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We analyze the cosmological perturbations valid in a broad class of generalized gravity theories in a unified
manner. A complete set of perturbation equations is derived in gauge-ready forms. We present general asymp-
totic solutions for several different choices of the gauge conditions in unified forms. As in the case of
Einstein’s gravity, the uniform-curvature gauge is particularly simple for treating the scalar-type perturbations
in generalized gravity theories involving the scalar field and the scalar curvature. Remarkably, considering the
growing mode in the uniform-curvature gauge, the same solutions derived in Einstein’s gravity remain valid in
a broad class of generalized gravity theor{&0556-282(196)06012-2

PACS numbg(s): 04.50:+h, 04.62+v, 98.80.Hw

[. INTRODUCTION mological context we need to deal with the gauge degrees of
freedom properly. In order to use the gauge freedom as an
Recently, there has arisen interest in generalized gravitgdvantage, it is desirable to write the equations without
theories modified by adding the scalar field and the scalachoosing any gaugea priori. We call it a gauge ready
curvature couplings in the Lagrangian. Quantum correctionsnethod. We choose the gauge depending on the consequent
in curved spacetime cause the gravitational field equations tmathematical simplification in treating the problem. The
be modified by adding higher order curvature self-couplinggauge ready method allows the simple derivation of other
terms, nonminimal coupling between the scalar field and theolutions in all gauges from a known solution in a certain
scalar curvature, et¢l]. In the low energy limits, the vari- gauge. The variables under a gauge condition which removes
ous attempts to unify gravity with other fundamental forcesthe gauge mode completely can be equivalently considered
lead to some modified gravity theories involving the dilatonas the gauge-invariant ones. There are several such gauge
field; examples are superstring theories and theories implesonditions. In the gauge ready form, the adoption of the
menting the Kaluza-Klein ide@2,3]. There are also some equations into a favorite gauge or into some gauge-invariant
attempts to build phenomenologically favorable inflationaryformulation becomes trivial. Except for the synchronous
models using the modified gravitational field equations. Ex-gauge all the other gauge-fixing conditions fix the gauge
amples are the scalar curvature coupling, the induced grawode completely and thus have their own corresponding
ity, the nonminimally coupled scalar field, and the scalar-gauge-invariant formulation.
tensor theory, etd4]. In our study of the minimally coupled scalar field pertur-
In the paradigm of modern cosmology, the large scalébations in various gauge choices, we found that a particular
structure observed in the universe is often explained as gauge allows the simplest analy§&. There are several re-
consequence of gravitational instability of the material con-markable simplifying features available in the uniform-
tents and the spacetime. In order to explain the large scaleurvature gauge conditidi7,8]. Since the uniform-curvature
universe with structures, conventionally, spatially homoge-gauge completely fixes the temporal gauge transformation
neous and isotropic, but temporally evolving spacetime igroperty, the variables in this gauge can be considered as the
taken as the background where small amplitude inhomogegauge-invariant ones.
neities of the energy-momentum contents and the spacetime In the present work we will investigate the cosmological
are embedded. We call the cosmological models assumingerturbations in a class of generalized Einstein’s gravity.
spatial homogeneity and isotropy the Friedmann-Lémai One remarkable feature is that we can treat the cosmological
Robertson-Walke(FLRW) model. Currently, it is widely perturbations in the class of generalized gravity theories in
accepted that the evolution of inhomogeneities in the earlynified manner. The equations and the general asymptotic
stage and in the large scale can be studied by treating treolutions for the scalar-type mode and the gravitational wave
inhomogeneity as the linear field embedded in the FLRWwill be derived in unified forms. The previous work on this
background. An efficient way of deriving the perturbation subject with a comparable rigor as the present work can be
equations in the generalized gravity theories was introducetbund in[5,9—15. All of these previous workgexcept for
in [5]. One can reinterpret the additional parts arising in thg12,13)) are based on choosing the zero-shear gauge condi-
generalized gravity as contributions to the energy-tion which also fixes the temporal gauge mode completely.
momentum part of the Einstein equation. Using the covarianHowever, the analyses and the results in the uniform-
decomposition of the energy-momentum tensor the effectiveurvature gauge are much simpler than the ones in the zero-
fluid quantities can be derived easily. shear gauge. Particularly, in the uniform-curvature gauge,
In the analysis of the perturbation in the relativistic cos-neglecting the transient mode, the simple forms of the large
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scale solution known for a minimally coupled scalar field in eralized gravity theories as the contribution to the effective

the Einstein’s gravity, remain valid in our generalized grav-energy momentum tensor allows much algebraic simplifica-

ity theories. We will present the complete large scale solution for deriving the fundamental set of perturbation equa-

tions for all variables in several different gauge conditions. tions in generalized gravity theories; the method was intro-
In Sec. Il we introduce our generalizédd¢,R) gravity  duced in[5].

which includes the variety of known generalized Einstein’'s The generalized(¢,R) gravity theory in Eq(1) includes

gravity as cases. In Sec. Il we derive the background and thihe following gravity theories as cases

perturbed effective fluid quantities. The effective fluid quan- (a) f(R) gravity:

tities can be easily derived using the covariant decomposi-

tion of the energy momentum tensor. Some quantities we

need in the derivation are presented in the Appendixes. In

Sec. IV we present the complete sets of the background and

the perturbation equations valid in the generalifégh,R) ~ R° gravity is the case with

gravity. The equations are presented in a gauge ready form. R? 1 R?

