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Abstract

A series of short-time stochastic resonance (SR) phenomena, realized in a bistable receiver, can be utilized to det
of information represented by signals that adopt frequency-shift keying (FSK). It is demonstrated that the values of no
sity at resonance regions are close for adjacent periodic signals with an appropriate frequency separation. This esta
possibility of decoding subthreshold or slightly suprathresholdM-ary FSK signals in bistable receivers. Furthermore, the m
anism of FSK signal detection via short-time SR effects is elucidated in terms of the receiver response speed. This phe
provides a possible mechanism for information processing in a bistable device operating in nonstationary noisy envir
where even the inputs appear over a short timescale or have a frequency shift.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Stochastic resonance (SR) is now a well establis
phenomenon wherein the response of a nonlinear
tem to a subthreshold periodic input signal can
enhanced by the assistance of noise[1–7]. Since a
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single-frequency sinusoidal input conveys little info
mation content, this effect has been extended to a
riodic (i.e., broadband) input signals, leading to
term: aperiodic stochastic resonance (ASR)[8–16].
From the point of view of information transmissio
an aperiodic information-bearing signal might be
sociated with analog (amplitude and frequency) m
ulated signals[17–21], or digitally modulated signal
[10,12,20–22,24–29]within the context of SR effects
Digital pulse amplitude modulated signals have b
intensively investigated for revealing new ASR ph
.
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nomena, suggesting novel applications[10,12,22,24–
29]. Recently, a new type of electronic receiver ba
on SR properties has been proposed for retrieva
subthreshold digitally modulated signals that util
frequency-shift keying (FSK)[20,21].

In the present Letter, the input information s
quences are also represented by equal-energy or
onal signal waveforms that differ in frequency, i.
the FSK signals[20,21,37]. But, the prototype SR
model, i.e., an overdamped bistable system[1–6,9–
12,18,22,24–32], is adopted as a nonlinear receiv
that decodes the received signals. In each symbo
terval, FSK signals represent the digital informati
with a single-frequency periodic waveform, and t
conventional SR-type phenomenon will appear in
presence of an appropriate amount of noise. U
ally, conventional SR is characterized with a sta
tical measurement, e.g., signal-to-noise ratio, res
ing from long-term observational data[1–16]. In con-
trast, we are more interested in the noise-enhan
effects that occur in each short-term duration of e
symbol interval as the noise intensity increases—w
we call theshort-time SR phenomenon in this Lette
Due to the transient nature of the input waveform
each symbol interval, we decode the digital inform
tion with a rule based on zero crossing times, rat
than a statistical measurement. We note that the
put is an aperiodic signal and the noise-induced s
chronization in a bistable receiver can be related
ASR effects in view of the long-term timescale of e
tire transmission time (over 5000 transmitted code
Thus, an information measure, the percentage of b
correctly decoded, is employed to quantify the perf
mance of the bistable receiver. Here, short-time S
emphasized as being in a short-term timescale of
symbol interval, whereas we are in a standard si
tion of ASR in the case of a long-term data statisti
Since the ASR phenomenon cannot cover all featu
of the detection of FSK modulated digital signa
short-time SR is claimed here in regard to the ad
tive ability of a bistable receiver to the timescale a
the frequency variations. Additionally, the short-tim
SR effect is consistent with detecting weak sign
from a short data record[27], storing information in
a short-term memory device[28] and exploring tran-
sient stimulus-locked coordinated dynamics in ter
of mechanisms of short-term adaptation in sens
processing[36].
-

