a|0ng tmeoo:l axiS, the lines g|ve the cal- m|n|m|ze Sll’lg|e eleCtI’OH energy, thIS |S not the case fOI’ the
culated values for continuously varied interdonor distance alondower-symmetry problem of the donor pair. In order to mini-
this axis, assuming the envelopes do not change. The open trianglgiize the energy of the two-donor system, here we allow the
give the exchange for a substitutional paimostalong[100], but  phases to shift by an amoudR along the direction of the
with one of the donors displaced ljyy~2.3 A into a nearest- interdonor vectorR=Rg—-R,, so that the single-particle
neighbor site. The lower frames give the same data in a logarithmigvave functions in Eq(5) become
scale. When the floating-phase HL approach is adopted, the results 6
change negligibly; the filled symbols on the lower left frame give 1 K (r=Rp+8R)
examples of calculated correctiofeee text PR, (1) = Ez_l Fu(r =Rpu,(r)efxma (8)

16 =

positions? it has been pointed out by Altarelli and and
co-worker$324 that interstitial donors in Si may acquire a .
deep-center character, invalidating the envelope-function 1 K (-Rp=0R)
treatment adopted here. We therefore focus our study on sub- ’/’RB(r) - _62 Fu(r = Rg)u,(r)efu e, (9)
stitutional (thus shallovy donors in Si. Voust

Figure 3 illustrates a case of practical concern involvingAll terms appearing in Eq(6) are now functions oféR,
unintentional donor displacements into nearest-neighbowhich we take as a variational parameter here, chosen inde-
sites, when donor pairs belong to different fcc sublatt®es. pendently assR, and 8R, to minimize E5 and E; (since sin-
The open squares in Fig(e8 give J(R) for substitutional glet and triplet states are orthogonalized through the spin part
donors along thg¢100] axis, while the open triangles illus- of the wave functioh A similar ansatz the so-called floating
trate the different-sublattice positioning situation, nanmRly functions approach, was suggested by Hiflegs an im-
=R+ 6y With Ry along the[100] axis anddyy ranging over prg}{elment 0Vetr 'Hl_llforht'?tedk:mmegu'e’ V\fqitht:}he 3\t/(rj1micth

: 2 I~ orbitals symmetrically shifted towards each other. When the

the four nearest neighbors of eafly (dyw=|awl=av3/4 amplitudey of the shi¥t is taken as a variational parameter,

~2.34 ). The lower panel of the figure presents the Sameenergy reduction thus obtained leads to a significantly better

dgta on a logarithmic scale, showing th‘fit nearest.-ne|ghb06{ reement with experiment for the hydrogen molecule total
displacements lead to an exchange coupling reduction by o ergy®® Since the phases in E(g) are responsible for the

order of magmtude V\{hen comparedXRo). ... .. oscillatory behavior of the exchange coupling between donor
Our previous studié8 show that the extreme sensitivity gjacirons in Si, this more general variational treatment might
of £)](R) to mt:ardonor positioning |s"eI|m|natead for on—llattlce lead to changes in the previously repoftéébehavior of the
substitutional impurities in uniaxially strained &.g., along _ Hoao e
the z axis) commensurately grown over;SjGe, alloysif R two-donor exchange splitting=E,~Es.
remains parallel to the interface-y plane The strain is
accommodated in the Si layer by increasing the bond-length
components parallel to the interface and decreasing those Adopting the floating-phase forms given in Eg8) and
alongz, breaking the cubic symmetry of the lattice and low- (9) in the HL expression{5) leads to a modified expression
ering the sixfold degeneracy of the conduction band minifor the expectation value of the energy in E) for the

2. One- and two-center contributions
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singlet and triplet states. The terr&on the right-hand side Rr ]
of Eq. (6) gives the single-particle single-center contribu- = C ]
tions from both(isolated impurities, which should be taken g 15[ -
here asEp+Eg=2E,. For the present model Hamiltonian, g - .
within the floating phase HL approximation, we get g 1B J
EA(SR) = (i [Hal ¥R, o
5 05F -
Ac ) © C ]
=Egy— ?[Z(COS ¢y + COS ¢y + COS ¢by) g . - .
5 C J
[=} I -]
+ &(cos 2p, + cos 2p, + cos 2p,) - 3], (10) & C ]
— C 1 1 1 1 I 11 1 1 I 11 1 I 11 1 | 7
where ¢, =-¢_,=K,-6R. The parametera: and o are de- 0'5—2 -1 0 1 2
fined in Sec. I, where their numerical values are also given. SR (R)
As expected, for6R=0 the above expression leads to
EA(0)=Ey=Egy—(5+0)A¢, while R # 0 leads to FIG. 4. (Color onling Calculated corrections to the total energy

for a P donor pair in Si. The donors are 87 A apart, along 16¢]
direction. The paramet&iR is the amplitude of the individual phase
shifts from the donor sites, &R, along the interdonor line. The
solid line givesA, the single-center contribution, while the dotted
The correction) is positive definite by construction, since (dashegl line givesAq (A, the two-center singlet and triplet con-
the one-particle functions in standard HER=0) are taken tributions, respectively.