We summarize the gauge issue for a convenient reference in f(R)I=R— =5, L= _( R— _2) _ (5)

later sections. In Sec. V we analyze the scalar-type equa- 6M 2 6M

tions. We derive the equation for the scalar field in the

uniform-curvature gauge. The equation has the simple an

f=f(R), #=0, V=0, L=%f(R). (4)

d (b) Generalized scalar-tensor theories:

generalized form compared with the one of minimally w( ) b2,
coupled scalar field. We also derive the general asymptotic f=2¢R, w—2——, L=¢R—w(¢) ——V.
solutions in unified forms. In Sec. VI we present the com- ¢ ¢

plete large scale asymptotic solutions in several fundamental 6)
gauge choices. The solutions in the other gauges are al§frans-Dicke theory is the case with

presented in unified forms. In Sec. VI A we derive a relation

between the decaying mode in the uniform-curvature gauge 2 4

and the one in the zero-shear gauge; the former is higher V=0, w=const, L=¢R—-w b @)

order in the large scale expansion. In Sec. VIl similar analy-
ses are made for the evolution of the gravitational waveln the higher dimensional unification the Kaluza-Klein dila-
Section VIl is a brief discussion. ton plays the role of the Brans-Dicke scalar field with a dif-
We setc=1=87G. ference in the sign of [3].
(c) F(¢)R gravity:
Il. GENERALIZED f(¢,R) GRAVITY

1 1 )
We call the gravity theory represented by the following  f=F(#)R,  L=zF(#)R- Eﬂ)((ﬁ)tﬁ’a(ﬁ,a—V((ﬁ)-

Lagrangian the generalizéd¢,R) gravity: (8)
1 1 . In the low energy limit of the superstring theory, after a
— _ a _ 3
L= 2 "R 2 @($)$7ha= V(). @ dimensional reduction, we have the coupling with a dilaton

field ¢ as[16]
where ¢ andR are the scalar field and the scalar curvature,
respectively. Notice thaf is a general function ot) and

1
—e ¢ —p ¢ — T adp_ 4
R, andw andV are general functions ap. F=e'% w=e% V=0 L 2€ (R=¢%a).

From a variation of$ we get the equation of motion for (9)
¢ (d) Generally coupled scalar field:
. 1 .
$at 5 (0487 batf =2V ,)=0. 2 f=(y—E49)R, =1,
- . I 1 1
From a variation of the metrig,, we get the gravitational L= E(3,_ EP?)R— E¢,a¢’a_v, (10)

field equation

1 1 ' RE—f+2V where¢ is a constant. The nonminimally coupled scalar field
Gab=Tap= ¢ w( badbp— Egab¢’c¢,c) ~9a—— s acase withy=1:
1 2 1 a
+Fya;b—gabF;cc}, (3) L=51-§¢ )R- 5¢"da—V. (1)

whereF is defined as==4f/JR. In Eq. (3) we locate all The conformal coupling is a case wigh ;. The minimally
additional contributions to the Einstein tensBy,, at the coupled scalar field is a case wifhk=0:

right-hand side of the equation. We reinterpret the right-hand

side of Eq.(3) as the effective energy momentum tensor. In L= ER— }¢;a¢ v (12)
Sec. Il we will show that such a reinterpretation of the gen- 2 2 &
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The induced gravity is a case of Ed.0) with y=0: ) 1 ) )

:U«:TabualLl v P= §Tabha v Oa= _Tbcucha!
1 1

e=—¢>0, L=sedp’R—=¢2d,—V, (13
2 2% Tap=Tedhh§ — Pha. (18)

and with a special potential. For example, the Ginzburg- For the energy momentum tensor in E@), we can de-

Landau potential is rive the fluid quantities using Eq.18); see Appendix A.
\ From Egs.(A1)—(A4) to the linear order we have
V=g (¢?= 9% (14 1(w., RF=f+2v .
,u,—E EQS +T_0F+F;a y (19)
IIl. EFFECTIVE FLUID QUANTITIES
llo., RF=f+2v . 2 . 2
We interpret the generalized Einstein’s gravity as the Ein- p= E E¢ - T+F+ §9F_ §F jals
stein’s gravity with the effective energy momentum tensor (20)

which is defined in Eq(3). This reinterpretation provides an

algebraically efficient way of deriving the background and 1 ) ) .

perturbed equations. Mathematically, the same perturbed Gda=pg(-wdda—FatFay), (21
equations derived in the Einstein’s gravity remain valid even

in this generalized gravity with the fluid quantities inter- 1 1 .

preted as the effective ones. Using the covariant decomposi- Wab=—( Fla)— = FCcNap— F‘Tab)a (22)
tion of the energy momentum tensor we can derive the ef- F ' 3

fective fluid quantities easily. where we introduced

A. Covariant expressions FaEhQF,br b= h2¢>,b, ¢E¢,aua. (23)
We introduce a normalized four vector field, .

(udu,=—1). Theu, vector can be either a fluid flow four ~ Equation(2) leads to[see Eq(A6)]
vector or a fiducious frame four vector. Typically, one often 1
chooses either the energy frame four vector where the energy ('Z'H 09'{)_ 2t — (o ¢¢2_f 42V )=0. (24
flux vanishes ¢,=0), or the normal frame four vector Y 20 ’ ’
whereu,=n, with n,=0. In the second choice the rotation
vector of the normal frame vector vanishes. In our perturbal he trace of Eq(3) becomegsee Eq(A7)]
tion equation we will use a frame-invariant perturbation 1
quantity (¢ below). The kinematic quantities of the four F+OF—FC .+ —(wd?—RF+2f—4V)=0, (25
vectoru, are 3

1 R=—T=u—3p. (26)
o=u?,, oabzhfahg)uc;d—gahab,
The exact covariant expressions of E¢E9)—(25) are pre-

. sented in Appendix A; see also Edq82) and (23) of [5].
wabEhfahg]uc;di aaEuaEua;bubv (15 PP d22) (23 of [5]

where 6, o,,, wap, anda, are the expansion scalar, the B. Perturbative expressions

shear tensor, the vorticity tensor, and the acceleration vector, The general perturbations in the metric and the fluid quan-

respectively.h,,=gap+ U,Uy is @ projection tensor. In this tities can be classified into three different types. These are
subsection and Appendix A, an overdot indicates a properthe scalar, the vector, and the tensor types which correspond
time derivative followingu,. We have to the density condensation, the rotation, and the gravita-
tional wave, respectively. In the FLRW background, these

three types of perturbations decouple from each other and
evolve independently. In our generalized gravity theories in-

volving the scalar field and the scalar curvature, the non-

For the covariant formulation of the Einstein’s gravity, seeEinsteinian nature does not directly affect the evolution of

1
ua;waab—l— O'ab+ §6hab_ auy. (16)

[17] and the Appendix of18]. the rotation; see §3.2.2 d6]. We ignore the vector-type
The symmetric energy momentum tensdt,,, can be perturbations in the following; see §5.1[df4]. Ignoring the
uniquely decomposed into fluid quantities as rotation mode, the most general perturbations of the FLRW

metric can be written as

T,,=puUzUp+ phyp+ Uy +duUs+ 7ap, (17

ab= MUaUp T PNgpT QaUp T QpUa ™ Tap dSZZ—(1+2a)dt2—aB’adtha

whereu, p, g5, andm,, are the energy density, pressure, 2r ~(3) () 14y B
energy flux, and anisotropic pressure, respectively; we have T Gap(1+2¢)F 27japt 2HrYpldxAX7,

