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The classic Peierls theory of dislocations is critically examined and shown to contain a num
of inconsistencies. For narrow core dislocations, as in Si, the classic theory leads to g
overestimation of the barrier to dislocation motion. We present a new, semidiscrete theory w
corrects the inconsistencies of the classic theory, and gives results remarkably similar to a
atomistic calculations, both qualitatively and quantitatively. Our theory provides a link between accu
nanometer-scale quantum mechanical calculations of the dislocation core energetics to mes
continuum descriptions. [S0031-9007(97)03256-0]
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Extended defects, such as dislocations and grain bou
aries, are recognized as the principal agents of large-s
behavior of solids, like plasticity, fracture, and the brittl
ductile transition. The challenge for theory is to co
nect the experimentally observed macroscopic proper
of solids to the microscopic structure of extended d
fects. Continuum elasticity theory has been successf
employed for the description of dislocation properti
and dislocation interactions at distances large compa
to atomistic scales. At the other extreme, an atomis
description is required for the material specific, discre
atomic core structure of the dislocation, where continu
elasticity breaks down. Peierls first proposed a rema
able hybrid model [1] in which some of the details o
the discrete dislocation core are incorporated in an
sentially continuum framework. The analytic solution
this model, due to Peierls and Nabarro [2], gave the fi
meaningful estimate of the lattice resistance to dislocat
motion. While extremely useful as a conceptual fram
work, the Peierls-Nabarro (PN) model becomes incre
ingly inaccurate for dislocations with narrow cores, as
typically the case in covalently bonded solids [3,4]. T
origin of this inaccuracy remains controversial, with th
Peierls framework viewed either as having room for im
provements, or as being entirely inappropriate in the d
crete core limit.

The PN analytical solution is based on a sinusoid
approximation of the nonlinear stress term in terms
the displacement field (the continuous distribution
slip representing the dislocation). Christian and Vit
[5] suggested that the nonlinear stress relation could
obtained from an effective interplanar potential, called t
generalized stacking fault (GSF) energy, which can
calculated directly from interatomic force laws. The GS
energy provides a direct link between the PN continuu
model of a dislocation and details of interatomic forc
in the dislocation core, whereas previous work had be
based on misfit stress relations constructeda priori. The
PN model has now come to represent a combinat
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of the original continuum model and the GSF potentia
and its accuracy can be affected by either compone
At present, the GSF energies can be calculated v
accurately using anab initio, self-consistent quantum
mechanical framework [6], which brings to the fore th
problem of possible inaccuracies in the continuum mod

In this Letter we address this issue by considering
turn explicit and implicit assumptions present in the P
continuum theory. The limitations of the continuum the
ory that we address here are as follows: (i)Lattice dis-
creteness: The Peierls concept of a dislocation does n
incorporate the discrete nature of the crystalline lattic
To correct for this, the PN theory includes a discrete su
mation of the interface misfit energy over atomic row
when calculating energy and stress [7], which is not bas
on a variational solution. (ii)Strain energy: The elas-
tic strain energy of the dislocation calculated within th
PN model can be unrealistically high, especially for solid
with a narrow dislocation core. (iii)Constrained disloca-
tion core: The neglect of important degrees of freedom
which participate actively in the translation of the real dis
location over the Peierls barrier, is a severe limitation a
has the greatest detrimental impact on the description
narrow core dislocations.

We address these problems by developing a variatio
approach which incorporates the discrete nature of t
lattice in a consistent way. Our formulation results in
radically improved description of narrow core dislocation
whose behavior matches very closely the behavior
real, atomically discrete, dislocations. In combinatio
with the GSF potential, the new theory permits a realis
treatment of dislocations from first principles, providin
an alternative to very large simulations using effectiv
interatomic potentials.