as the ground-state wave function of the isolated impurity

A
EA(5R):E0+?0> E,. (11)

problem. reduction in both singlet and triplet states energy, therefore
The expectation value for the energy of the donor pair ighe net variation inJ is positive (negative if the triplet en-
given by ergy reduction is smalleflargen than the singlet. The solid

triangle in Fig. 3 corresponds to a case of negative variation,
EXR,8R) =E(R,0) + Ag(dR) + A(R,8R),  (12)  obtained when one of the donors in the above geometry is

here ESR 0) is the pinned-ph It f th | displaced into a nearest-neighbor site. Note that the correc-
where E{(R,0) is the pinned-phase result from the regu @tions are more than three orders of magnitude smaller than

HL caICl_JIatlon. The fII‘St. correct|o_n terr_mo(éR), is the eN-  the calculated) assumingdR.= dR.=0. In other words, for
ergy shift due to the single-particle single-center contribu-y| practical purposes the fixed-phase standard HL approxi-
tions, derived above, anif(R, 4R) are the singlet and triplet  maion is entirely adequate for the range of interdonor dis-
state corrections coming from the two-center contributionggnces of interest for QC applications.
Ho, Hi, andS. The latter are integrals involving the elec-  Thjs conclusion is not in contradiction with Hurley's re-
tronic wave functiong8) and(9), and are calculated here as gyt for the hydrogen molecufé, where significant energy
described in Ref. 10, EqgA2), (A3), and (AS), with the  reduction is obtained around the equilibrium nuclear separa-
proper pha_se shifts included in the plane-wave part of thegjgn, R~ 1.53, (3,=0.53 A is the free hydrogen atom Bohr
Bloch functions. ~ radiug. For R of the order of the Bohr radius)s becomes

In Fig. 4 we give the calculated values of the individual comparable ta\,, resulting in an improved variational esti-
correctionsAo(R) andA(R, dR) for a geometry where the  mate for the ground state energy of the iolecule when
impurities are 16 lattice constants ap&t87 A), with R small shifts are allowed in the single-particle hydrogenic or-
along the[100Q] crystal direction. The energy correctidty  bitals.
raises sharply for nonzeréR, and is of course independent  Since the current calculation has taken into account the
of the relative position vectdr, while the energy variations  full band structure of the host Si material, and modifying the
A? oscillate and decrease with increasing relative disté&)ce standard HL approximation has proved to have minimal ef-
and may be positive or negative accordingd® (for 6R  fect on the results, further improvement in a perfect crystal
~0 in the case illustrated in Fig. 4, decreases for negative environment(that is, relaxed bulk $ican only be achieved
shifts 6R, while A; decreases for positive shiftsSinceAq is by including the higher energy orbitlS’ However, we do
always positive, independent & and very sensitive tdR,  not anticipate significant moderation of the fast oscillatory
we conclude that the effect of phase shifts aiming at minibehavior of exchange coupling as all the orbitals share the
mizing two-donor energy is negligible and may be safelysame conduction band valleys, though quantitative shifts
ignored forR>a,b, wherea andb are the donor effective might be expected in a larger scale molecular orbital calcu-
Bohr radii. For example, minimization of the total energy in |ation. In the present study, we keep the two donors relatively
Eqg. (12) for the particular geometry considered in Fig. 4 far apart so that the HL approximation is applicable. This is
leads tosR,=-7 mA, with the singlet energy decrease of also the situation of interest to practical QC fabrication con-
270 neV, andsR,=+7 mA, with the triplet energy decrease siderationswhich requires the donors to be at least 100 A
of 6 neV. This results in an increase ihby (264 neV,  apar.
given by the solid square in the lower left-hand-side frame of Another improvement over our current calculation may
Fig. 3. The floating phases variational scheme leads to some from including the effect of lattice distortions. The
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Coulomb interaction between the additional protons on then Si. We find interesting oscillatory patterns resulting from
lattice sites and the two electrons for the donor pair creates iaterference between the different plane-wave components of
strain field on the underlying crystal lattice. Such a fieldthe Bloch functions. Regarding the well-separated donor pair
affects the electronic structure in the same way as th@roblem, we introduced a generalized scheme—the floating-
uniaxial strain discussed above, though it is along the interphase HL approach, which reconfirmed the reliability of
donor axis. Since the interdonor separation in the preserstandard HL for this range of donor separations.
situation is much larger than the effective Bohr radius One perceived advantagef Si-based spin quantum com-
(~30 A), the interdonor interaction is strongly screened,putation(over, for example, the corresponding GaAs quan-
therefore lowering the strength of the strain. Furthermore, itum dot based quantum computatias the universal nature
a uniaxial strain is already applied along théirection, so  of each qubit in Si, i.e., the fact that the P donor electronic
that the donor ground state only consists of thand z  state in Si is always exactly the same, making each qubit
valleysZC the additional strain due to the presence of anotheidentical(without any need for additional characterization of
donor(e.g., along the direction) will not further reduce the individual qubits which will surely be needed for GaAs
number of valleys involved—the nondegenerate ground statguantum dot quantum computers since electrostatically con-
will still consist of an equally weighted superposition of fined electronic spin states in GaAs quantum dots would ob-
these two valleysinstead of just one of themso that oscil-  viously have a fair amount of qubit to qubit variations as no
lations in exchange due to valley interference cannot béwo quantum dots can really be identicaDur finding of
removed'® Nevertheless, a quantitative analysis is needed texchange oscillations in Si donor states demonstrates that
assess the significance of this effect. this perceived advantage of Si comes with a price, where the
3. Coupled quantum dots exchange coup_ll_ng_between qubits may vary depen_dlng on
. . . the precise positioning of the P atoms within the Si unit cells.
Shallow donors in semiconductors may be viewed as thgye pelieve that, in spite of this problem, the QC scheme
simplest, naturally occurring quantum dot. Compared t0 th§yith donors in Si still has its appeal in terms of uniform
gated quantum dots, a relevant difference is the presence of @it - Obviously some characterization of the exchange
well def_med anq sharp pinning center at the substitution oupling in Si becomes necessary in view of the oscillatory
o e Dichange behavior We have discussed elsairow
the exchange coupling within a@mpty envelope function SOme precise local |nform_at|on abogt donor state exchange
description. It is clear that, for these materials, the pIaneS:OUplmg in Si can be obt:?uned by using the powerfgl tool Of
the micro-Raman scattering spectroscopy. In addition, vari-