(au?=0, Tap=Tpa, andm,,u=0. Thus (27
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wheregffﬁ) is a comoving part of the background three-space . E .
metric and a vertical bar indicates a covariant derivative o=~ EHTy (37
based org'3). Y{4(x) is a symmetric, trace-free, and trans-

verse harmonic function with®)” = —k2Y{,. B(x,t) and  where W=y — (a/k)(u+p)(v+kB) is a frame-invariant
v(x,t) are affected by the spatial coordinate transformatiorflux (or velocity) variable. The energy and the normal frames
in the FLRW spacetime. Since the FLRW spacetime is spatake =0 andv + kB8=0, respectively; see around E8) of
tially homogeneous and isotropic we can easily avoid using14]. Thev + kg term always appears together with The
these spatially gauge-dependent variables;[$6g A com-  rest of the fluid quantities and equations do not involve
bination x(x,t)=a(B+ay) is such a variable that is spa- y+kp. Thus, using¥", our equations are frame invariant.
tially gauge invariant. Now, the variables(x,t), ¢(x,t), For the scalar curvature we have

and x(x,t) are spatially gauge invariant, but are temporally

gauge dependenH is gauge invariant. Further discussion , o KO2A
concerning the gauge issue will be given in Sec. IV C. R=6| 2H"+H+ a2z 3 =pn=3p, (38)
Introduce the perturbations in the fields as
: k2 . k2—3K
d(X,t)—= () +5d(x,1), F(X,t)—F(t)+F(x,t). 6R=2| —k—4Hk+|—=—-3H|a+2———¢|=&—3m,
(28 a a 39

The fluid quantities are decomposed as ) )
where in the second steps we used Ef); these relations

p—pte, p—ptw, =94, also follow from Eqs(40), (41), (44), and(47).

1 IV. EQUATIONS IN THE GAUGE READY FORM
Top=0|apg™ —g(;’ga'lyy-i- aza“)Yﬂj}g. (29

3 In the previous section we derived the background and the
perturbed effective fluid quantities using the covariant de-
‘composition of the effective energy momentum tensor. The
background and the perturbed equations of the FLRW space-
time in the context of the Einstein’s gravity are well known.

Some useful quantities we need for deriving the fluid quan
tities are presented in Appendix B.
To background order the fluid quantities in E¢E9)—(22)

become A complete set of equations expressed in the gauge ready
form was derived if14]. Actually, in[14] we can also find
llow- RF—-f+2V . - . .
w=—|= ¢+ ————3HF|, (30) the complete equations for the generaliZ§e,R) gravity.
Fl2 2 In this section we will present the equations in the general-
ized f(¢,R) gravity in more convenient forms.
llow- RF—-f+2Vv . .
p==|=¢p?— ————+F+2HF|, (31)
F\2 A. Basic equations in the Einstein’s gravity
Ga= 7ap=0. 32) The background equations are derived in &1) of [14]:
K A
To perturbed order we have H2=%— ;+ 3 (40
! bSb+ 1( $?—f 4+2V 4)6h—3HSF
e=—|w (o - - . + K
= 7\ @g ¢ ¢ H=—M I0+_2, (41)
2 a
B3P K SF+ (BHF—w#datFx|. (33
2 Taz| o BHFmwdNat ], (33 1= —3H(u+p). 42
i . . 1 ) . . Equation(42) can be derived from Eq$40) and (41).
=gl Sp+ E(w,¢¢2+f,¢—2v,¢)5¢+ SF +2H 6F The perturbed set of equations is derived in E@QR)—
(28) of [14]:
-—u 2K? . : . :
P L S Fa— (wd?+ 2F+ 2HF)a _ 1 1K
2 3a ¢e=Ha—sk+ 5 =x, (43
3 3a
2.
BN (34) k2—3K 1
- (,D+HK:—§8, (44
1 . . .
‘P=E(—w¢5¢—5F+H5F+Fa), (35 K2— 3K 3
K—T)(Z—E\I’, (45)
1 )
U:E(&:_FX)’ (36) x+tHy—a—o¢=o0, (46)
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. k2 . 1 : 1 ..
K+2HK=(52-—3H at 5 (e+3m), (47) H=— o= (w¢’+F—HF), (52
z 1
e+3H(et+ m)=(u+tp)(k=3Ha)+ HV, (49 d+3Hp+ Z(w,¢¢2—f,¢+2v,¢)=o. (53
. 2 k?-3K i i i i
V4 3HW = — (u4p)a—m+ = o 49) Equation(53) is consistent with Eq(24).

A perturbed set of equations follows from E@43)—(49)
using the effective fluid quantities in Eg83)—(36) as

3

Equation(43) can be considered as a definition farsee Eq.

(B4). The equation for the gravitational wave is derived in ) 1 1 k2
Eq. (101) of [14]: ¢=Ha—zk+zx (54)
. . k*+2K
Hi+3HH+ ——5—H=0". (50) k2 F 1 .
a — et | Ht o K-I-E(BHF—quz)a

Equations in this section are valid for genelkaland A..

The gauge ready form equations describing the scalar- _ 1
type perturbations in Eq$43)—(49) have been applied for T 2F
studying the ideal fluid case if20], and the minimally

o1 . .
wpdp+ E(w,¢¢2—f,¢+ 2V 4)8¢—3HF

i +3p k2
coupled scalar field case [6]. M ; P . 5 5':} (55
B. Equations in the generalizedf (¢,R) gravity

