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We analyze the cosmological perturbations valid in a broad class of generalized gravity theories in a u
manner. A complete set of perturbation equations is derived in gauge-ready forms. We present general a
totic solutions for several different choices of the gauge conditions in unified forms. As in the cas
Einstein’s gravity, the uniform-curvature gauge is particularly simple for treating the scalar-type perturba
in generalized gravity theories involving the scalar field and the scalar curvature. Remarkably, considerin
growing mode in the uniform-curvature gauge, the same solutions derived in Einstein’s gravity remain va
a broad class of generalized gravity theories.@S0556-2821~96!06012-2#
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I. INTRODUCTION

Recently, there has arisen interest in generalized gra
theories modified by adding the scalar field and the sca
curvature couplings in the Lagrangian. Quantum correcti
in curved spacetime cause the gravitational field equation
be modified by adding higher order curvature self-coupli
terms, nonminimal coupling between the scalar field and
scalar curvature, etc.@1#. In the low energy limits, the vari-
ous attempts to unify gravity with other fundamental forc
lead to some modified gravity theories involving the dilat
field; examples are superstring theories and theories im
menting the Kaluza-Klein idea@2,3#. There are also some
attempts to build phenomenologically favorable inflationa
models using the modified gravitational field equations. E
amples are the scalar curvature coupling, the induced g
ity, the nonminimally coupled scalar field, and the scal
tensor theory, etc.@4#.

In the paradigm of modern cosmology, the large sc
structure observed in the universe is often explained a
consequence of gravitational instability of the material co
tents and the spacetime. In order to explain the large s
universe with structures, conventionally, spatially homog
neous and isotropic, but temporally evolving spacetime
taken as the background where small amplitude inhomo
neities of the energy-momentum contents and the space
are embedded. We call the cosmological models assum
spatial homogeneity and isotropy the Friedmann-Lemaiˆtre-
Robertson-Walker~FLRW! model. Currently, it is widely
accepted that the evolution of inhomogeneities in the ea
stage and in the large scale can be studied by treating
inhomogeneity as the linear field embedded in the FLR
background. An efficient way of deriving the perturbatio
equations in the generalized gravity theories was introdu
in @5#. One can reinterpret the additional parts arising in
generalized gravity as contributions to the energ
momentum part of the Einstein equation. Using the covari
decomposition of the energy-momentum tensor the effec
fluid quantities can be derived easily.

In the analysis of the perturbation in the relativistic co
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mological context we need to deal with the gauge degrees
freedom properly. In order to use the gauge freedom as a
advantage, it is desirable to write the equations withou
choosing any gauge,a priori. We call it a gauge ready
method. We choose the gauge depending on the consequ
mathematical simplification in treating the problem. The
gauge ready method allows the simple derivation of othe
solutions in all gauges from a known solution in a certain
gauge. The variables under a gauge condition which remov
the gauge mode completely can be equivalently considere
as the gauge-invariant ones. There are several such gau
conditions. In the gauge ready form, the adoption of th
equations into a favorite gauge or into some gauge-invaria
formulation becomes trivial. Except for the synchronous
gauge all the other gauge-fixing conditions fix the gaug
mode completely and thus have their own correspondin
gauge-invariant formulation.

In our study of the minimally coupled scalar field pertur-
bations in various gauge choices, we found that a particul
gauge allows the simplest analysis@6#. There are several re-
markable simplifying features available in the uniform-
curvature gauge condition@7,8#. Since the uniform-curvature
gauge completely fixes the temporal gauge transformatio
property, the variables in this gauge can be considered as t
gauge-invariant ones.

In the present work we will investigate the cosmologica
perturbations in a class of generalized Einstein’s gravity
One remarkable feature is that we can treat the cosmologic
perturbations in the class of generalized gravity theories i
unified manner. The equations and the general asympto
solutions for the scalar-type mode and the gravitational wav
will be derived in unified forms. The previous work on this
subject with a comparable rigor as the present work can b
found in @5,9–15#. All of these previous works~except for
@12,13#! are based on choosing the zero-shear gauge con
tion which also fixes the temporal gauge mode completely
However, the analyses and the results in the uniform
curvature gauge are much simpler than the ones in the zer
shear gauge. Particularly, in the uniform-curvature gaug
neglecting the transient mode, the simple forms of the larg
1460 © 1996 The American Physical Society
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scale solution known for a minimally coupled scalar field
the Einstein’s gravity, remain valid in our generalized gra
ity theories. We will present the complete large scale so
tions for all variables in several different gauge condition

In Sec. II we introduce our generalizedf (f,R) gravity
which includes the variety of known generalized Einstein
gravity as cases. In Sec. III we derive the background and
perturbed effective fluid quantities. The effective fluid qua
tities can be easily derived using the covariant decomp
tion of the energy momentum tensor. Some quantities
need in the derivation are presented in the Appendixes
Sec. IV we present the complete sets of the background
the perturbation equations valid in the generalizedf (f,R)
gravity. The equations are presented in a gauge ready fo
We summarize the gauge issue for a convenient referenc
later sections. In Sec. V we analyze the scalar-type eq
tions. We derive the equation for the scalar field in t
uniform-curvature gauge. The equation has the simple
generalized form compared with the one of minima
coupled scalar field. We also derive the general asympt
solutions in unified forms. In Sec. VI we present the co
plete large scale asymptotic solutions in several fundame
gauge choices. The solutions in the other gauges are
presented in unified forms. In Sec. VI A we derive a relati
between the decaying mode in the uniform-curvature ga
and the one in the zero-shear gauge; the former is hig
order in the large scale expansion. In Sec. VII similar ana
ses are made for the evolution of the gravitational wa
Section VIII is a brief discussion.

We setc[1[8pG.

II. GENERALIZED f „f,R… GRAVITY

We call the gravity theory represented by the followin
Lagrangian the generalizedf (f,R) gravity:

L5
1

2
f ~f,R!2

1

2
v~f!f ;af ,a2V~f!, ~1!

wheref andR are the scalar field and the scalar curvatu
respectively. Notice thatf is a general function off and
R, andv andV are general functions off.

From a variation off we get the equation of motion fo
f:

f ;a
a1

1

2v
~v ,ff ;af ,a1 f ,f22V,f!50. ~2!

From a variation of the metricgab we get the gravitational
field equation

Gab5Tab[
1

F FvS f ,af ,b2
1

2
gabf

;cf ,cD2gab
RF2 f12V

2

1F ,a;b2gabF
;c
cG , ~3!

whereF is defined asF[] f /]R. In Eq. ~3! we locate all
additional contributions to the Einstein tensorGab , at the
right-hand side of the equation. We reinterpret the right-ha
side of Eq.~3! as the effective energy momentum tensor.
Sec. III we will show that such a reinterpretation of the ge
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eralized gravity theories as the contribution to the effective
energy momentum tensor allows much algebraic simplifica-
tion for deriving the fundamental set of perturbation equa-
tions in generalized gravity theories; the method was intro-
duced in@5#.