We begin by developing the energy function appropr
ate for the description of the Peierls dislocation. Co
sider a misfit distributiondsxd in the displacement field
across the slip plane in a linear elastic continuum wiR

fddsxdydxgdx ­ b, whereb is the Burgers vector. The
© 1997 The American Physical Society 4221
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dislocation energy functional is given by (the coordina
system is defined in Fig. 1)

Udislfdsxdg ­ 2 K
ZZ

rsxdrsx 0d ln jx 2 x0j dx dx0

1
Z

gfdsxdg dx , (1)

wherersxd ­ ddsxdydx and K is a certain combination
of elastic constants [8]. The first term is the elastic ener
which depends ondsxd throughrsxd. The second term
is the energy cost for the shear displacement jump (t
misfit) across the slip interface, withgsxd assumed to
depend only ondsxd, but not onx itself. A variational
derivative of the energy functional with respect torsxd
gives the PN integrodifferential equation, which can b
solved analytically assuming a sinusoidal nonlinear stre
term [9]: dgfdsxdgyddsxd ­ spgusybd sins2pdybd, with
gus the amplitude of the misfit energy variation (calle
the unstable stacking energy by Rice [10]). The analytic
solution is

dsxd ­
b
p

tan21

µ
x
j

∂
, (2)

where2j ­ 2Kb2ypgus is the half width of the resulting
distributionrsxd ­ bjypsj2 1 x2d. The optimal shape
of the slip distributiondsxd in the core results from the
competition of the two energy terms in (1). Whengus

is high, or the elastic moduli are low, the misfit energ
dominates and the dislocation becomes narrow in order
minimize the misfit energy [second term in (1)]. In th
opposite limit of lowgus or high moduli, the dislocation
tends to spread out in order to minimize the domina
elastic energy [first term in (1)].

In this formulation, the total energy (1) is invarian
with respect to arbitrary translation of the misfit densit
rsxd ! rsx 1 ud and the dislocation is a continuous ob
ject. As a consequence, the only effect of the lattice is th
the misfit energy and the stress are periodic functions
the misfitd with the lattice repeat periodb. To regain the
lattice discreteness, PN constructed a different form of t
nonlinear potential where the misfit is not sampled contin
ously across the slip plane [as in Eq. (2)], but only at th
positions of the atomic rows immediately adjacent to th
slip plane,

Umisfitfhdijg ­
X̀

i­2`

gsssdsxidddd Dx , (3)

wheredi ­ dsxid, with xi the reference positions andDx
the average spacing of the atomic rows in the lattic
Substituting the continuum solution (2) into (3), it is foun
that the discrete sum varies periodically as a function
translationu. The amplitude of these periodic variations i
identified as the Peierls energy and its maximum derivati
with respect tou as the Peierls stress. In addition to sever
problems addressed earlier in the literature [7,11], th
procedure is inconsistent in that two substantially differe
4222
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expressions for the misfit energy, one continuum and o
discrete, were used for obtaining the solution (2) and f
calculating the lattice resistance. That is, (2)is not a
variational solution of a total energy functional in whic
the discrete form is used for the misfit energy term. Als
the shape of the solutiondsxd is assumednot to change
during the translation. In the following we show that thes
two inconsistencies are actually related, leading to gro
errors in the description of narrow core dislocations.

We choose to work directly with the total energy func
tional (1) in which the continuum misfit energy term i
replaced by the discrete form (3), providing a more acc
rate description of the atomic core. In the same spirit, w
intend to disregard any details of the displacements acr
the slip plane other than those related to the positions
the atomic rows, assuming that the displacement across
interface is fully specified bydi. Although the elastic en-
ergy term is still calculated according to the first term
(1), dsxd is now linearly interpolated between the nod
points xi so that the dislocation densityrsxd is constant
between the nodal points (Fig. 1). Such an explicit d
cretization of the elastic energy term in Eq. (1) leads
the following expression for the total energy as a functio
of nodal displacementsdi,

Udislfhdijg ­ K
X
ij

xijrirj 1 Dx
X

i

gsdid, (4)

where xij ­
3
2 fi,i21fj,j21 1 ci21,j21 1 ci,j 1 ci,j21 1

cj,i21, with fi,j ­ xi 2 xj , ci,j ­
1
2 f

2
i,j ln jfi,jj, and

ri ­ sdi 2 di21dysxi 2 xi21d. Assuming a periodic
misfit potential and regularly spaced atomic rows, min
mization of (4) with respect todi leads to a dislocation
with a definite position in the lattice, identified by th
position of the center-of-mass of the slip distribution,

x̄0 ­
Z

x0 r0sx0d
b

dx0 , (5)

FIG. 1. Two alternative representations of the Peierls dis
cation in Cartesian coordinates: the smooth dashed line is
classic PN model and the histogram is the present semidisc
approach. Notice that axis 2 represents both the normal to g
plane and the magnitude of the dislocation densityrsxd.
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wherer0sxd is the dislocation density for which (4) reache
its minimum. Because this optimal position is stab
with respect to small perturbations ofr0sxd, the lattice
resistance to the dislocation displacement is a natu
consequence of the dislocation’s resistance to move fr
its energetically optimal position. The minimum of th
total energy function is infinitely degenerate, each optim
solution r0sxd corresponding to a dislocation positio
between neighboring atomic rows, in the so-called Peie
valleys.