The fundamental set of equations describing the back- K2 3F 3 . ,
ground and perturbations in the generalized gravity can be K— ;)ﬁ SEa™ E(mqﬁ6¢+ SF—H6F), (56
derived by replacing the fluid quantities in the Einstein grav-
ity with the effective fluid quantities. Thus, we can ube
sameequations derived in the Einstein’s gravity theory in . = SF
Sec. IV A. In the case of the generalizédp,R) gravity, the x+t|{H+ Elx—a—e=F, (57
effective fluid quantities for the backgroung, p, q,, and
) and the perturbationg&, 7, ¥, and o) are derived in
Egs.(30)—(32) and Eqgs(33)—(36), respectively. In the fol- = 3F. 1 . ] ] K2
lowing we considelK =0= A; presenting the equations in- «+| 2H +E K+§ Ea-i— ﬁ(3F+6HF+w¢Z)—E a

cluding generaK and A is trivial.
The background equations follow from Eqgl0)—(42) 1

and Egs(30)—(32) as = bor¢pdd+ (2w 4¢P+ 4—2V 4) 5+ 36F

k2

_2 +—
M a2

H2— 1 (a)-2 RF—f+2V
3F

X +T—3H|'=), (51) +3HSF+

5F} , (58

5o ane 22\ spel S (28] Lo(ZTet Vo) s ool onranie 222 as s F o7
¢+ +7¢ ¢+ ;4‘ _ ?4— T d)—d)a—i— d)+ ¢)+7¢ a+¢K+Z L6OR,
¢ X
(59
SF +3H 6F + < F+ 2 w0bSb+ —(w 407+ 2 = AV ) d=Fat | 2E+3HE+ 2w | at Fr— ~FoR
23 z0do¢+ (w49 64V y)6p=Fa z @ |atFr—ZFdR,
(60)

k? : k?
SR=2| —k—4H«k+ ¥—3H)a+2;4. (61
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Equation (59) is derived from Eq.(24). Equation(60) is  as equivalently gauge-invariant ones. Thus, practically, it is

derived from Eq.(25); it also follows from Eq.(61). Some convenient to start with the perturbed equations without fix-

useful quantities we need to derive E¢59) and (60) are  ing the temporal gauge mode. This method was proposed in
presented in Appendix B. Equatidd9) is identically satis- [19,14] and we will call it a gauge ready method.

fied due to Eq(56). Equation(61) is derived from Eq(39). In the following we summarize the gauge transformation
properties of the perturbed order variables; see 8§2[24j
C. Gauge advantage Under the infinitesimal change of coordinafe=x2+ £2 we

= 0 nN—
Einstein’s equation is a constrained system. For exampl&'ave r=ag",0=7)
Egs. (44) and (45) follow from the energy and the momen-

tum constraint equations, respectivésee §2.3.1 of14]); a=a=T, e=¢-HT, x=x-T,

these correspond to (0,0) and &0,components of the Ein- K

stein’s equation and do not involve any time derivative of the K=k+|3H—=|T, e=e—uT, 7T=7m—pT,
metric or the fluid variables. In the constraint equations cer- a

tain variables are algebraically related to each other. In a ~ -

related sense, because of the invariance of the physics under V="+(ut+tp)T, o=o,

the coordinate transformation, some of the metric and fluid ~ . —~ .

variables contain the fictitious information induced by such a op=06¢—¢T, oSF=06F—FT. (62

coordinate transformation effect. In the perturbation analysis,
we regard the perturbed system as the physical world. In
order to describe the perturbed system we need to introdu
the background system upon which we apply the perturba-
tions. Meanwhile, the background system can be regarded ) ;
a fictitious one. Since the background system is fictitious, th enslty gauge m=0 (umform-pressure. gaugglPEO (co-
relation between the background system and the perturbéHOV'ng,gau% andé¢=0 or 5FEO.(un|form-f|eld.gaug§:
system could be arbitrary depending on the coordinate trandl @ddition, we have one gauge which does not fix the gauge
formation. That is, some of the perturbed order variables ar@'0d€ completely:a=0 (synchronous gaugeleads to
affected by the coordinate transformation which changes th& = constant in time. Notice that in the generalized gravity
relation between the background and the perturbed system@i€ories the comoving gauge generally differs from the

we call such a coordinate transformation the gauge transfolniform-field gauge; see E¢35). _ _
mation. In order to fix the relation between these two sys-. FT0mM EAs(62) we can show that the following combina-

tems we can impose some conditions on the perturbed orddPns Of variables are gauge invariafen exception is the
variables, and thus fixremove the unphysical degree of C@s€ for a combination with a;ublndemhlch corresponds
freedoms(often called the gauge moparising from the co- {0 the synchronous gauge variable;d,, the lower bound
ordinate transformation. The conditions we impose in ordef! the integration gives the remaining gauge mode in the
to remove the gauge mode are often called the gauge condfynchronous gauge
tions. The choices we have for imposing different gauge con- . :
ditions are often called the gauge freedom. One can also 5 55¢_f¢ 8=+ ¢ P
make some combinations of the perturbed order variables so ¢ H™ “ 3H—k%a?"’
that the gauge-dependent parts cancel out, and thus are not )
affected by the gauge transformation. We call such variables 1) L[t
the gauge-invariant ones. Op=0¢— i Opo=06d— ¢f adt. (63

In the cosmological context, since we are considering the
spatially homogeneous and isotropic background, the gauge this way, using the gauge transformation properties in Eq.

mode arising from the spatial coordinate transformation cang2) we can systematically generate the gauge-invariant
be trivially managedy is such a combination of the metric combinations.

variables which does not depend on the spatial gauge trans-

fprmation [19]. However, sin.ce' the packground evolves in \, ANALYSES IN THE UNIFORM-CURVATURE GAUGE

time, the freedom we have in imposing the temporal gauge

condition can be used as the advantage we have in managing In the uniform-curvature gauge we chooge=0 as the

the system. By imposing the gauge condition we lose nothgauge condition. In order to derive the closed form equation
ing. The physics is gauge invariant. Furthermore, from d&or 8¢ (or 6F) we use the following gauge-invariant com-
known solution in a given gauge we can derive the rest of théination which provides the relations between the perturbed
solutions including the ones in the other gauge condition; alpotential(curvaturg variable in the uniform-field gauge and
the solutions are linearly related. Below, we will summarizethe perturbed field variable in the uniform-curvature gauge:
the gauge transformation properties of the perturbed order

From Egs(62) we notice that each of the following gauge
nditions fixes the temporal gauge mode completely, i.e.,
=0: =0 (uniform-curvature gauge y=0 (zero-shear
uge, k=0 (uniform-expansion gau@gee=0 (uniform-

variables. We will find several gauge conditions, and each_ ¢ _ ¢> B F B F
fixes the temporal gauge transformation property completel)?d’ea= 5¢— H?™  H %o OF ;= 6F — Hf™  H¥F
thus removing the gauge mode completely. The perturbed (64)

variables under such a gauge condition uniquely correspond
to a set of corresponding the gauge-invariant combination ofVe note that in generalized gravity theories the comoving
variables. Thus, we can regard the variables in such gaugemuge condition ¥ =0) generally differs from the uniform-
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field gauge §4=0 or 6F=0); see Eq(35). For the gauge for ¢4,. The derivation of the equation far;, is consider-
transformation properties, see §2.2 [d#4]. Since 6F and  ably easier compared with the one f6%,. 6¢, becomes

o¢ are related to each other in the specific generalized graws¢ in the uniform-curvature gauge, ang, becomesy in
ity theories we are considering {@—(d), we will consider  the uniform-field gauge.