The generalizedf (f,R) gravity theory in Eq.~1! includes
the following gravity theories as cases

~a! f (R) gravity:

f5 f ~R!, f50, V50, L5
1

2
f ~R!. ~4!

R2 gravity is the case with

f ~R!5R2
R2

6M2 , L5
1

2 SR2
R2

6M2D . ~5!

~b! Generalized scalar-tensor theories:

f52fR, v→2
v~f!

f
, L5fR2v~f!

f ;af ,a

f
2V.

~6!

Brans-Dicke theory is the case with

V50, v5const, L5fR2v
f ;af ,a

f
. ~7!

In the higher dimensional unification the Kaluza-Klein dila-
ton plays the role of the Brans-Dicke scalar field with a dif-
ference in the sign ofv @3#.

~c! F(f)R gravity:

f5F~f!R, L5
1

2
F~f!R2

1

2
v~f!f ;af ,a2V~f!.

~8!

In the low energy limit of the superstring theory, after a
dimensional reduction, we have the coupling with a dilaton
field f as @16#

F5e2f, v5e2f, V50, L5
1

2
e2f~R2f ;af ,a!.

~9!

~d! Generally coupled scalar field:

f5~g2jf2!R, v51,

L5
1

2
~g2jf2!R2

1

2
f ;af ,a2V, ~10!

wherej is a constant. The nonminimally coupled scalar field
is a case withg51:

L5
1

2
~12jf2!R2

1

2
f ;af ,a2V. ~11!

The conformal coupling is a case withj5 1
6 . The minimally

coupled scalar field is a case withj50:

L5
1

2
R2

1

2
f ;af ,a2V. ~12!
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The induced gravity is a case of Eq.~10! with g50:

e[2j.0, L5
1

2
ef2R2

1

2
f ;af ,a2V, ~13!

and with a special potential. For example, the Ginzbur
Landau potential is

V5
l

8
~f22f0

2!2. ~14!

III. EFFECTIVE FLUID QUANTITIES

We interpret the generalized Einstein’s gravity as the E
stein’s gravity with the effective energy momentum tens
which is defined in Eq.~3!. This reinterpretation provides an
algebraically efficient way of deriving the background an
perturbed equations. Mathematically, the same perturb
equations derived in the Einstein’s gravity remain valid ev
in this generalized gravity with the fluid quantities inter
preted as the effective ones. Using the covariant decomp
tion of the energy momentum tensor we can derive the
fective fluid quantities easily.

A. Covariant expressions

We introduce a normalized four vector fieldua
(uaua[21). Theua vector can be either a fluid flow four
vector or a fiducious frame four vector. Typically, one ofte
chooses either the energy frame four vector where the ene
flux vanishes (qa50), or the normal frame four vector
whereua5na with na50. In the second choice the rotatio
vector of the normal frame vector vanishes. In our perturb
tion equation we will use a frame-invariant perturbatio
quantity (C below!. The kinematic quantities of the four
vectorua are

u[ua;a , sab[h(a
c hb)

d uc;d2
1

3
uhab ,

vab[h[a
c hb]

d uc;d , aa[u̇a[ua;bu
b, ~15!

where u, sab , vab , and aa are the expansion scalar, th
shear tensor, the vorticity tensor, and the acceleration vec
respectively.hab[gab1uaub is a projection tensor. In this
subsection and Appendix A, an overdot indicates a prop
time derivative followingua . We have

ua;b5vab1sab1
1

3
uhab2aaub . ~16!

For the covariant formulation of the Einstein’s gravity, se
@17# and the Appendix of@18#.

The symmetric energy momentum tensor,Tab , can be
uniquely decomposed into fluid quantities as

Tab5muaub1phab1qaub1qbua1pab , ~17!

wherem, p, qa , andpab are the energy density, pressure
energy flux, and anisotropic pressure, respectively; we ha
qau

a50, pab5pba , andpabu
b50. Thus
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m5Tabu
aub, p5

1

3
Tabh

ab, qa52Tbcu
cha

b ,

pab5Tcdha
chb

d2phab . ~18!

For the energy momentum tensor in Eq.~3!, we can de-
rive the fluid quantities using Eq.~18!; see Appendix A.
From Eqs.~A1!–~A4! to the linear order we have

m5
1

F S v

2
ḟ21

RF2 f12V

2
2uḞ1Fa

;aD , ~19!

p5
1

F S v

2
ḟ22

RF2 f12V

2
1F̈1

2

3
uḞ2

2

3
Fa

;aD ,
~20!

qa5
1

F
~2vḟfa2Ḟa1Ḟaa!, ~21!

pab5
1

F S F ~a;b!2
1

3
Fc

;chab2ḞsabD , ~22!

where we introduced

Fa[ha
bF ,b , fa[ha

bf ,b , ḟ[f ,au
a. ~23!

Equation~2! leads to@see Eq.~A6!#

f̈1uḟ2fa
;a1

1

2v
~v ,fḟ22 f ,f12V,f!50. ~24!

The trace of Eq.~3! becomes@see Eq.~A7!#

F̈1uḞ2Fc
;c1

1

3
~vḟ22RF12 f24V!50, ~25!

R52T5m23p. ~26!

The exact covariant expressions of Eqs.~19!–~25! are pre-
sented in Appendix A; see also Eqs.~22! and ~23! of @5#.

B. Perturbative expressions

The general perturbations in the metric and the fluid quan
tities can be classified into three different types. These ar
the scalar, the vector, and the tensor types which correspo
to the density condensation, the rotation, and the gravita
tional wave, respectively. In the FLRW background, these
three types of perturbations decouple from each other an
evolve independently. In our generalized gravity theories in
volving the scalar field and the scalar curvature, the non
Einsteinian nature does not directly affect the evolution o
the rotation; see §3.2.2 of@5#. We ignore the vector-type
perturbations in the following; see §5.1 of@14#. Ignoring the
rotation mode, the most general perturbations of the FLRW
metric can be written as

ds252~112a!dt22ab ,adtdx
a

1a2@gab
~3!~112w!12g uab12HTYab

~ t ! #dxadxb,

~27!
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wheregab
(3) is a comoving part of the background three-spa

metric and a vertical bar indicates a covariant derivat
based ongab

(3) . Yab
(t) (x) is a symmetric, trace-free, and tran

verse harmonic function withYab
(t)ug

g52k2Yab
(t) . b(x,t) and

g(x,t) are affected by the spatial coordinate transformat
in the FLRW spacetime. Since the FLRW spacetime is s
tially homogeneous and isotropic we can easily avoid us
these spatially gauge-dependent variables; see@19#. A com-
bination x(x,t)[a(b1aġ) is such a variable that is spa
tially gauge invariant. Now, the variablesa(x,t), w(x,t),
andx(x,t) are spatially gauge invariant, but are tempora
gauge dependent.HT is gauge invariant. Further discussio
concerning the gauge issue will be given in Sec. IV C.