We use Eqs. (4) and (5) to calculate the Peierls bar
by displacing the dislocation position from the minimu
x̄0 to a new positionx0 and optimizing the distribution
di anew, with the additional constraint that the center-
mass position (5) is now fixed atx0. The Peierls barrier is
identified as the maximum among the constrained mini
in the intervalx̄0 , x0 , x̄0 1 a0, wherea0 is the distance
between atomic rows in the lattice. The overall effect
letting the dislocation change its shape during translat
is that the resulting barrier can be significantly lower th
the rigid translation barrier calculated earlier by PN, a
the corresponding rates of thermally activated dislocat
motion can be significantly higher than in the class
model.

Another characteristic of dislocation mobility is th
Peierls stress, defined as the minimum stress require
drive the dislocation from one Peierls valley to the ne
without thermal activation. In order to calculate the Peie
stress we add a term describing the interaction of
applied stresst with the nodal displacementsdi in the total
energy expression,

Uintfdsxd, tg ­ 2t
Z

x0rsx0d dx0

­ 2t
X

i

x2
i 2 x2

i21

2
ri . (6)

The dislocation response to applied stress is obtained
optimization ofri at a given value oft. An instability
is reached when an optimal solution forri no longer
exists, which is manifested numerically by the failure
the minimization procedure to converge. The value of
stress corresponding to the instability is the Peierls str
This definition is more rigorous than the convention
one which associates the Peierls stress with the maxim
slope of dislocation energy obtained by rigid translatio
We show below that the present method of calculat
the Peierls stress gives results close to exact atom
calculations, while the conventional approach can lead
unphysical results.

The final modification we have introduced concer
the degrees of freedom available for relaxation as
dislocation moves through the lattice. The preced
discussion involved only one component of the interplan
misfit, i.e., all di were assumed to be along the Burge
vector. Atomistic simulations suggest that lateral a
even vertical displacement of atomic rows across
slip plane are important degrees of freedom duri
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dislocation translation, which make it possible to avo
close encounters of sliding atoms. For example, in Si t
coupling of in-plane and vertical displacements is mu
greater for the closely spaced atomic planes [12].
order to account for such effects we generalize the to
energy function and the stress interaction term in a man
analogous to that of Eq. (4),

Udislfh $dijg ­
X
i,j

xijfKesrs1d
i r

s1d
j 1 r

s2d
i r

s2d
j d 1 Ksr

s3d
i r

s3d
j g

1
X

i

Dxg3s $did 2
X
i,l

x2
i 2 x2

i21

2
srsld

i tsldd.

(7)

Here r
s1d
i , r

s2d
i , and r

s3d
i are the edge, vertical, and

screw components of the general interplanar displacem
density, ts1d ­ s21, ts2d ­ s22, and ts3d ­ s23 are the
corresponding stress components interacting withr

s1d
i ,

r
s2d
i , andr

s3d
i , respectively, andKe and Ks are the edge

and screw factors [8].
Equation (7) makes use of the fact that there are

elastic cross-interactions between the three displacem
components. At the same time, the nonlinear mis
potential is now a function of all three componen
of the nodal displacements,g3s $did. Previous attempts
at including shear-tension coupling include potentia
constructeda priori [13,14], or calculated atomistically
for an fcc f100g plane using an interatomic force law
[15]. We complete the formulation of the new approac
by calculating, for the first time from first principles
(DFTyLDA), the shear-tension potential for ah111j glide
plane in Si. The details of the latter calculation are
in Ref. [12]. In addition, in order to examine critically
the accuracy of the new semidiscrete theory, we calcul
the same misfit potential using the empirical model
Stillinger and Weber (SW), for which exact atomisti
calculations of the Peierls resistance are possible. In
following we establish the applicability of the new theor
to narrow core dislocations, by comparing its predictio
to exact atomistic results using the SW interatom
potential. Then, the DFTyLDA misfit potential is used
for more accurate predictions of dislocation properties
the h111j glide plane is Si.