From a series of short-time SR effects, the in
information contents can be deciphered at the o
put of the bistable receiver in terms of different s
nal frequencies. The SR effects realized in a n
linear bistable receiver, as will be shown, are
sensitive to adjacent periodic signals with an app
priate frequency separation. In other words, the v
ues of the noise intensity at resonance regions
close for two adjacent periodic signals. This nonl
ear characteristic of a bistable receiver is then s
ied in detail for detectingM-ary FSK digitally mod-
ulated signals. It is also interesting to notice that,
addition to subthreshold FSK signal detection, t
strategy can be extended to enhance the detectio
slightly suprathreshold FSK signals. Furthermore,
response speed of bistable receivers, independe
the frequency of input signals, is theoretically dedu
in Section3. In view of the receiver response spee
the mechanism ofM-ary FSK signal detection is ex
plained. Finally, we suggest that short-time SR is
a trivial effect in signal detection, for example, in t
detection of bipolar pulse signals with an unknown
rival time [29]. The short-time SR effect may also b
of interest for bistable electronic or optical devices o
erating in nonstationary noisy environments, rega
less of the short timescale or the frequency shift.

2. Bistable receiver and M-ary FSK signal
detection

An input information-bearing sequence{I } is map-
ped onto theM-ary FSK signalS(t) as

(1)S(t) = Acos(2πfmt), m = 1,2, . . . ,M,

for (n − 1)T � t � nT , n = 1,2, . . . . Here, A is
the amplitude,{fm,m = 1,2, . . . ,M} denotes the se
of M possible carrier frequencies corresponding
M = 2k possiblek-bit symbols, andT is the symbol
interval. The received signalR(t) is

(2)R(t) = Acos(2πfmt + φm) + η(t),

whereφm are phase shifts of carrier frequenciesfm

induced by the channel, and the background noiseη(t)

is additive Gaussian white noise with autocorrelat
〈η(t)η(0)〉 = 2Dδ(t) and zero-mean. Here,D denotes
the noise intensity. Next,R(t), as shown inFig. 1, is
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Fig. 1. Bistable receiver and demodulator forM-ary FSK signals.

applied to a bistable dynamic receiver characterize

(3)τa

dx(t)

dt
= x(t) − x3(t)

X2
b

+ R(t),

with receiver parametersτa > 0 and Xb > 0 [22].
Here,τa is related to the system relaxation time. T
dynamics of Eq.(3) is derived from the symmetri
cal double-well potentialV0(x) = −x2/2+x4/(4X2

b),
having the two minimaV0(±Xb) = −X2

b/4. Para-
metersτa and Xb have the units of time and sign
amplitude respectively, and define natural scales
sociated with the process of Eq.(3) [24]. The term
“subthreshold” associated with the input signal a
plitude requires thatA < 2Xb/

√
27, so that the in-

put S(t) alone is too weak to induce transitions at t
output of bistable receiver. Otherwise, an input sig
is “suprathreshold” for bistable receivers[5,22,24].

We are interested in recovering the successive in
information bits, from the observation of the syste
statex(t). Moreover, our focus is on the signal fr
quency rather than the waveforms at the output of
bistable receiver, due to the information content be
represented by different frequencies. In this Letter,
numerically integrate the stochastic differential eq
tion of Eq. (3) using a Euler–Maruyama discretiz
tion method with a small sampling time step�t � τa

[38]. The demodulation method, as shown inFig. 1,
is implemented with zero crossing timesNm. If the
bistable receiver follows the periodic signal correc
by the assistance of noise, the zero crossing timesNm

of modulated signalS(t) should be 2fmT in each
symbol intervalT . At the output of the bistable re
ceiver, however, the zero crossing timesNm will be in
the vicinity of 2fmT even in the resonance region
noise, as shown inFig. 2(c). For simplicity, the bytes
represented by the corresponding input signals w
frequencyfm are decoded as

(fm−1 + fm)T � Nm < (fm + fm+1)T , or

(4)(2fm − �f )T � Nm < (2fm + �f )T ,

with the frequency separation�f = fm+1 − fm for
m = 1,2, . . . ,M and �f = 1/(2T ) represents the
Fig. 2. Time evolution of binary FSK signal transmission in
bistable receiver. (a)S(t) = 50cos(8πt) representing binary digit 1
(or 0). Here,S(t) is plotted with solid and dashed curves alt
nately in each symbol interval ofT = 1 s, and should be considere
as segmented signals rather than a continuous wave in the w
transmission time. (b) The received signal isR(t). Here, the phase
shift φm induced by the channel isπ/6 and the noise intensit
D = 0.8 V2/Hz. (c) The bistable receiver output signalx(t) with
parametersτa = 1/3000 s andXb = 150 V. The decoded binar
bits are depicted in terms of the zero crossing times. The sam
time�t = 10−5 s.

