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A microscopic approach combining rate equations for photon and electron/hole occupations with
kinetic equations for Coulomb scattering rates involving quantum dot and wetting layer states in
InAs/ GaAs quantum dot lasers is presented. The authors find strong damping of relaxation
oscillations on a picosecond to nanosecond time scale depending on the type of the initial
perturbation, similar to the damping observed in experiments by various groups. They show that the
Coulomb interaction is crucial for an understanding of this characteristic strong damping. © 2006
American Institute of Physics. 关DOI: 10.1063/1.2346224兴
Currently, there is an increasing interest in developing
infrared quantum dot 共QD兲 lasers for high-speed data transmission. Transmission with a low bit-error rate 共BER兲 of
10–12 共Refs. 1 and 2兲 and eye patterns with a large temperature stability between 20 and 70 ° C 共Ref. 3兲 have been demonstrated at 10 Gbits/ s and 1.3 m emission wavelength.
Large cutoff frequencies of 12 GHz with vertically coupled
QDs 共Ref. 4兲 and of 24 GHz based on tunnel injection of
carriers into the QDs 共Ref. 5兲 show the feasibility of even
higher data transmission rates. Since the modulation bandwidth is strongly dependent on the frequency and damping of
the relaxation oscillations 共ROs兲, a detailed theoretical investigation of the dynamics of QD lasers is necessary to optimize these devices. In particular, QD lasers have been found
to show a stronger damping of the ROs compared to quantum well 共QW兲 lasers.6,7 Damped ROs are known to be advantageous for open eyes and low BER at large bit rates. The
underlying dynamic mechanisms are still being discussed.8,9
In this letter, a theoretical analysis of the ultrafast RO
dynamics of single-mode InAs/ GaAs quantum dot lasers is
presented. We go beyond standard phenomenological laser
rate equations10–14 by incorporating microscopic kinetic
equations which describe Coulomb scattering processes.15
This approach takes into account the microscopic interaction
and charge transfer between QDs and the wetting layer 共WL兲
evolving in the process of fabricating self-organized QDs.16
Electron-phonon scattering is included for the cooling process in the WL, but neglected for scattering into the QD
states, since it is dominated by Coulomb scattering in the
lasing regime with high WL carrier density.17 We show that
for typical QD lasers, the interplay of the induced emission
and absorption and the scattering processes leads to ROs in
the emission intensity. We investigate the laser dynamics 共i兲
after a weak perturbation, e.g., after applying an optical femtosecond pulse,18 and 共ii兲 during the turn-on processes of an
InAs/ GaAs QD laser pumped by a nanosecond current
pulse.19 The resulting ROs are compared with recent experimental results.
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Since the carrier relaxation processes within the WL and
within the QD states 共at high WL density20兲 are much faster
共approximately picoseconds兲 than capture processes, only the
energetically lowest electron 共e兲 and hole 共h兲 levels in the
QDs contribute crucially to the laser dynamics.15 We use
microscopically calculated scattering rates for all relevant
processes occurring in the set of coupled nonlinear rate equations for the photon density nph and the charge carrier densities nb in the QDs 共where b = e and h兲,

ṅb = −

1
n + SinNQD − Rind共ne,nh兲 − Rsp共ne,nh兲,
b b b

ṅph = − 2nph + ⌫Rind共ne,nh兲 + ␤Rsp共ne,nh兲.

共1兲

共2兲
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in
out
Here, the Coulomb scattering rates e/h
= Se/h
+ Se/h
have to be
determined from a Boltzmann-like equation for ne and nh.15
⌫, , NQD, and ␤ are the optical confinement factor,21 the
cavity loss, the QD density, and the spontaneous emission
coefficient, respectively. Rind ª Ŵ共ne + nh − NQD兲nph is the induced emission rate whereas Rsp ª W̃nenh is the spontaneous
emission rate governed by bimolecular recombination.11,12
Both spontaneous emission and induced processes are proportional to the Einstein coefficient W 共where Ŵ ª WA with
the normalization area A and W̃ ª W / NQD兲. The carrier-light
interaction is considered with the assumption of only one
effective light mode 共single photon number nph兲 dominating
out
in
over all other modes. The scattering rates Sin
e , Se , Sh , and
out
Sh for electrons and holes are calculated microscopically as
a function of the WL electron/hole density we/h; the Coulomb
interaction is considered up to the second order in the
screened Coulomb potential and under the restriction to time
scales where the Markov approximation is applicable,22,23
out
˙ b = Sin
b 共1 − b兲 − Sb b ,

共3兲

where b is the occupation probability in the electron/hole
QD state 共b = e and h兲. This Boltzmann-like equation contains Coulomb scattering rates given by
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FIG. 1. Time evolution of the deviations of the photon density ␦nph and of
the QD electron/hole densities ␦ne/h from their steady state nstph , nest , nsth for
fixed WL carrier density we/h = 8 ⫻ 1012 cm−2 and for the initial values
␦nph共0兲 = 0.01 nstph = 9.7⫻ 103 cm−2 and ␦ne共0兲 = ␦nh共0兲 = 0.