wave parts of the Bloch functions may also have an impor- ; ; ) .
tant effect in the exchange coupling. ous band engineering procedut€spsing strain effects

The floating-phase HL approach should be applicable t@nd/or Si-Ge quantum dots, could be gtilized to redu.cel the
coupled quantum dots, leading to an expression equivalent @xchange oscillation effects, although its complete elimina-
Eq. (12). The absence of a sharp pinning center associatefon may not be easy.
with each quantum dot implies that, is not as sensitive to ~ From the perspective of current QC fabrication efforts,
the phase shifts in a floating-phase variational scheme as1 nm accuracy in single P atom positioning has been re-
obtained here for the donor case. It is possible that variationeently demonstratetirepresenting a major step towards the
in the two-center contributions? dominate energetically and goal of obtaining a regular donor array embedded in Si. As
determine the singlet and triplet ground state energies, whosxpected, electronic calculatiorf§ have confirmed that this
difference should give a reliable estimate for degree of control is entirely compatible with the operations

Of course the valley-orbit effects described B§(o in involving the so-called A-gates in the Kane qubit
Sec. Il, which are quantitatively well established for P donorsarchitecture. On the other hand, the present calculations
in Si, would have to be estimated for the quantum dot conhave confirmed that deviations in the relative positioning of
fining potential, including other perturbations which breakdonor pairs with respect to perfectly aligned substitutional
the translational symmetry of the host potential, such as theites along[100] lead to order-of-magnitude changes in the
presence of nearby interfaces and stfdiAs in the present exchange coupling. Severe limitations in controllihgyould
case,Hyo should lift the sixfold degeneracy of the isolated come from “hops” into different fcc sublattices, in particular
quantum dot ground state. An investigation of valley-orbitamong nearest-neighbor substitutional sites. Therefore, pre-
effects in Si quantum wells was performed recently bycisely controlling exchange gates in Si remains an open chal-
Boykin et al*° lenge.

A similar scheme may also be useful for spin cluster Note added in proofAn ab initio Green’s function calcu-
qubits” embedded in Si or Ge, where exchange gates armtion for a single shallow donor in Si was recently reported
also invoked for intercluster interactions. Demonstration thain Ref. 46, in which a perturbation region of 5 neighboring
the exchange oscillatory behavior is circumvented for spirshells(i.e., less than one effective Bohr radjwgas adopted.
clusters would further require the formalism to be generalit is clear from this reference that wavefunctions based on
ized to include multielectron stat®sn each cluster, as was the Kohn-Luttinger approach, such as those adopted here, are
explored in Ref. 43. the best currently accessible “compromise” betwakenitio
and effective-mass methods for the reported exchange calcu-

IV. CONCLUDING REMARKS lations: A completeab initio calculation including the long-

We have included and assessed full band structure effectange tail of the Coulomb potential is currently out of the

in the single donor wave functions and charge distributiongjuestion due to excessive computational demands.
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