Introduce the perturbations in the fields as

f~x,t !→f~ t !1df~x,t !, F~x,t !→F~ t !1dF~x,t !.
~28!

The fluid quantities are decomposed as

m→m1«, p→p1p, qa[c ,a,

pab[s uab2
1

3
gab

~3!s ug
g1a2s~ t !Yab

~ t ! . ~29!

Some useful quantities we need for deriving the fluid qua
tities are presented in Appendix B.

To background order the fluid quantities in Eqs.~19!–~22!
become

m5
1

F S v

2
ḟ21

RF2 f12V

2
23HḞ D , ~30!

p5
1

F S v

2
ḟ22

RF2 f12V

2
1F̈12HḞ D , ~31!

qa5pab50. ~32!

To perturbed order we have

«5
1

F Fvḟdḟ1
1

2
~v ,fḟ22 f ,f12V,f!df23HdḞ

2S m13p

2
1
k2

a2D dF1~3HḞ2vḟ2!a1ḞkG , ~33!

p5
1

F Fvḟdḟ1
1

2
~v ,fḟ21 f ,f22V,f!df1dF̈12HdḞ

1S p2m

2
1
2

3

k2

a2D dF2Ḟȧ2~vḟ212F̈12HḞ !a

2
2

3
ḞkG , ~34!

C5
1

F
~2vḟdf2dḞ1HdF1Ḟa!, ~35!

s5
1

F
~dF2Ḟx!, ~36!
ce
ve
-

on
a-
ng

-

ly
n

n-

s~ t !52
Ḟ

F
ḢT , ~37!

where C[c2(a/k)(m1p)(v1kb) is a frame-invariant
flux ~or velocity! variable. The energy and the normal frames
takec50 andv1kb50, respectively; see around Eq.~8! of
@14#. Thev1kb term always appears together withc. The
rest of the fluid quantities and equations do not involve
v1kb. Thus, usingC, our equations are frame invariant.

For the scalar curvature we have

R56S 2H21Ḣ1
K

a2
2
2L

3 D5m23p, ~38!

dR52F2k̇24Hk1S k2a2 23Ḣ Da12
k223K

a2
w G5«23p,

~39!

where in the second steps we used Eq.~26!; these relations
also follow from Eqs.~40!, ~41!, ~44!, and~47!.

IV. EQUATIONS IN THE GAUGE READY FORM

In the previous section we derived the background and th
perturbed effective fluid quantities using the covariant de
composition of the effective energy momentum tensor. Th
background and the perturbed equations of the FLRW spac
time in the context of the Einstein’s gravity are well known.
A complete set of equations expressed in the gauge rea
form was derived in@14#. Actually, in @14# we can also find
the complete equations for the generalizedf (f,R) gravity.
In this section we will present the equations in the genera
ized f (f,R) gravity in more convenient forms.

A. Basic equations in the Einstein’s gravity

The background equations are derived in Eq.~21! of @14#:

H25
m

3
2

K

a2
1

L

3
, ~40!

Ḣ52
m1p

2
1

K

a2
, ~41!

ṁ523H~m1p!. ~42!

Equation~42! can be derived from Eqs.~40! and ~41!.
The perturbed set of equations is derived in Eqs.~22!–

~28! of @14#:

ẇ5Ha2
1

3
k1

1

3

k2

a2
x, ~43!

2
k223K

a2
w1Hk52

1

2
«, ~44!

k2
k223K

a2
x52

3

2
C, ~45!

ẋ1Hx2a2w5s, ~46!
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k̇12Hk5S k2a2 23Ḣ Da1
1

2
~«13p!, ~47!

«̇13H~«1p!5~m1p!~k23Ha!1
k2

a2
C, ~48!

Ċ13HC52~m1p!a2p1
2

3

k223K

a2
s. ~49!

Equation~43! can be considered as a definition fork; see Eq.
~B4!. The equation for the gravitational wave is derived in
Eq. ~101! of @14#:

ḦT13HḢT1
k212K

a2
HT5s~ t !. ~50!

Equations in this section are valid for generalK andL.
The gauge ready form equations describing the scala

type perturbations in Eqs.~43!–~49! have been applied for
studying the ideal fluid case in@20#, and the minimally
coupled scalar field case in@6#.

B. Equations in the generalizedf „f,R… gravity

The fundamental set of equations describing the bac
ground and perturbations in the generalized gravity can
derived by replacing the fluid quantities in the Einstein grav
ity with the effective fluid quantities. Thus, we can usethe
sameequations derived in the Einstein’s gravity theory in
Sec. IV A. In the case of the generalizedf (f,R) gravity, the
effective fluid quantities for the background~m, p, qa , and
pab! and the perturbations~«, p, C, ands! are derived in
Eqs. ~30!–~32! and Eqs.~33!–~36!, respectively. In the fol-
lowing we considerK505L; presenting the equations in-
cluding generalK andL is trivial.

The background equations follow from Eqs.~40!–~42!
and Eqs.~30!–~32! as

H25
1

3F S v

2
ḟ21

RF2 f12V

2
23HḞ D , ~51!
r-

k-
be
-

Ḣ52
1

2F
~vḟ21F̈2HḞ !, ~52!

f̈13Hḟ1
1

2v
~v ,fḟ22 f ,f12V,f!50. ~53!

Equation~53! is consistent with Eq.~24!.
A perturbed set of equations follows from Eqs.~43!–~49!

using the effective fluid quantities in Eqs.~33!–~36! as

ẇ5Ha2
1

3
k1

1

3

k2

a2
x, ~54!

2
k2

a2
w1SH1

Ḟ

2F D k1
1

2F
~3HḞ2vḟ2!a

52
1

2F Fvḟdḟ1
1

2
~v ,fḟ22 f ,f12V,f!df23HdḞ

2S m13p

2
1
k2

a2D dFG , ~55!

k2
k2

a2
x1

3

2

Ḟ

F
a5

3

2F
~vḟdf1dḞ2HdF !, ~56!