minimum frequency separation between adjacent
nals for orthogonality of theM-ary FSK signals. Then
the output information sequenceY is decoded. Now
this system of Eq.(3) with a digital input and output
can be viewed as an information channel transmit
digital data. By comparing sequencesI and Y , the
measure of the percentageP of bytes correctly de
coded will be employed to quantify the performan
of this nonlinear information channel. We shall sh
that this transmission of information can be assis
by additive noise in each symbol interval, a prope
we interpret as a short-time SR effect.

As the noise intensityD increases from zero t
the resonance point or the resonant region, show
Fig. 2(c), the switching between wells is made to ag
closely with the input periodic signal, resulting fro
the combined action of noise and periodic signal i
bistable receiver. This synchronization phenomeno
each symbol interval ofT is called the short-time SR
effect. InFig. 2(a), the input periodic signals in eac
short data record of time lengthT have the same fre
quency, which can represent a particular input bin
sequenceI = [1 1 . . . 1] or I = [0 0 . . . 0]. The res-
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Fig. 3. The percentageP of correctly decoded bytes as a fun
tion of noise intensityD. In each symbol interval of lengthT ,
the input signalS(t) = 50cos(2πfmt) has a frequencyfm (as
marked in the legend). The statistical values ofP are computed nu
merically from 5000 transmitted codes. Here, receiver parame
τa = 1/3000 s andXb = 150 V. Also,T = 1 s and�t = 10−5 s.

onance curves, illustrated inFig. 3, are distinct from
the previous conventional SR form: the SR effec
manifested and observed in each symbol intervaT ,
rather than the entire transmission time. Numerical
sults ofFig. 3 show that the percentageP of correct
switching events, as the noise intensityD increases
presents a typical SR characteristic. Especially w
thy of note is that the resonant regions or points
two adjacent frequencies are close. This indicates
the bistable receiver is not sensitive to the freque
change of periodic input signals. Thus, it is possi
to use a bistable receiver to decodeM-ary informa-
tion represented by periodic signals with different f
quencies, i.e., FSK digitally modulated signals. T
possibility is immediately demonstrated inFigs. 4 and
6 with numerical examples of binary and 4-ary FS
signal detection, respectively. In different symbol
tervals of lengthT , the bistable receiver can follow th
input periodic signals with adjacent frequencies in
appropriate noise intensity region. The percentageP ,
as shown inFigs. 5 and 7, is a nonmonotonic func
tion of noise intensityD for different binary and 4-ary
FSK signals, resulting from a series of short-time
effects.

We also note that the above detection strat
can be extended to detect slightly suprathresh
Fig. 4. (a) A binary FSK signalS(t) = 50cos(2πfmt) with carrier
frequencies 4 Hz and 6 Hz representing binary code words 0 a
respectively. Parameters areτa = 1/3000 s andXb = 150 V. Here,
(b), (c) and (d) are plots of receiver outputsx(t) atD = 0.1 V2/Hz,
D = 0.37 V2/Hz and D = 1.1 V2/Hz. The erroneous decode
bytes are bracketed. The phase shiftφm induced by the channe
is π/6. Also,T = 1 s and�t = 10−5 s.