8¢ as the representative one. The relation is In the uniform-field gauge we séip=0= 6F. From Egs.
F (54) and(56) we expressy in terms ofp. From Eq.(55) we
oF = gad’- (65  can expresx in terms ofa and ¢. Thus, from Eq(58) we

A shortcut way for deriving a closed form of the secondderive the closed form of the second order differential equa-
order differential equation fof,,, is to derive the equation tion for ¢. After some algebra we can derive

y F ., 3F%)
ToE) eI El ] ke
¢spt| BH=2 F 3 F2 <P&¢+;<P5¢:0, (66)
_ $2 Z
Ht2F @95 F

where we havep ;4= (¢s,4) ", etc.
Using Eq.(64), the equation fos¢,, can be derived from Eq66) as

VT 3F?2 T 3F?2
. onE) | T 207 e ow \MamE] | T2gF (e
5(f)¢+ 3H+ 3F2 F 5 5(}')4,4' ?—a—3$ 3F2 >a ﬁ 5¢‘p=0.
w+ 2¢2F 1+ SHE w+—-—2¢2F 1+—2HF
(67)
|
A. Asymptotic solutions 3F2
Equation(66) can be written in a compact form as B o+ 2¢' 2 H
E 2 . ., I.:2 . U(k,t)=1—+'F—a5¢5¢,=z-$5¢¢=—2g05¢,
Htsel |21 @9*3F ), K2 2HF
3 F2 1E\2 Yoo +gz€95¢:0-
3 2. > -
Al 0d™t 3 F) H+2F R
(68) T 20%F ap  at¢E
= —_—=
F H -
In the large scale limit, thus ignoring the/a? term, we 14+ -—— (aVF)
have the integral form solution 2HF
b _ 3F2
8o (X D)= 5 @sp(X,1) E=F| o+ 20%F )’ (70
1F)\?
<}S . (HF > —) Eqg. (67) can be written as
=— —C(x)+D(x)f s dt
H 03| w2+ F vl
| w3 F "+ | K2— 7)0:0, (71)
(69)

where a prime denotes the time derivative based on the con-
C(x) andD(x) are the coefficients for the growing and de- formal time 7, dp=adt. In the large scale limit, which
caying modes, respectively. Later we will show that the demeansz’/z>k2, we have
caying mode is higher order in the large scale expansion
compared with the solutions in the other gauges; see Eq.
(109.
Introducing parametens andz as

d
Cy(X)+ Cq(X) f:—? .

- (72

v(X,p)=2
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If we identify c,=—C and c4=D, Eq. (72) becomes the
same as Eq(69). In the small scale limit witre"/z<k? we
haveuv (k, 7)=c,(k)e*7+c,(k)e 7. Thus, from Eq.70)
we have

(a\F)

8¢ g(K, )= m[cl(k)e”"“r co(k)e 7. (73

The equation and the asymptotic solutions &# in the

1467

the asymptotic solutions derived above are valid for the
classes of generalized gravity theories—(d). Remarkably,
these are expressed in unified forms and are valid for general

f(¢.R), w(¢), andV(¢).

B. Specific generalized gravity cases

(@ f(R) gravity: In this case, using E¢65) we replace
d¢— (4/F)SF and let¢=0. The same result can be ob-

uniform-curvature gauge are simpler than the ones in théained by replacingé¢— 6F, ¢—F, and letting w=0.
other gauge choices. We emphasize that the equations afdjuation(67) becomes

F\2 k2
) Fl 1+ 20F R
SF,+1{ 3H- =z ( F.t
F ”ﬁ)
Equation(70) becomes
H oF \F a’F (75)
v=2Z— . Z=\/z———.
For 2(aF)

The constant multiplication factors in and z can be ig-
nored.

(b) Generalized scalar-tensor theory: Using Eg), Eq.
(70) becomes

H a2¢ 3
U:ZE5¢¢, z= \/Em o+ E (76)
(c) F(¢)R gravity: Using Eq.(8), Eq. (70) becomes
H a?p\E
U_Zgé‘ﬁw Z_(a\/f)" (77)

(d) Generally coupled scalar field: This case can be con-

sidered as a case f(¢)R gravity with F=y—¢¢? and
w=0. Thus, Eq(77) remains valid with

E=y—£&(1-68)¢%

For a nonminimally coupled scalar field we haye=1; in

(78)

a3(F/H)’

Fo\2
2HF)

F

(74)

F 2
i SF,=0.
1+ 2HF) e

note that the solutions for different gravity theories derived
in [10,14], in fact, can be written in unified form asee
84.3.2 of[14])

ZII
u"+| k?- :)u=0, (80)
z
where
F . F%2 . SF
u= == , = -,
_ 32 Px d)\/E(PX Px=Px" oF
LAV =
2¢°F
) F
_H THF @y .
a¢

[ 3F2  ag\E’
w+
2¢°F

ZoX can be interpreted ag, in a conformally transformed

frame which transforms the generalized gravity into Einstein

gravity form; see §4 of5]. ¢, is not equal tap 5; from Eq.
(62) we havee = ¢—(H/F)SF. Notice thatz defined in

the conformal coupling and the minimal coupling we havegq. (81) happens to be the inverse pfintroduced in Eq.

E=1. The induced gravity is a case of=0. Using
e=—¢>0, Eq.(77) becomes

),
z=+1+ 6€a ¢¢

H
0TG5 0% @d)

¢

(79

(70).