ẋ1SH1
Ḟ

F D x2a2w5
dF

F
, ~57!

k̇1S 2H1
Ḟ

2F D k1
3

2

Ḟ

F
ȧ1F 12F~3F̈16HḞ1vḟ2!2

k2

a Ga
5

1

2FF4vḟdḟ1~2v ,fḟ21 f ,f22V,f!df13dF̈

13HdḞ1S 22m1
k2

a2D dFG , ~58!
df̈1S 3H1
v ,f

v
ḟ D dḟ1F k2a2 1S v ,f

v D
,f

ḟ2

2
1S 2 f ,f12V,f

2v D
,f

Gdf5ḟȧ1S 2f̈13Hḟ1
v ,f

v
ḟ2Da1ḟk1

1

2v
F ,fdR,

~59!

dF̈13HdḞ1S k2a2 2
R

3 D dF1
2

3
vḟdḟ1

1

3
~v ,fḟ212 f ,f24V,f!df5Ḟȧ1S 2F̈13HḞ1

2

3
vḟ2Da1Ḟk2

1

3
FdR,

~60!

dR52F2k̇24Hk1S k2a2 23Ḣ Da12
k2

a2
w G . ~61!
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Equation ~59! is derived from Eq.~24!. Equation ~60! is
derived from Eq.~25!; it also follows from Eq.~61!. Some
useful quantities we need to derive Eqs.~59! and ~60! are
presented in Appendix B. Equation~49! is identically satis-
fied due to Eq.~56!. Equation~61! is derived from Eq.~39!.

C. Gauge advantage

Einstein’s equation is a constrained system. For exam
Eqs. ~44! and ~45! follow from the energy and the momen
tum constraint equations, respectively~see §2.3.1 of@14#!;
these correspond to (0,0) and (0,a) components of the Ein
stein’s equation and do not involve any time derivative of
metric or the fluid variables. In the constraint equations c
tain variables are algebraically related to each other. I
related sense, because of the invariance of the physics u
the coordinate transformation, some of the metric and fl
variables contain the fictitious information induced by suc
coordinate transformation effect. In the perturbation analy
we regard the perturbed system as the physical world
order to describe the perturbed system we need to introd
the background system upon which we apply the pertur
tions. Meanwhile, the background system can be regarde
a fictitious one. Since the background system is fictitious,
relation between the background system and the pertu
system could be arbitrary depending on the coordinate tr
formation. That is, some of the perturbed order variables
affected by the coordinate transformation which changes
relation between the background and the perturbed syst
we call such a coordinate transformation the gauge trans
mation. In order to fix the relation between these two s
tems we can impose some conditions on the perturbed o
variables, and thus fix~remove! the unphysical degree o
freedoms~often called the gauge mode! arising from the co-
ordinate transformation. The conditions we impose in or
to remove the gauge mode are often called the gauge co
tions. The choices we have for imposing different gauge c
ditions are often called the gauge freedom. One can
make some combinations of the perturbed order variable
that the gauge-dependent parts cancel out, and thus ar
affected by the gauge transformation. We call such variab
the gauge-invariant ones.

In the cosmological context, since we are considering
spatially homogeneous and isotropic background, the ga
mode arising from the spatial coordinate transformation
be trivially managed;x is such a combination of the metri
variables which does not depend on the spatial gauge tr
formation @19#. However, since the background evolves
time, the freedom we have in imposing the temporal ga
condition can be used as the advantage we have in mana
the system. By imposing the gauge condition we lose no
ing. The physics is gauge invariant. Furthermore, from
known solution in a given gauge we can derive the rest of
solutions including the ones in the other gauge condition;
the solutions are linearly related. Below, we will summar
the gauge transformation properties of the perturbed o
variables. We will find several gauge conditions, and e
fixes the temporal gauge transformation property complet
thus removing the gauge mode completely. The pertur
variables under such a gauge condition uniquely corresp
to a set of corresponding the gauge-invariant combinatio
variables. Thus, we can regard the variables in such ga
ple,
-
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as equivalently gauge-invariant ones. Thus, practically, it is
convenient to start with the perturbed equations without fix-
ing the temporal gauge mode. This method was proposed i
@19,14# and we will call it a gauge ready method.

In the following we summarize the gauge transformation
properties of the perturbed order variables; see §2.2 of@14#.
Under the infinitesimal change of coordinatex̃a5xa1ja we
have (T[aj0,05h)

ã5a2Ṫ, w̃5w2HT, x̃5x2T,

k̃5k1S 3Ḣ2
k2

a2DT, «̃5«2ṁT, p̃5p2 ṗT,

C̃5C1~m1p!T, s̃5s,

df̃5df2ḟT, dF̃5dF2ḞT. ~62!

From Eqs.~62! we notice that each of the following gauge
conditions fixes the temporal gauge mode completely, i.e.
T50: w[0 ~uniform-curvature gauge!, x[0 ~zero-shear
gauge!, k[0 ~uniform-expansion gauge!, «[0 ~uniform-
density gauge!, p[0 ~uniform-pressure gauge!, C[0 ~co-
moving gauge!, anddf[0 or dF[0 ~uniform-field gauge!.
In addition, we have one gauge which does not fix the gauge
mode completely:a[0 ~synchronous gauge! leads to
T5constant in time. Notice that in the generalized gravity
theories the comoving gauge generally differs from the
uniform-field gauge; see Eq.~35!.

From Eqs.~62! we can show that the following combina-
tions of variables are gauge invariant~an exception is the
case for a combination with a subindexa which corresponds
to the synchronous gauge variable; indfa the lower bound
of the integration gives the remaining gauge mode in the
synchronous gauge!:

dfw[df2
ḟ

H
w, dfk[df1

ḟ

3Ḣ2k2/a2
k,

df«[df2
ḟ

ṁ
«, dfa[df2ḟE t

adt. ~63!

In this way, using the gauge transformation properties in Eq.
~62! we can systematically generate the gauge-invarian
combinations.

V. ANALYSES IN THE UNIFORM-CURVATURE GAUGE

In the uniform-curvature gauge we choosew[0 as the
gauge condition. In order to derive the closed form equation
for df ~or dF) we use the following gauge-invariant com-
bination which provides the relations between the perturbed
potential~curvature! variable in the uniform-field gauge and
the perturbed field variable in the uniform-curvature gauge:

dfw[df2
ḟ

H
w[2

ḟ

H
wdf , dFw[dF2

Ḟ

H
w[2

Ḟ

H
wdF .

~64!

We note that in generalized gravity theories the comoving
gauge condition (C[0) generally differs from the uniform-
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field gauge (df[0 or dF[0); see Eq.~35!. For the gauge
transformation properties, see §2.2 of@14#. Since dF and
df are related to each other in the specific generalized gra
ity theories we are considering in~a!–~d!, we will consider
df as the representative one. The relation is

dF5
Ḟ

ḟ
df. ~65!

A shortcut way for deriving a closed form of the secon
order differential equation fordfw , is to derive the equation
v-

d

for wdf . The derivation of the equation forwdf is consider-
ably easier compared with the one fordfw . dfw becomes
df in the uniform-curvature gauge, andwdf becomesw in
the uniform-field gauge.