FSK signals for bistable receivers. The signalS(t) =
58 cos(2πfmt), as illustrated inFig. 8(a), are with car-
rier frequencies 4, 6, 8 and 10 Hz. Here, the amplit
A = 58> 2Xb/

√
27 is slightly suprathreshold for th

bistable receiver withXb = 150 V, since the determin
istic switching can occur in the presence of the sig
alone. However, this suprathreshold inputS(t) is fast
for the receiver with the parameterXb = 150 V, and
the dynamical bistable receiver output cannot cross
zero threshold in one period of 1/fm without the help
of noise, as shown inFig. 8(b). In such a condition
the noise plays a constructive role, by spurring the o
put switching of the system, helping to better follo
the transitions present in the fast suprathreshold in
[23,24], as seen inFig. 8(d). This temporal effect is
a residual SR phenomenon occurring in one sym
interval of T , wherein a slow dynamical system e
ploits noise to track the variations imposed by a f
slightly suprathreshold input[23,24]. In the view of
the short timescale of effects, we also associate it w
the short-time SR in this Letter. The correspond
percentageP , as shown inFig. 9, manifests a repre
sentative SR-type behavior as noise intensityD varies
for different 4-ary suprathreshold FSK signals. F
M > 4, a parallel bank of receivers can be desig
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Fig. 5. Plots of the percentageP as a function ofD for binary FSK signal detection in bistable receivers. The statistical values ofP are
obtained from 5000 transmitted codes. The corresponding carrier frequencies are given in plots. (a) The receiver parameters areτa = 1/3000 s
andXb = 150 V. Here,T = 1 s andS(t) = 50cos(2πfmt). (b) The receiver parameters areτa = 1/10000 s andXb = 380 V. Here,T = 0.1 s
andS(t) = 140cos(2πfmt). The sampling time is�t = 10−5 s.
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Fig. 6. (a) A 4-ary FSK signalS(t) = 140cos(2πfmt) with car-
rier frequencies 40, 60, 80 and 100 Hz, representing 4-ary c
words 00, 01, 10 and 11, respectively. The receiver parameter
τa = 10−4 s andXb = 380 V. Here, (b), (c) and (d) are plots o
receiver outputsx(t) at D = 0.25 V2/Hz, D = 1.0 V2/Hz and
D = 2.4 V2/Hz. The erroneous decoded bytes are bracketed.
phase shiftφm induced by the channel isπ/6. Here,T = 0.1 s and
�t = 10−5 s.

for this complicated task, with different receiver pa
meters and improved deciphering scheme.

Next, we investigate the behavior of the bista
receiver when the phase shift is not known or r
dom. InFig. 10, the percentageP of correctly decoded
bytes are illustrated as the phase shiftφ takes values
of zero, π/6, π/4, π/2 and 3π/4. We observe tha
the percentageP is almost same for different phas
shifts in detecting 4-ary FSK signals. This indica
that the bistable receiver is robust to the phase shift
applicable when the carrier phase is unknown at the
ceiver and no attempt is made to estimate its value
the presence of periodic inputs, the receiver dynam
is derived from the antisymmetric double-well pote
tial V (x, t) = V0(x) − Ax cos(2πfmt + φm). The zero
crossing timesNm, i.e., barrier crossings, are count
as the noise-induced transitions between the right
the left well, while the wells are raised and lower
successively. In terms of the rule of Eq.(4), unknown
or random phase shift seems not to affect this de
tion strategy, because the zero crossing times are
cided as(fm−1+fm)T � Nm < (fm +fm+1)T , rather
thanNm = 2fmT , standing for the correctly decode
bytes represented by the input signals frequencyfm.
Note that the zero crossing timesNm are obtained by
over-sampling the receiver outputx(t). This interest-
ing problem deserves further study in the future.

3. The mechanism of FSK signal detection in a
bistable receiver

In this section we shall now attempt to explo
the physical mechanism of FSK signal detection i
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arrier
Fig. 7. Plots of the percentageP as a function ofD for the 4-ary FSK signal transmission in bistable receivers. The corresponding c
frequencies are given in the legend of the above plots. Graphs (a) and (b) are with the same parameters as inFig. 5, respectively.
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Fig. 8. (a) A 4-ary slightly suprathreshold FSK sign
S(t) = 58cos(2πfmt) with carrier frequencies 4, 6, 8 and 10 H
representing 4-ary code words 00, 01, 10 and 11, respectively.
receiver outputsx(t) at (b)D = 0 V2/Hz, erroneous decoded byte
are bracketed; (c)D = 0.025 V2/Hz; (d) D = 0.31 V2/Hz, op-
timum noise intensity; (e)D = 1.5 V2/Hz, too much noise. The
phase shiftφm induced by the channel isπ/7. Here,�t = 10−5 s,
τa = 1/3000 s andXb = 150 V.