The 3D misfit potentialg3s $dd is obtained by sampling
90 different combinations of displacementsds1d, ds2d, ds3d,
and fitting the results by properly symmetrized basis fun
tions. We use Eq. (7) together with the misfit potenti
g3s $dd to calculate the lattice resistance to motion of disl
cations in theh111j glide plane of Si. To examine the rel
ative importance of the various new elements of the theo
introduced here, we will consider a sequence of models
which the new elements are included in turn. The resu
of each model, all based on the SW misfit potential, a
compared to the results of direct atomistic calculatio
using the same empirical model. Here we concentr
on one particular example, theay2 , 110 . h111j glide
screw dislocation in Si, for which the classic PN theo
4223



VOLUME 78, NUMBER 22 P H Y S I C A L R E V I E W L E T T E R S 2 JUNE 1997

n

i

i

t

t
h

m

l
s
e
f

e

g

t

u
s

d
at

ri-
p-
sic
e

ile
m-
r
ro-

cale
er-
u-
e-
lex
ter-

e-
ed
l-
ls
. S.
ir

A

TABLE I. Peierls stress of glide screw dislocation in Si whe
the various improvements to the classic PN model are includ
in turn, denoted by models A–E; the result of the atomist
calculation is 0.021 eVyÅ 3.

Feature/model A B C D E

Displacement
along $b
Relaxation of
dislocation shape

Discrete sampling
of misfit energy

Lateral in-plane
displacements

Vertical
displacements

Peierls stress 10.3 1.07 0.320 0.230 0.078
(in eVyÅ 3) (9.0) (0.95) (0.196) (0.205) (0.065)

gives a particularly poor description, with an unrealist
cally high value of9.0 eVyÅ3 for the Peierls stress [3].
For comparison, the value we obtained by direct atom
istic calculations is0.021 eVyÅ3, almost 3 orders of mag-
nitude lower. Comparison of the models that includ
successive elements of the new theory are presented
Table I. Also shown in this table are the correspondin
values (in parentheses) obtained from the theory using
DFTyLDA values for the misfit potentialg3s $dd.

The classic PN theory (model A), with all new elemen
of the theory excluded reproduces the high value of t
Peierls stress10.3 eVyÅ3 (close to9.0 eVyÅ3 cited above
[16]). When all new elements of the new theory are in
cluded (model E), the value of the Peierls stress becom
0.078 eVyÅ3, within a factor of 4 of the atomistic result.
A similar reduction in the Peierls stress is observed fro
the DFTyLDA calculations. This is an impressive im-
provement over the classic model. In another examp
the Peierls stress for the practically important partial di
locations is in even closer agreement with atomistic r
sults: 0.138 eVyÅ3 compared to the atomistic result o
0.108 eVyÅ3, for the 90± partial dislocation.

Equally important is the fact that the present mod
reproduces the atomistic structure of the dislocation ve
well. With the definition of the dislocation position given
in Eq. (5), the lowest energy position̄x0 of the dislocation
falls midway between two widely spaced neighborin
atomic rows, i.e., in the middle of the Peierls valley
When stress is applied, the optimal position shifts un
the dislocation becomes unstable and breaks into two 3±

partial dislocations at the critical stress of0.078 eVyÅ3.
The partial dislocations move away from each other b
then stop at a short distance since the applied stres
4224
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below the Peierls stress of the 30± partial dislocations
(0.228 eVyÅ3). Precisely the same behavior is obtaine
by atomistic calculations, the only difference being th
the dissociation stress is lower.

In summary, we have developed a semidiscrete va
ational theory of the Peierls dislocation. The new a
proach overcomes several key deficiencies of the clas
PN theory and extends the range of applicability of th
continuum approach to narrow core dislocations. Wh
our model does not reproduce exactly the results of ato
istic calculations, it is a very significant improvement ove
the classic PN model. The approach presented here p
vides the necessary connection between the large-s
dislocation processes and the details of interatomic int
action in the dislocation core. Although an analytic sol
tion is no longer feasible, the model is numerically exp
dient and can be extended to deal with various comp
dislocation processes, such as cross slip, dislocation in
sections, and nonplanar cores.
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