In the uniform-field gauge we setdf[0[dF. From Eqs.
~54! and~56! we expressa in terms ofw. From Eq.~55! we
can expressk in terms ofa andw. Thus, from Eq.~58! we
derive the closed form of the second order differential equ
tion for w. After some algebra we can derive
ẅdf1F 3H22
SH1

Ḟ

2F D •
H1

Ḟ

2F

1

S vḟ21
3

2

Ḟ2

F D •
vḟ21

3

2

Ḟ2

F

G ẇdf1
k2

a2
wdf50, ~66!

where we haveẇdf[(wdf)
•, etc.

Using Eq.~64!, the equation fordfw can be derived from Eq.~66! as

df̈w15 3H1

S 11
Ḟ

2HF D 2
v1

3Ḟ2

2ḟ2F

F v1
3Ḟ2

2ḟ2F

S 11
Ḟ

2HF D 2G
•

6 dḟw15 k2

a2
2

H

a3ḟ

S 11
Ḟ

2HF D 2
v1

3Ḟ2

2ḟ2F

F v1
3Ḟ2

2ḟ2F

S 11
Ḟ

2HF D 2a
3S ḟ

H D •G •6 dfw50.

~67!
on-
A. Asymptotic solutions

Equation~66! can be written in a compact form as

SH1
1

2

Ḟ

F D 2
a3S vḟ21

3

2

Ḟ2

F D F a3S vḟ21
3

2

Ḟ2

F D
SH1

1

2

Ḟ

F D 2 ẇdfG •

1
k2

a2
wdf50.

~68!

In the large scale limit, thus ignoring thek2/a2 term, we
have the integral form solution

dfw~x,t !52
ḟ

H
wdf~x,t !

5
ḟ

H F 2C~x!1D~x!E
0

t SH1
1

2

Ḟ

F D 2
a3S vḟ21

3

2

Ḟ2

F D dtG .
~69!

C(x) andD(x) are the coefficients for the growing and de
caying modes, respectively. Later we will show that the d
caying mode is higher order in the large scale expansi
compared with the solutions in the other gauges; see E
~109!.

Introducing parametersv andz as
-
e-
on
q.

v~k,t ![

Av1
3Ḟ2

2ḟ2F

11
Ḟ

2HF

adfw5z
H

ḟ
dfw52zwdf ,

z[

Av1
3Ḟ2

2ḟ2F

11
Ḟ

2HF

aḟ

H
5
a2ḟAE
~aAF !•

,

E[FS v1
3Ḟ2

2ḟ2F
D , ~70!

Eq. ~67! can be written as

v91S k22 z9

z D v50, ~71!

where a prime denotes the time derivative based on the c
formal timeh, dh5a21dt. In the large scale limit, which
meansz9/z@k2, we have

v~x,h!5zFcg~x!1cd~x!E
0

hdh

z2 G . ~72!
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If we identify cg52C and cd5D, Eq. ~72! becomes the
same as Eq.~69!. In the small scale limit withz9/z!k2 we
havev(k,h)5c1(k)e

ikh1c2(k)e
2 ikh. Thus, from Eq.~70!

we have

dfw~k,h!5
~aAF !•

a2HAE
@c1~k!eikh1c2~k!e2 ikh#. ~73!

The equation and the asymptotic solutions fordf in the
uniform-curvature gauge are simpler than the ones in th
other gauge choices. We emphasize that the equations a
e
nd

the asymptotic solutions derived above are valid for the
classes of generalized gravity theories~a!–~d!. Remarkably,
these are expressed in unified forms and are valid for gener
f (f,R), v(f), andV(f).

B. Specific generalized gravity cases

~a! f (R) gravity: In this case, using Eq.~65! we replace
df→(ḟ/Ḟ)dF and letf50. The same result can be ob-
tained by replacingdf→dF, ḟ→Ḟ, and letting v50.
Equation~67! becomes
dF̈w1H 3H2

FFS 11
Ḟ

2HF D 2G •
FS 11

Ḟ

2HF D 2 J dḞw1H k2

a2
2

H

a3Ḟ
FS 11

Ḟ

2HF D 2F a3~ Ḟ/H !•

FS 11
Ḟ

2HF D 2G
•J dFw50. ~74!
Equation~70! becomes

v5z
H

Ḟ
dFw , z5A3

2

a2Ḟ

~aAF !•
. ~75!

The constant multiplication factors inv and z can be ig-
nored.

~b! Generalized scalar-tensor theory: Using Eq.~6!, Eq.
~70! becomes

v5z
H

ḟ
dfw , z5A2

a2ḟ

~aAf!•
Av1

3

2
. ~76!

~c! F(f)R gravity: Using Eq.~8!, Eq. ~70! becomes

v5z
H

ḟ
dfw , z5

a2ḟAE
~aAF !•

. ~77!

~d! Generally coupled scalar field: This case can be c
sidered as a case ofF(f)R gravity with F5g2jf2 and
v50. Thus, Eq.~77! remains valid with

E5g2j~126j!f2. ~78!

For a nonminimally coupled scalar field we haveg51; in
the conformal coupling and the minimal coupling we ha
E51. The induced gravity is a case ofg50. Using
e[2j.0, Eq. ~77! becomes

v5z
H

ḟ
dfw , z5A116e

a2fḟ

~af!•
. ~79!

In @10,14# we presented the solutions in the zero-sh
gauge condition. In the zero-shear gauge case we have
rived the solutions separately for the individual grav
theory in ~a!–~d!. Using suitable variables the conseque
equations are presented in a similar form as Eq.~71!. We
on-

ve

ear
de-

ity
nt

note that the solutions for different gravity theories derived
in @10,14#, in fact, can be written in unified form as~see
§4.3.2 of@14#!

u91S k22 z̄ 9

z̄
D u50, ~80!

where

u[
F

ḟAv1
3Ḟ2

2ḟ2F

ŵx5
F3/2

ḟAE
ŵx , ŵx[wx2

dFx

2F
,

z̄[
H

aḟ

11
Ḟ

2HF

Av1
3Ḟ2

2ḟ2F

5
~aAF !•

a2ḟAE
. ~81!

ŵx can be interpreted aswx in a conformally transformed
frame which transforms the generalized gravity into Einstein
gravity form; see §4 of@5#. ŵx is not equal towdF; from Eq.

~62! we havewdF[w2(H/Ḟ)dF. Notice thatz̄ defined in
Eq. ~81! happens to be the inverse ofz introduced in Eq.
~70!.

C. Minimally coupled scalar field case

A minimally coupled scalar field case was thoroughly
studied in @7,6,21#. In this case, from Eq.~12! we have
F51 andv51. Equation~67! can be written as

df̈w13Hdḟw1F k2a2 1V,ff12
Ḣ

H S 3H2
Ḣ

H
12

f̈

ḟ
D Gdfw50.

~82!
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The equation fordf in other gauge conditions is generally
more complicated; for a thorough presentation, see@6#. The
aymptotic solutions in Eqs.~69! and ~73! reduce to

dfw~x,t !5
ḟ

H F2C~x!1D~x!E t H2

a3ḟ2dtG , ~83!

dfw~k,h!5
1

a
@c1~k!eikh1c2~k!e2 ikh#. ~84!