bistable receiver, by exploiting an approximation
the nonstationary probability density of Eq.(3) and
its temporal relaxation. The temporal relaxation of
nonstationary probability density, termed the recei
response speedλ1, will be demonstrated as being in
dependent of the input signal frequency. The study
system response speed allows us to explicitly hav
Fig. 9. The percentageP of correctly decoded bytes as a function
noise intensityD for the 4-ary slightly suprathreshold FSK sign
detection in bistable receiver. The corresponding parameters a
same as inFig. 8.

deeper understanding of the FSK signal detection
nonlinear bistable receiver.

In numerical simulations, we numerically samp
a sinusoidal signal with zero-hold and sampling ti
�t � τa [10,22,24,25,29]. Hence, in a sampling in
terval of �t , the system of Eq.(3) is subjected to a
constant amplitudes(t) = Ai (i�t � t < (i + 1)�t ,
i = 0,1,2, . . .), as shown inFig. 11. In the presence o
noiseη(t), the statistically equivalent description f
the corresponding probability densityρ(x, t) is gov-
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Fig. 10. Plot of the percentageP as a function ofD for the
4-ary FSK signal transmission in bistable receivers with differ
phase shiftsφ = 0, π/6, π/4, π/2 and 3π/4. The input signal
S(t) = 50cos(2πfmt) has carrier frequencies 4, 6, 8 and 10 H
The receiver parameters areτa = 1/3000 s andXb = 150 V. Here,
T = 1 s and�t = 10−5 s.

Fig. 11. A sinusoidal signal with zero-hold sampling.

erned by the Fokker–Planck equation

(5)τa

∂ρ(x, t)

∂t
=

[
∂

∂x
V ′(x) + D

τa

∂2

∂x2

]
ρ(x, t),

whereV ′(x) = −(x − x3/X2
b + Ai) and the Fokker–

Planck operatorLFP = ∂
∂x

V ′(x) + D
τa

∂2

∂x2 . ρ(x, t)

obeys the natural boundary conditions such that it v
ishes at largex for anyt [39]. The steady-state solutio
of Eq.(5), for a constant input atAi , is given by

(6)ρ(x) = lim
t→∞ρ(x, t) = C exp

[−τaV (x)/D
]
,

whereC is the normalization constant[39]. As the
sampling amplitudeAi varies, we encounter the no
stationary solutionρ(x, t) of the Fokker–Planck equa
tion, i.e., Eq.(5). This analysis is performed inAppen-
dix A. We show inAppendix Athat the nonstationar
solutionρ(x, t) can be expanded as an asymptotic r
resentation of eigenfunctionsui(x) and eigenvaluesλi

ρ(x, t) =
n∑

i=0

Ciui(x)

(7)× exp
[−τaV (x)/(2D)

]
exp[−λit],

where Ci are normalization constants fori = 0,1,

2, . . . .
Specifically, the inverse of the minimal positiv

eigenvalueλ1 is a measure of the slowest time tak
by the bistable receiver to tend to the steady-state
lution of Eq.(6). In other words,λ1 is the speed of the
bistable receiver tracing the variety of input signa
whence our term “receiver response speed.”Fig. 12
shows the behavior of the receiver response spee
the related regions. Note that the receiver respo
speedλ1, for a fixed bistable receiver with param
tersτa andXb, is a monotonically increasing functio
of signal amplitude|A| and noise intensityD, but
independent of the input signal frequencyfm, as in-
dicated in Eq.(A.8). When the noise intensityD is
too small, the receiver cannot follow the input s
nal correctly, as shown inFigs. 4(b) and 6(b). How-
ever, in the resonant regions of noise intensityD,
λ1 is large enough to make the receiver outputx(t)

reach the steady-state, whereas the signal ampl
continually changes from±A to ∓A at different but
adjacent carrier frequenciesfm. This indicates de
tecting weak FSK modulated signals is possible i
bistable receiver, as seen inFigs. 4(c) and 6(c). Af-
ter the noise intensityD is beyond the resonance r
gion, λ1 is too fast to catch up with the fluctuation
induced by noise, resulting in the loss of synch
nization, as shown inFigs. 4(d) and 6(d). Especially,
we argue that the so-called suprathreshold FSK si
S(t) = Acos(2πfmt) (A > 2Xb/