Sin/out
=
b

2
*
*
in/out
− M bnml
兲f lmn
兺 M bnlm共M bnlm
ប lmn
⫻␦共Eb + En − El − Em兲,

共4兲

with the sum over all WL states 共occupation l, m, and n兲
in
out
= lm共1 − n兲 and f lmn
= n共1 − m兲共1 − l兲. Eb, El, Em,
and f lmn
and En are the respective energies. For the evaluation of the
Coulomb matrix elements M abcd and the scattering integrals,
we use the approach of Refs. 7 and 12: for a WL extended in
the x-y plane, the wave function for the whole QD-WL system ⌽l,b 共r兲 = bl 共兲b 共z兲ub共r兲 can be separated into the inplane component bl 共兲, the z component b 共z兲, and the
Bloch function ub共r兲. The in-plane component of the confined QD states is approximated by the eigenfunctions of the
two-dimensional harmonic oscillator.24 The in-plane component of the WL states is approximated by orthogonalized
plane waves. Strong confinement in the direction perpendicular to the WL is considered by an infinite barrier using
the effective well width approximation.25 The calculation of
the scattering rates takes the quasi-Fermi distribution over
the involved electronic states into account. Furthermore, we
include screening by applying the two-dimensional static
limit of the dynamic Lindhard equation as well as a background dielectric constant bg 共for details see Ref. 15兲.
The parameters26 needed for the evaluation of Eqs. 共1兲
and 共2兲 are fixed in agreement with recent experimentally
investigated QD laser structures.1,27
First, we focus on the response of a running laser to a
weak deltalike perturbation in time 共t = 0兲, such as the application of a femtosecond optical pulse.18,28 Figure 1 shows the
dynamics of the deviations ␦ne, ␦nh, and ␦nph of the QD
electron, hole, and photon densities from their respective stationary values, as a response to a weak perturbation. A single
strongly damped RO on a picosecond time scale appears for
all three quantities. Note that the different scattering times
for holes and electrons lead to a slightly different dynamics
of ne and nh. The overdamping of the oscillations results
from rather large scattering rates 共inverse picosecond range兲
under the considered laser conditions. After less than 20 ps
the steady state values are reached. To demonstrate the significance of the scattering rates more clearly, Fig. 2 shows
the ROs obtained for a tenfold artificial reduction compared
to the original values used in Fig. 1. Now, a damped but
pronounced RO emerges. Note that for large perturbations, a

FIG. 2. Relaxation oscillations for artificially reduced scattering rates 共tentimes兲. All other parameters are as in Fig. 1.

small signal analysis 共linearization around the steady state兲
would produce physically unacceptable negative values of
the photon density nph. In that case, nonlinear terms slow
down the induced processes resulting in a positive photon
density. Depending on initial values, the nonlinear contributions can also lead to an amplification of the deviation from
the stationary values.
As second application, the current pulse turn-on dynamics of a QD laser is discussed.19 To obtain an inversion an
injection current density pulse j共t兲 of 5 ns width 共symmetric
Gaussian-like pulse with a rise and fall time of 100 ps兲 is
applied to the noninverted system. During the pulse, the WL
states are filled with charge carriers. As a result, the probability of scattering processes between the WL and the QD
states varies in time. Hence, the WL electron and hole densities cannot be assumed as constant. Therefore, the system
of differential equations 关Eqs. 共1兲 and 共2兲兴 is extended by two
rate equations describing the dynamics of the WL electron
and hole densities wb 共where b = e and h兲,
ẇb =

j共t兲 c
WL
+ nb − Sin
− R̃sp共we,wh兲,
bN
eo b

共5兲

with the elementary charge e0 and with c = NWL / NQD where
NWL = 4 ⫻ 1013 cm−2 is the WL effective density of states.
Moreover, the WL spontaneous recombination rate is given
by R̃sp共we , wh兲 = W̃⬘wewh with W̃⬘ = W̃ / c. The strongly nonlinear dependence of the scattering rates on we and wh is taken
into account explicitly. The peak current density is assumed
to be closely above the laser threshold. The numerical integration of the complete system of nonlinear differential equations 关Eqs. 共1兲, 共2兲, and 共5兲兴 is shown in Fig. 3. After a
turn-on delay of 0.8 ns, the photon density nph increases exponentially. It performs relaxations oscillations with a frequency of 12.5 GHz that are damped towards a stationary
value. These oscillations result from the interplay of electron
filling, induced emission, and absorption processes. The delay time is due to the initially empty QD states that first need
to be filled with charge carriers. After the current pulse is
switched off, nph, ne, and nh decay exponentially. The dynamics of carrier densities shows less pronounced oscillations due to the capacitative inertia of charge carriers. The
rise time is dominated by the in-scattering term 共picosecond
range兲 in Eq. 共1兲, whereas the fall time is much longer due to
slower radiative processes 共nanosecond range兲. The electron
density ne has a higher stationary value than nh due to the
larger electron in-scattering rate Sin
e . In Fig. 3共c兲, the results
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FIG. 3. Response of 共a兲 photon density nph共t兲 and 共b兲 QD carrier densities
ne共t兲 , nh共t兲 to a current pulse 共dashed兲 j共t兲 = j0 exp关−共共t − t0兲 / 2.5 ns兲56兴 with
j0 = 1.1jt where jt is the threshold current density. nph共0兲 = nb共0兲 = 0, wb共0兲
= 10−3wmax
b , b = e and h. Insets: blowups of ROs. 共c兲 Experimental result for
InAs/ GaAs QD laser with 1.3 m wavelength 共Ref. 27兲.

are compared to the ROs measured in QD lasers that correspond to our modeled WL-QD structure.27 In the experiment,
the photon density shows dynamics that is in reasonable
agreement with the theoretical result. In both cases, similar
pronounced ROs with a frequency on an inverse nanosecond
time scale are obtained. In particular, the time delay of the
dynamics is reproduced 共0.8 ns兲, the oscillation frequency,
however, is predicted to be twice as fast as in the experiment.
This deviation may probably be traced back to several approximations, such as the use of a single mode theory and
the neglect of WL-bulk interactions that could slow down the
dynamics.
In conclusion, an approach combining rate equations
with microscopic kinetic equations has been presented and
explains the experimentally found strong damping of ROs in
QD lasers dominated by Coulomb scattering rates. Qualitatively similar results are expected if direct bulk-QD interactions are considered.
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