We note that the solutions in Eqs.~83! and~84! are valid for
a generalV(f).

In the power-law~and the exponential! expanding back-
ground which is supported by the background scalar field,
interesting cancellation occurs so that Eq.~82! reduces to
@7,8#

df̈w13Hdḟw1
k2

a2
dfw50. ~85!

The derivation for the cancellation can be found in Sec. II D
of @7#. Thus, the cancellation effectively makes the perturbe
metric contribution to disappear in the perturbed equation
motion; see Eq.~59!. We note that the cancellation occurs
when the background dynamics is governed by the bac
ground scalar field. We stress that the cancellation in t
power-law expansion stage occurs only in the uniform
curvature gauge; see@6#. Equation~85! is the same as the one
often studied in the context of the quantum field in curve
spacetime which is based on the fixed background metr
@1#. Thorough discussions concerning the similarity and th
difference between the quantum field in curved spacetim
and our perturbative approach are presented in@7,8,12,21#.

D. Situations with exact solutions

When we havez9/z5n/h2 with n5 constant, Eq.~71!
can be written as a Bessel equation with an exact soluti
@10,22#

v~k,h!5Auhu@C1~k!Hn
~1!~kuhu!1C2~k!Hn

~2!~kuhu!#,

n[An1
1

4
. ~86!

Using the notation

e1[
Ḣ

H2 , e2[
f̈

Hḟ
, e3[

1

2

Ḟ

HF
, e4[

1

2

Ė

HE
,

~87!

from Eq. ~70! we can derive

z9

z
5a2FH2~12e11e22e31e4!~21e22e31e4!

1H~2 ė11 ė22 ė31 ė4!22S 322e11e22e31e4D
3H

ė3
11e3

2
ë3

11e3
12

ė3
2

~11e3!
2G . ~88!
an

d
of

k-
he
-

d
ic,
e
e

on

If ė150, we have@22#

h52
1

aH

1

11e1
. ~89!

Thus, for ė i50, Eq. ~88! becomes

z9

z
5

n

h2 5
1

h2

1

~11e1!
2 ~12e11e22e31e4!

3~21e22e31e4!. ~90!

VI. RELATION TO SOLUTIONS IN OTHER GAUGES

The growing mode part of Eq.~69! can be derived from
the known solutions in the zero-shear gauge; see@12,21#.
The solutions in the zero-shear gauge were derived i
@10,14#; see also@11,9,15#. Expressing the solutions in
gauge-invariant forms, we have

wx5CS 12
H

aFE
t

aFdtD ,
dfx5

ḟ

Ḟ
dFx52C

ḟ

aFE
t

aFdt,

ax52CS 1

aFE
t

aFdtD •,
kx52

1

2H
«x52

3

2
Cx53C

Ḣ

aFE
t

aFdt, px5cs
2«x ,

~91!

where, from Eqs.~40! and ~41!,

cs
2[

ṗ

ṁ
52S 11

Ḧ

3HḢ
D . ~92!

wx , ax , anddfx are derived in Eqs.~85! and~86! of @14#;
kx , Cx , «x , andpx are derived from Eqs.~56!, ~45!, ~44!,
and ~49!, respectively. Since the solutions in Eq.~91! are
valid in the large scale limit, we ignore (k/aH)2 higher order
terms. Decaying modes are absorbed into the lower bound
the integration; explicitly we can write, e.g.,

dfx~x,t !52C~x!
ḟ

aFE0
t

aFdt1d~x!
ḟ

aF
, ~93!

whered(x) is the coefficient of the decaying mode.
Equation~91! is a complete set of solutions in the zero-

shear gauge. Using these solutions we can derive the so
tions in other gauge conditions. A convenient way is to us
the gauge-invariant combinations of variables. Evaluatin
Eq. ~63! in the zero-shear gauge and using the solutions i
Eq. ~91! we have

dfw52
ḟ

H
C, dfk50, df«50, dfa5ḟg~x!,

~94!
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whereg(x) is the coefficient of the gauge mode arising from
the lower bound of integration ofdfa in Eq. ~63!. Null
results fordfk , df« , anddfa in Eq. ~94! imply the van-
ishing of the quantities to the leading order in the large sca
expansion; thus, it implies the quantities are of (k/aH)2

higher order compared withC andd terms. In the following
we will derive the solutions to the leading order. From Eq
~94! we notice that the decaying mode derived in Eq.~69! is
higher order in the large scale expansion compared with t
decaying mode solutions in the zero-shear gauge conditio
The relation will be derived in Eq.~109!.

We have the gauge-invariant~except forxa) combina-
tions

xw[x2
w

H
, xdf[x2

df

ḟ
, xC[x1

C

m1p
,

xk[x1
k

3Ḣ2k2/a2
, x«[x2

«

ṁ
, xa[x2E t

adt.

~95!

Evaluating the right-hand sides of the combinations using t
zero-shear gauge solutions in Eq.~91! we have

xw5CS 2
1

H
1

1

aFE
t

aFdtD ,
xdf5xC5xk5x«5C

1

aFE
t

aFdt,

xa5C
1

aFE
t

aFdt1g~x!. ~96!

The rest of solutions in each gauge choice can be deriv
either from Eqs.~43!–~49! and~54!–~61!, or from the appro-
priate gauge-invariant combination of variables as in E
~95!. For any gauge-invariant combination we have

dF

Ḟ
5

df

ḟ
. ~97!

To the nonvanishing leading order in the large scale expa
sion we can derive the following sets of solutions.

Uniform-curvature gauge:

xw5CS 2
1

H
1

1

aFE
t

aFdtD , dfw52
ḟ

H
C,

aw5
Ḣ

H2C, kw53
Ḣ

H
C, Cw522

Ḣ

H
C,

«w526ḢC, pw5cs
2«w . ~98!

Uniform-field gauge:

xdf5C
1

aFE
t

aFdt, wdf5C, ~99!
le

.

e
n.

e

ed

.

n-

adf5C
k2

a2
2F

vḟ21
3

2

Ḟ2

F

F211SH1
Ḟ

2F D 1

aFE
t

aFdtG ,

kdf5C
k2

a2
1

aFE
t

aFdt2
3

2

Ḟ

F
adf

5C
k2

a2
1

vḟ21
3

2

Ḟ2

F

F3Ḟ1~vḟ223HḞ !
1

aFE
t

aFdtG ,

Cdf5
Ḟ

F
adf ,

«df5C
k2

a2
2

vḟ21
3

2

Ḟ2

F

Fvḟ21
3

2

Ḟ2

F
23HḞ

2H~vḟ223HḞ !
1

aFE
t

aFdtG ,
pdf5

1

F F2Ḟȧdf2~vḟ212F̈12HḞ !adf2
2

3
ḞkdfG .