√
27) is mainly sub-

threshold and slightly suprathreshold as illustrated
Fig. 8, since the amplitude|A| changes in each period
Therefore, the system response speedλ is in such a
1
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Fig. 12. The receiver response speedλ1 as a function of signa
amplitude |A| and noise intensityD for the receiver with para
meters (a)τa = 1/3000 s andXb = 150 V and (b)τa = 10−4 s
and Xb = 380 V. The slightly suprathreshold region of|A| is
|A| = 2Xb/

√
27+ ε andε is a small value.

region that the receiver can follow the variation of
put more correctly, even if the input amplitude|A| is
slightly suprathreshold.

The receiver response speedλ1 contributes to the
mechanism of detecting weak FSK modulated sign
in a bistable receiver: within a reasonable region
noise intensity, the receiver responds synchronous
the input periodic signal, regardless of the short-te
timescale of symbol intervalT or the frequency shif
of signals (i.e., the different carrier frequenciesfm).
Therefore, the SR effect realized in a symbol du
tion T , i.e., the short-time SR effect, can be utiliz
to convey or store the digital data[27,28]. Addition-
ally, noise-enhanced frequency discrimination was
ported in Ref.[33], and the frequency robust charact
istic of the bistable model was also verified in Ref.[29]
in detail.
4. Discussion and conclusion

A detection strategy for FSK digitally modulate
signals with a nonlinear bistable receiver was a
lyzed. It was numerically demonstrated that the r
onance values of noise intensity appear closely
FSK modulated signals with adjacent frequencies.
suming a demodulation method of the zero cross
times, a series of SR effects appearing in each s
bol interval—what we call short-time SR—provid
the possibility of detecting subthreshold and sligh
suprathresholdM-ary FSK signals in bistable re
ceivers. In order to understand the mechanism of F
signal detection more deeply, we introduce the
ceiver response speed, i.e., a theoretical measur
the receiver tending to a steady-state. In the reso
region, the receiver response speed is fast enoug
capture a variety of input periodic signals, rega
less of the frequency difference and the short-te
timescale of each symbol interval.

Finally, we argue that the short-time SR effe
might be a possible detection strategy in neurodyn
ics, as the stimulus exists in a short time duration
has frequency shift[27,28,33–35]. This is an open
question and currently under study.
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Appendix A. Receiver response speed and
nonstationary probability density model

In Eq. (5), the Fokker–Planck operatorLFP =
∂
∂x

V ′(x) + D
τa

∂2

∂x2 is not a Hermitian operator[39]. We
rescale the variables as

X̄b = Xb/
√

D/τa, Āi = Ai/
√

D/τa,

(A.1)τ = t/τa, y = x/
√

D/τa,
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Eq.(5) becomes

(A.2)
∂ρ(y, τ )

∂τ
=

[
∂

∂y
V ′(y) + ∂2

∂y2

]
ρ(y, τ ),

whereV ′(y) = −(y − y3/X̄2
b + Āi). The steady-stat

solution of Eq.(A.2) is given by

(A.3)ρ(y) = lim
τ→∞ρ(y, τ ) = C exp

[−V (y)
]
,

whereC is the normalization constant. A separati
ansatz forρ(y, τ ) [39],

(A.4)ρ(y, τ ) = u(y)exp
[−V (y)/2

]
exp(−λτ),

leads to

(A.5)Lu = −λu,

with a Hermitian operatorL = ∂2

∂y2 − [1
4V ′2(y) −

1
2V ′′(y)]. The functionsu(y) are eigenfunctions of th
operatorL with the eigenvaluesλ. Multiplying both
sides of Eq.(A.5) by u(y) and integrating it, yields