C. Minimally coupled scalar field case

A minimally coupled scalar field case was thoroughly

studied in[7,6,21. In this case, from Eq(12) we have

In [10,14 we presented the solutions in the zero-sheaF =1 andw=1. Equation(67) can be written as

gauge condition. In the zero-shear gauge case we have de-
rived the solutions separately for the individual gravity
theory in (a)—(d). Using suitable variables the consequent

equations are presented in a similar form as &4). We

k2

H ¢ ~
SH-+27 84,0,

(82)

5o+ 3HSEP,+
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The equation ford¢ in other gauge conditions is generally If €;=0, we have22]

more complicated; for a thorough presentation, [§8eThe

aymptotic solutions in Eqg69) and(73) reduce to

5¢¢,(x,t)=§

t H?
—C(X)+D(X)J a—3¢—2dt} (83

1 . _
S (k,m)= a[cl(k)e""’+ co(k)e k], (84)

We note that the solutions in Eq83) and(84) are valid for

a generaN(¢).

In the power-law(and the exponentiplexpanding back-

11 89
= a_H 1+ 61. ( )
Thus, fore;=0, Eq.(88) becomes
z”_ n 1 1 1
;—7—?m( —€1tex— €3t €y)
><(2+ 62_€3+ 64). (90)

VI. RELATION TO SOLUTIONS IN OTHER GAUGES

ground which is supported by the background scalar field, an

interesting cancellation occurs so that E§2) reduces to

[7.8]

; K
5, +3HEG,+ —54,=0. (85)

The growing mode part of Eq69) can be derived from
the known solutions in the zero-shear gauge; [sE&21].
The solutions in the zero-shear gauge were derived in
[10,14; see also[11,9,19. Expressing the solutions in
gauge-invariant forms, we have

The derivation for the cancellation can be found in Sec. II D
of [7]. Thus, the cancellation effectively makes the perturbed
metric contribution to disappear in the perturbed equation of
motion; see Eq(59). We note that the cancellation occurs

when the background dynamics is governed by the back-
ground scalar field. We stress that the cancellation in the
power-law expansion stage occurs only in the uniform-
curvature gauge; s¢6]. Equation(85) is the same as the one

often studied in the context of the quantum field in curved
spacetime which is based on the fixed background metric,

H [t

op,=

X

: : t
fé‘F =—Cif aFdt,
F aF

1 [t ’
a’XZ—C EJ’ aFdt s

[1]. Thorough discussions concerning the similarity and the 1 3 H [t )
difference between the quantum field in curved spacetime Xx= ~ 57 8x= ~ 5 Vx=3C 3¢ aFdt, m,=cCse,,
and our perturbative approach are presentedjd,12,2]. (91)
D. Situations with exact solutions where, from Eqs(40) and (41),
When we havez”’/z=n/7%? with n= constant, Eq(71) . .
. . ) . p H

can be written as a Bessel equation with an exact solution ci=—= _(1+ __) (92)
[10,22 ® 3HH

v(k,7)=[7[CL(K)HP (K| 7))+ Co(k HP (k| )],

] 1
V= n+ Z (86)

1E
“4T 2 HE’

(87

Using the notation

from Eq. (70) we can derive

"

;Zaz H3(1— e+ e;— €3+ €4)(2+ €3— €3+ €4)

e 3
+H(_ El+ 62_E3+ 64)_2(5_ El+ €r— €3+ €y

€3 €3 €3

X - +
H1+E3 1+€3 2(1+€3)2

. (88)

¢y, @, andd¢, are derived in Eq9(85) and(86) of [14];

Ky, ¥, e,, andm, are derived from Eq¥56), (45), (44),

and (49), respectively. Since the solutions in E@1) are
valid in the large scale limit, we ignoré{aH)? higher order
terms. Decaying modes are absorbed into the lower bound of
the integration; explicitly we can write, e.g.,

o .
5¢X(X,t)=—C(X)%fande(x)ai;:, (93

whered(x) is the coefficient of the decaying mode.

Equation(91) is a complete set of solutions in the zero-
shear gauge. Using these solutions we can derive the solu-
tions in other gauge conditions. A convenient way is to use
the gauge-invariant combinations of variables. Evaluating
Eq. (63 in the zero-shear gauge and using the solutions in
Eqg. (91) we have

8= $9(X),
(94)
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whereg(x) is the coefficient of the gauge mode arising from K2 2F F\ 1 (t

the lower bound of integration of¢, in Eqg. (63). Null a&[,:C —-—2[ 1+ H+ﬁ) ﬁf aFdt|,
results foré¢,, d¢., anddo, in Eq. (94) imply the van- wd?+ E F_

ishing of the quantities to the leading order in the large scale 2 F

expansion; thus, it implies the quantities are &faH)? )
higher order compared wit@ andd terms. In the following k? 1 [t 3F

we will derive the solutions to the leading order. From Eq. Ké¢~ C_Z aF aFdt— 5 F %0
(94) we notice that the decaying mode derived in E&9) is

higher order in the large scale expansion compared with the k2 ) - .1 [t
decaying mode solutions in the zero-shear gauge condition. =ng T 3Rz 3F+(w¢p*—3H F)a_Fj aFdt|,
The relation will be derived in E¢(109). wd?+ =
We have the gauge-invariafiéxcept fory,) combina- 2F
tions )
F
_,_2 =2 e YT s
X=X H’ Xsp=X b X=X wtp’ .
k 2 , 3F?
P s ¢ 85¢=C;—3l':—2 qu +———3HF
=+, © - = a= X" dt. 24— —
XXt N g X=X X XJ'CV wd*t 5 £
(95)
Y 1t
Evaluating the right-hand sides of the combinations using the —H(w¢"—3HF) a_Fj aFdt|,

zero-shear gauge solutions in £E§1) we have

1 .. . .. . 2.
1 1 [t Tsp=c| —Fasy—(0p?+2F+2HF ) a5~ 5 F sy
X,=C H+aFfath,
Comoving gauge:
1 [t
Xad):qu:XK:Xg:Ca—Fj aFdt, _c 1 [t cdt _Ck2 1 ft Edt
xe=bop | arat  ky=L=3 27| ardl
1t )
Xazc—f aFdt+g(x). (96) k H [t
aF ey=2C|1- | aFdt], y=C,
The rest of solutions in each gauge choice can be derived .o . _
either from Eqs(43)—(49) and(54)—(61), or from the appro- Scho ¢ F B F
priate gauge-invariant combination of variables as in Eq. Pr=" g s v s | SoE sl
(95). For any gauge-invariant combination we have
F

_—= (97) sSFY

F @
Uniform-expansion gauge:
To the nonvanishing leading order in the large scale expan-
sion we can derive the following sets of solutions. 1 Jt Edt
— | a