Comoving gauge:

xC5C
1

aFE
t

aFdt, kC5C
k2

a2
1

aFE
t

aFdt,

«C52C
k2

a2 S 12
H

aFE
t

aFdtD , wC5C,

dfC52
ḟ

2Ḣ

Ḟ

F
adf , aC5adf2S Ḟ

2ḢF
adfD •,

pC5pdf23Hcs
2 Ḟ

F
adf . ~100!

Uniform-expansion gauge:

xk5C
1

aFE
t

aFdt, Ck5
2

3
C
k2

a2
1

aFE
t

aFdt, wk5C,

«k52
k2

a2
C, dfk5

ḟ

3Ḣ
kdf , ak5adf1S kdf

3Ḣ
D •,

pk5pdf12Hcs
2kdf . ~101!

Uniform-density gauge:

x«5C
1

aFE
t

aFdt, k«5C
k2

a2
1

H
,

C«52
2

3
C
k2

a2 S 1H 2
1

aFE
t

aFdtD , w«5C,
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df«52
ḟ

6HḢ
«df , a«5adf2S «df

6HḢ
D •,

p«[e5pdf2cs
2«df . ~102!

e is often called an entropic perturbation.
Synchronous gauge:

xa5C
1

aFE
t

aFdt1g, wa5C1Hg,

Ca5
Ḟ

F
adf22ḢE

0

t

adfdt12Ḣg,

dfa52ḟE
0

t

adfdt1ḟg,

ka5kdf13ḢE
0

t

adfdt23Ḣg,

«a5«df26HḢE
0

t

adfdt16HḢg,

pa5pdf26HḢcs
2E

0

t

adfdt16HḢcs
2g. ~103!

A. Uniform-curvature gauge

From the known solution fordfw in Eq. ~69! we can
derive the solutions for the rest of the variables in the sa
gauge to nonvanishing order in the large scale expan
From Eqs.~54! and~57! we can deriveaw . kw follows from
Eq. ~55!. ~In practice, we take the uniform-curvature gau
condition w50, and replace the variables with the cor
sponding gauge-invariant combinations; for exam
a→aw , etc.! We have

aw5
Ḣ

H2wdf1
Ḟ

2HFa3

H1
Ḟ

2F

vḟ21
3Ḟ2

2F

D, ~104!

kw53
Ḣ

H
wdf2

1

2Fa3
vḟ223HḞ

vḟ21
3Ḟ2

2F

D. ~105!

From Eq.~54!, using Eqs.~104! and ~105! we can show

k2

a2
xw52

1

2Fa3
D. ~106!

We notice that theD term in Eq.~106! is the higher orde
term in the large scale expansion ofxw . Meanwhile, from
Eq. ~57! we have

~aFxw!•5aS FH D 2SHF D •C1O~D !. ~107!
me
sion.

ge
re-
ple,

r

Ignoring theD-order term and integrating directly we can
derive

xw5CS 2
1

H
1

1

aFE0
t

aFdtD 2d
1

aF
, ~108!

where the coefficientd(x) is an integration constant; we
have matched the coefficient so that it coincides with th
term derived from the solutions in the zero-shear gauge
Eqs. ~98! and ~93!. Thus, comparing Eq.~106! with Eq.
~108! we can determine the relation betweend(x) and
D(x) as

D~x!522¹2d~x!. ~109!

Using the results in Eqs.~108! and~109! we can understand
the relations in Eqs.~106! and ~107!. Equations~45!, ~44!,
and ~49! give Cw , «w , andpw , respectively. We have

Cw522Haw , «w522Hkw ,

pw5
2

a3
~a3H2aw!•1

Ḟ

3a3F2D. ~110!

VII. GRAVITATIONAL WAVE

In the FLRW background, the trace-free and the trans
verse perturbation~gravitational wave! evolves indepen-
dently of the scalar- and the vector-type perturbations. Th
metric of tensor-type perturbation is given in Eq.~27!. The
gravitational wave equation in the Einstein’s gravity is given
in Eq. ~50!. Considering the effective fluid contribution from
the generalizedf (f,R) gravity derived in Eq.~37! we have

ḦT1S 3H1
Ḟ

F D ḢT1
k2

a2
HT50. ~111!

See §3.2.3 of@5# and §5.2 of@14#. Equation~111! can be
written as

1

a3F
~a3FḢT!•1

k2

a2
HT50. ~112!

Thus, the large scale solution is

HT~x,t !5Cg~x!2Dg~x!E
0

t 1

a3F
dt, ~113!

whereCg(x) andDg(x) are the coefficients of growing and
decaying modes, respectively. Equations~111! and~113! for
HT can be compared with Eqs.~66! and ~69! for wdf ; the
growing modes of both quantities are conserved in the larg
scale. Introducing

vg[aAFHT5zgHT , zg[aAF, ~114!

Eq. ~111! can be written as

vg91S k22 zg9

zg
D vg50. ~115!

In the small scale limit we have
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HT~k,h!5
1

aAF
@cg1~k!eikh1cg2~k!e2 ikh#. ~116!

Equations~114!–~116! can be compared with Eqs.~70!–
~73!.

VIII. DISCUSSION

In this paper we presented the cosmological perturbati
equations and the solutions in the FLRW background whi
are applicable in some classes of generalized gravity the
ries.

We analyzed the scalar-type mode and the gravitation
wave in analogous ways; compare Eqs.~66! and ~71! with
Eqs.~111! and ~115!. For both modes the large scale evolu
tions are characterized by the same conserved quanti
which are valid in the Einstein’s gravity. Considering th
growing mode, exactly the same solution known for the Ein
stein’s gravity remains valid for the generalized gravity~a!–
~d!. From Eqs.~69! and ~113! we have

C~x!52
H

ḟ
dfw~x,t !5wdf~x,t !, Cg~x!5HT~x,t !,

~117!

which do not involveF andv. As mentioned before,C(x)
characterizes the spatial structure of the growing mode
every scalar-type variable. According to Eq.~69!, C(x) can
be interpreted as a curvature inhomogeneity in the uniform
field gauge,wUFG(5wdf).

If the early universe was governed by a generalized gra
ity, as long as the scales we consider were always in t
large scale limit,C(x) can be determined from the fluctua
tions in the scalar field,df(x,t), using Eq.~69!. In the mini-
mally coupled scalar field case, the perturbation spectra g
erated from quantum fluctuations ofdf in some generic
inflation stages can be analytically derived; see@7,12,22#.
Similar attempts in some generalized gravity cases can
found in @9,15,23#.

The generalized gravity theories have attracted much
cent attention to determine whether there exists any fav
able feature for inflationary models which is not shared
the models based on the Einstein gravity. Models based
the scalar-tensor theory need effectively two compone
fields, @24#. The formulations including the multicomponen
situation in thef (f,R) gravity were presented in@14#. The
equations and the general solutions in this paper will be us
ful for a proper treatment of the perturbation analysis whic
is usually the most stringent aspect for constructing suitab
inflationary models.

In this paper we have not considered any specific app
cations to the specified background models. We can outli
how the equations and formal solutions can be manipulat
in some concrete cosmological models. The equations a
the general asymptotic solutions derived above are valid
the classes of the gravity theories mentioned in~a!–~d! of
Sec. II. In order to derive the solutions in explicit forms, w
need to specify the evolution of the background univer
characterized by the scale factora(t) and the scalar field
f(t). After selecting the favorite gravity theory~thus speci-
fying F and v), one can try to find the evolution of the
on
ch
o-
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-
ties
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for

-

v-
he
-

en-

be

re-
or-
in
on
nt
t

e-
h
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li-
ne
ed
nd
for

e
se

background by solving Eqs.~51!–~53!. Having solutions for
the background, the rest is the straightforward integration for
the scalar mode using Eqs.~67!, ~69!, and ~73!, and for the
gravitational wave using Eqs.~111!, ~113!, and~116!. From
a known solution in a gauge, for exampledfw , we can
derive other variables in any gauge as linear combinations.

Using the conformal equivalence between the theories in
~a!–~d! and Einstein’s gravity with a minimally coupled sca-
lar field we can derive the same results in an economic way
see@25#.
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APPENDIX A: COVARIANT FLUID QUANTITIES

In the following we will derive the covariant form of the
effective fluid quantities. The effective fluid quantities are
defined in Eq.~18!. Using the effective energy momentum
tensor for the generalizedf (f,R) gravity in Eq.~3! we can
derive the fluid quantities as

m5
1

F Fv2 ~ḟ21fafa!1
1

2
~RF2 f12V!

2uḞ1Fa
;a2Faa

aG , ~A1!

p5
1

F Fv2 S ḟ22
1

3
fafaD2

1

2
~RF2 f12V!

1F̈1
2

3
uḞ2

2

3
Fa

;a2
1

3
Faa

aG , ~A2!

qa52
1

F
~vḟfa1Ḟa2Ḟaa2uaFba

b!, ~A3!

pab5
1

F FvS fafb2
1

3
habf

cfcD1h~a
c Fb);c1

1

3
hab~Fca

c

2Fc
;c!2Ḟsab2

1

3
uu~aFb)2Fcu~a~vc

b)1sc
b)!G .

~A4!

For the notation, see Eq.~23!. For the derivation of the co-
variant form fluid quantities the following relations are use-
ful:

f ;af ,a52ḟ21fafa , F ;a
a5Fa

;a2F̈2uḞ,

uaubF ,a;b5F̈2Faa
a, habF ,a;b5Fa

;a2uḞ2Faa
a,

ha
bucF ,b;c5Ḟa2uaa

bFb2aaḞ,
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ha
chb

dF ,c;d5h~a
c Fb);c2u~aS vc

b)1sc
b)1

1

3
uhb)

c DFc

2S sab1
1

3
uhabD Ḟ. ~A5!

From Eqs.~2! and ~3! we can derive

f̈1uḟ2fa
;a1

1

2v
@v ,f~ḟ22fafa!2 f ,f12V,f#50,

~A6!

F̈1uḞ2Fa
;a1

1

3
@v~ḟ22fafa!2RF12 f24V#50.

~A7!

A complete set of the covariant equations based on Ei
stein’s gravity can be found in@17# and the Appendix of
@18#. By replacing the fluid quantities into the effective one
derived in Eqs.~A1!–~A4! we can derive the covariant equa-
tions valid in the generalizedf (f,R) gravity.

APPENDIX B: PERTURBATIONS

When we derive the cosmological perturbation equation
using the covariant equation, or the ADM equations, we ne
the connection symbols expressed using the perturbed m
ric. In this appendix we present some auxiliary quantitie
which are useful for the derivation of the perturbed fluid
quantities in Sec. III B and Eqs.~59! and ~60!.

The inverse metric of Eq.~27! is

g0052a22~122a!, g0a52a22b ua,

gab5a22@g~3!ab~122w!22g uab22HTY
~ t !ab#, ~B1!

where index 0 indicatesh with dh[dt/a. The connection
symbols are

G00
0 5

a,0
a

1a ,0 , G0a
0 5a ,a2

a,0
a

b ,a ,

Gab
0 5

a,0
a
gab

~3!12
a,0
a

@~w2a!gab
~3!1g uab#

1b uab1w ,0gab
~3!1g uab,01HT,0Yab

~ t ! 12
a,0
a
HTYab

~ t ! ,

G00
a 5a ua2b ua

,02
a,0
a

b ua,

G0b
a 5

a,0
a

db
a1w ,0db

a1g ua
b,01HT,0Y b

~ t !a ,
-

s
d
et-
s

Gbg
a 5Gbg

~3!a1
a,0
a

b uagbg
~3!1w ,gdb

a1w ,bdg
a2w uagbg

~3!1g ub
a

g

1g ug
a

b2g ubg
a1HT~Y

~ t !a
bug1Y~ t !a

gub2Ybg
~ t !ua!,

~B2!

where from the metric in Eq.~B1! we have ,05]/]h.
The four vectorua is decomposed as

u0[
1

a
~12a!, ua[2

1

ak
v ua, ~B3!

u052a~11a!, ua52
a

k
~v1kb! ,a .

The kinematic quantities in Eq.~15! become

u53H2k1
k

a
~v1kb!, k[23ẇ13Ha1

k2

a2
x,

sab5Fx2
a

k
~v1kb!G

uab

1
1

3
k2gab

~3!Fx2
a

k
~v1kb!G1a2ḢTYab

~ t ! ,

aa5a ,a2
a

k
~v1kb! ,a

• 2H
a

k
~v1kb! ,a . ~B4!

We haves0a505a0 . We note that the normal-frame con-
dition imposesv1kb50; the 311 or Arnowitt-Deser-
Misner ~ADM ! formulation is based on the normal vector
field ~see@18#!.

In order to derive the fluid quantities from the covariant
expressions in Eqs.~19!–~22! it is useful to have the follow-
ing properties. From Eq.~23! we can show

Ḟ5Ḟ1dḞ2Ḟa, F̈5F̈1dF̈2Ḟȧ22F̈a,

Fa5FdF2Ḟ
a

k
~v1kb!G

,a

, F050,

Fa
;a52

k2

a2 FdF2Ḟ
a

k
~v1kb!G ,

Ḟa5FdF2Ḟ
a

k
~v1kb!G

,a

•

2HFdF2Ḟ
a

k
~v1kb!G

,a

,

~B5!

where the quantities in the left-hand side are expressed in
covariant way.
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