1 [t
Uniform-curvature gauge: ‘I’Kzgcgza—lzf aFdt, ¢,=C,

c( 12 fath 5 (.ﬁc k? ¢ Kog|
Xe™ ™\ "H " aF r 9P T TR =25C, 8¢, ==Ky, + :
H aF H 8x=42 b 3 oe AT @ap|

H H H
a,=r2C, K,=35C, W,=-2-C, =Tyt 2HC K 5. (101
Uniform-density gauge:
- _fr _ .2

g,=—6HC, m,=cCgs,. (998 . 21

=C——| aFdt, x,=C—5—,

Uniform-field gauge: Xe aFf K= a2 H

1 [t 2 K 1 [t

X&ﬁzca—':f ath, (Pgd):C, (99) \1}8:_5(:; H aFf ath QDSZC,




1470 JAI-CHAN HWANG AND HYERIM NOH 54

¢ & 56 Ignoring theD-order term and integrating directly we can
5¢g: - ms&b, asza&/,— 6HH , derive
_ 1 1 [t 1
Ty=e= 55— C26 54 (102 Xe=Cl—g+ ﬁfandt —d g (108

e is often called an entropic perturbation.

where the coefficientl(x) is an integration constant; we
Synchronous gauge:

have matched the coefficient so that it coincides with the
term derived from the solutions in the zero-shear gauge in

Xazcifta[:dt+g, ¢,=C+Hag, Egs. (98) and (93). Thys, comparing Eq(106 with Eq.
aF (108 we can determine the relation betweelix) and
D(x) as

F .t .
\I’fEa&/)—ZHLaa{de 2Hg, D(x)=—2VZd(x). (109
. Using the results in Eq$108) and (109 we can understand
5¢a:_¢f as4dt+ ¢, the relatlo_ns in Eqs(106) and (107). Equatlons(45), (44),
0 and(49) give ¥, ¢,, andw,, respectively. We have
L[t . Vv =-2Ha,, e,=—2Hk,,
Ka:K5¢+3Hf a5¢dt—3Hg, ¢ ¢ ¢ . ¢
O — 2 (@H%a,) + z5yD 110
. W¢—¥(a a‘P) W . ( )

Sa:8§¢_6HHj a5¢dt+6HHg,
0
VII. GRAVITATIONAL WAVE

7Ta=7T§¢—6HI;|C§jta5¢dt+6Hl;|C§g. (103 In the FLRW' backgr_ound, the trace-free anq the trans-
0 verse perturbation(gravitational wavg evolves indepen-
dently of the scalar- and the vector-type perturbations. The
metric of tensor-type perturbation is given in EQ7). The
gravitational wave equation in the Einstein’s gravity is given
From the known solution fo¢, in Eq. (69) we can in Eq.(50). Considering the effective fluid contribution from

derive the solutions for the rest of the variables in the samehe generalized(¢,R) gravity derived in Eq(37) we have
gauge to nonvanishing order in the large scale expansion.

From Eqgs.(54) and(57) we can derivar,,. ,, follows from .
Eq. (55). (In practice, we take the uniform-curvature gauge Hr+
condition ¢=0, and replace the variables with the corre-

sponding gauge-invariant combinations; for exampleSee §3.2.3 of5] and §5.2 of[14]. Equation(111) can be

A. Uniform-curvature gauge

F\. k2
3H+ = |Hr+ 5 H=0. (111

a—a,, etc) We have written as

s~ ICE sz =0 112

¥ = SF ﬁ(a 7) + ; T— Y- (112

24 >E Thus, the large scale solution is
t1
_3|-_| 1 w¢2_3H'-:D . HT(x,t)=Cg(x)—Dg(x)jogr':dt, (113
KeTOH®oT Fa® T 3F2 (109 N _
wd’+ F whereC,y(x) andDgy(x) are the coefficients of growing and

decaying modes, respectively. Equatidh$1) and(113) for

Hy can be compared with Eq§66) and (69) for ¢;,; the
growing modes of both quantities are conserved in the large
K2 1 scale. Introducing

;)(:p:_ﬁD' (106)

From Eq.(54), using Egs(104) and (105 we can show

vg=aFHr=zgHr, zg=ayF, (114

We notice that théd term in Eq.(106) is the higher order Eq.(111) can be written as
term in the large scale expansion pf. Meanwhile, from
Eq. (57) we have

F\2(H

H/ |F

H

ZH
Kk2— —g)vgzo. (115
Zg

"
Ug+

(aFx,) =a 'C+O(D). (107)

In the small scale limit we have
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1 _ _ background by solving Eq$51)—(53). Having solutions for
Ht(k, )= —[cgl(k)e'k’”r cgz(k)e*'k”]. (116  the background, the rest is the straightforward integration for
aVF the scalar mode using Eg&7), (69), and(73), and for the

. . ravitational wave using Eg$111), (113, and(116). From
Equations(114)—(116) can be compared with Eq$70)— g known solution in aggaﬂge, for exampiip,, we can

(73). derive other variables in any gauge as linear combinations.
Using the conformal equivalence between the theories in

Vil DISCUSSION (a)—(d) and Einstein’s gravity with a minimally coupled sca-
In this paper we presented the cosmological perturbatiorl?‘r field we can derive the same results in an economic way;

equations and the solutions in the FLRW background whicPe€[25)
are applicable in some classes of generalized gravity theo-

ries. o ACKNOWLEDGMENTS
We analyzed the scalar-type mode and the gravitational )
wave in analogous ways; compare E¢(86) and (71) with H.J. was supported in part by the KOSEF, Grants No.

Egs. (111 and(115). For both modes the large scale evolu- 95-0702-04-01-3 and No. 961-0203-013-1, and through the

tions are characterized by the same conserved quantiti€sRC program of SNU-CTP.

which are valid in the Einstein’s gravity. Considering the

gro_wing mo.de, exagtly the. same solution known for t.he Ein-  ApPENDIX A: COVARIANT ELUID QUANTITIES

stein’s gravity remains valid for the generalized grayay—

(d). From Egs.(69) and (113 we have In the following we will derive the covariant form of the

effective fluid quantities. The effective fluid quantities are
_H _ _ defined in Eq.(18). Using the effective energy momentum
C0=- g‘s%(x’t)_‘p&/’(x’t)’ Co(x)=Hr(x.0), tensor for the generalizet{ ¢,R) gravity in Eq.(3) we can
(117 derive the fluid quantities as

which do not involveF and w. As mentioned beforeC(x) 1w . 1
characterizes the spatial structure of the growing mode for n= E[E(gbhr P2 o)+ E(RF—f+2V)
every scalar-type variable. According to E§9), C(x) can
be interpreted as a curvature inhomogeneity in the uniform- i
field gauge.@urc(= @54)- —OF+F%,—F,a®
If the early universe was governed by a generalized grav-
ity, as long as the scales we consider were always in the
large scale limit,C(x) can be determined from the fluctua- 1
tions in the scalar field§¢(x,t), using Eq.(69). In the mini- -
mally coupled scalar field case, the perturbation spectra gen-
erated from quantum fluctuations @@ in some generic +|5+E0F—EF3 —EF a2
inflation stages can be analytically derived; $@¢12,23. 3 3 @& 34
Similar attempts in some generalized gravity cases can be
found in[9,15,23.
The generalized gravity theories have attracted much re- Ja=— E(w¢¢a+ |':a_|': A~ UaFpa®), (A3)
cent attention to determine whether there exists any favor- F
able feature for inflationary models which is not shared in
the models based on the Einstein gravity. Models based on 1
the scalar-tensor theory need effectively two component 7 ,=—

: (A1)

w

2

=

-, Lo 1
¢3¢ ¢a| 5 (RF-1+2V)

©

: (A2)

1 1
w( batp— §hab¢c¢c) + h?an);c"' §hab(FcaC

fields,[24]. The formulations including the multicomponent F

situation in thef (¢,R) gravity were presented if14]. The _ 1

equations and the general solutions in this paper will be use- —FC)—Foa— 3 60U aFp)— FeUa( @ p)+ o) |
ful for a proper treatment of the perturbation analysis which

is usually the most stringent aspect for constructing suitable (A4)

inflationary models.

In this paper we have not considered any specific appliFor the notation, see E¢23). For the derivation of the co-
cations to the specified background models. We can outlingariant form fluid quantities the following relations are use-
how the equations and formal solutions can be manipulateg;|:

in some concrete cosmological models. The equations and

the general asymptotic solutions derived above are valid for T T 2 ra :
the classes of the gravity theories mentionedan-(d) of ¢ pa=— ¢+ s, Fa=FLa—F-0F,
Sec. Il. In order to derive the solutions in explicit forms, we

need to specify the evolution of the background universe yaybp _ —F—F_a® h3F . =F2,— 6F —F,a?
characterized by the scale factaft) and the scalar field o o ’

¢(t). After selecting the favorite gravity theofyhus speci- b o . b )

fying F and w), one can try to find the evolution of the hau°F p,c=Fa—Uaa’Fp—asF,
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1 a o a’o (03 a o a

hgth,C,d:h?an),C_u(a( (ch)+0'cb)+§0hg))l:c FB},:F(;; + E,Blag(ﬁg;‘l‘ g0v753+ go”g&y—(p‘ 9583))/_*_ ’}/IB ¥

1 . + a ayH Y(t)a +Y(t)a _Y(t)|uz '

_ Uab+—9hab)F- (A5) Yy B~ Vigy T HT(Y g, 18~ Yoy")
8 (B2)

From Eqs.(2) and(3) we can derive where from the metric in Eq(B1) we have ,8= d/d7.
_ 1 _ The four vectoru, is decomposed as
b+ 00— %0t 5[ w,4(°— $7ba) — 1 4+2V 4]=0, L L

(A6) UOEa(l_a’)a uaz_ﬁv\a, (B3)

. . 1 .
F+ 0F —F2 o+ s[w(¢?~ ¢%,) ~ RF+2f —4V]=0.

Uo=-a(lta), U= (vkp),.
(A7)

A complete set of the covariant equations based on Ein-—rhe kinematic quantities in E415) become

stein’s gravity can be found if17] and the Appendix of K K2
[18]. By replacing the fluid quantities into the effective ones 0=3H—k+ —(v+kB), k=-3¢+3Ha+ 5y,
derived in Eqs(A1)—(A4) we can derive the covariant equa- a a
tions valid in the generalizet{ ¢,R) gravity.

a
%f[x— E(v+k/3)}

APPENDIX B: PERTURBATIONS B

When we derive the cosmological perturbation equations 1,3 a 201 (D)
using the covariant equation, or the ADM equations, we need + §k Gap| X~ E(” +KkB) | +aHrY o,
the connection symbols expressed using the perturbed met-
ric. In this appendix we present some auxiliary quantities a a
which are useful for the derivation of the perturbed fluid A=, (VHKB) ,—H (v +KB) 4 (B4)
guantities in Sec. Il B and Eq$59) and (60).

The inverse metric of Eq27) is We haves,,=0=a,. We note that the normal-frame con-

dition imposesv+kB=0; the 3+1 or Arnowitt-Deser-
Misner (ADM) formulation is based on the normal vector

aB_ 4,—2r~(3)ap 1-20)—2 |01B_2H Y(t)aB . (B1 field (See[lS])
d a9 ( )= 2y T 1. (BY) In order to derive the fluid quantities from the covariant

where index 0 indicatesy with dy=dt/a. The connection €xpressions in Eq$19)—(22) it is useful to have the follow-
symbols are ing properties. From Eq23) we can show

gOO:_a—Z(l_Za)’ gOa:_a—Zﬁla,

. o . a, F=F+06F—Fa, F=F+6F—Fa—2Fa,
1—‘OO:E_FCY,O! FOa:a,a_ ;B,ai

- a
o o Faz{éF—FE(erkﬂ)} . Fo=0,
Top=" 9apt 25 [(0= GG+ Viag) “
Fa kz[aF 'Fa( +k,8)}
a == — —F—(v ’
+ﬂ|aﬁ+¢,og(aa,§+7\043,0+HT,0Y$;)3+2£HTYS}3, @ a’ k

. . a : . a
FgO:a‘a_ﬁla,o_ ?B\a' Fa:{éF_FE(U_FkB)] _H[éF_FE(U'FkIB)]a(aBS)

where the quantities in the left-hand side are expressed in a

ao
8s=—= 0%+ @ 005+ Y0t Hy oY Vs .
0B~ g 98T 00T Y poTHTOY B covariant way.
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