(A.6)

λ =
∫ +∞
−∞ {u′2(y) + u2(y)[1

4V ′2(y) − 1
2V ′′(y)]}dy∫ +∞

−∞ u2(y) dy
,

where eigenfunctionsu(y) satisfy the boundary con
ditions ofu(y) andu′(y) tending to zero asy → ±∞.
The eigenvalue problem of Eq.(A.5) is then equivalen
to the variational problem consisting of finding the e
tremal values of the right side of Eq.(A.6) [25,39]. The
minimum of this expression is then the lowest eig
valueλ0 = 0, corresponding to the steady-state so
tion of Eq. (A.3) [39]. We adopt here eigenfunction
u(y) = p(y)exp[−V (y)/2] andp(y) 
= 0, Eq. (A.6)
becomes

λ =
{ +∞∫

−∞

{
p′2(y) + 1

2
p2(y)V ′2(y)

− 1

2

[
V ′(y)p2(y)

]′}exp
[−V (y)

]
dy

}

(A.7)

/{ +∞∫
p2(y)exp

[−V (y)
]
dy

}
.

−∞
Since
+∞∫

−∞

[
V ′(y)p2(y)

]′ exp
[−V (y)

]
dy

= V ′(y)p2(y)exp
[−V (y)

]∣∣+∞
−∞

+
+∞∫

−∞
p2(y)V ′2(y)exp

[−V (y)
]
dy

=
+∞∫

−∞
p2(y)V ′2(y)exp

[−V (y)
]
dy,

Eq.(A.7) can be rewritten as

(A.8)λ =
∫ +∞
−∞ p′2(y)exp[−V (y)]dy∫ +∞
−∞ p2(y)exp[−V (y)]dy

.

Assumep(y) = d0 + d1y + · · · + dny
n and the order

n is an integer, we obtain

(A.9)
([K] − λ[M]){d} = 0,

with eigenvectors{di} = [di
0, d

i
1, . . . , d

i
n] correspond-

ing to eigenvalues{λ} = [λ0, λ1, . . . , λn] for i =
0,1, . . . , n. The integern is not increased in the iter
ative process until the preceding values ofλi approx-
imate the next ones within the tolerance error. T
elements of matrices[M] and[K] are

mij =
+∞∫

−∞
yi+j exp

[−V (y)
]
dy > 0,

kij =
+∞∫

−∞
ijyi+j−2 exp

[−V (y)
]
dy � 0,

wherei, j = 0,1, . . . , n. The matrix[M] is positive
definite and the matrix[K] is semi-positive definite
The minimal eigenvalueλ0 is zero. The minimal posi
tive eigenvalueλ1 describes the main speed of the s
tem tending to the steady state solution of Eq.(A.3),
what we call the receiver response speed.

From Eq. (A.9), we can obtain the eigenfunc
tions ui(y) = pi(y)exp[−V (y)/2] corresponding to
the eigenvalueλi for i = 0,1, . . . , n, wherepi(y) =
di

0 + di
1y + · · · + di

ny
n. The eigenvectors{di} =

[di
0, d

i
1, . . . , d

i
n] are normalized. BecauseL is a Her-

mitian operator, eigenfunctionsu (y) and u (y) are
i j
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(A.10)

+∞∫
−∞

ui(y)uj (y) dy = δij ,

where i, j = 0,1, . . . , n. Hence,ρ(y, τ ) can be ex-
panded, according to eigenfunctionsui(y) and eigen-
valuesλi , as

ρ(y, τ ) =
n∑

i=0

Ciui(y)exp
[−V (y)/2

]
exp[−λiτ ],

whereCi are normalization constants deduced fr
the orthogonal condition of eigenfunctions[39]. Note
the scale transformation in Eq.(A.1), ρ(x, t) can be
represented as

ρ(x, t) =
n∑

i=0

Ciui(x)exp
[−τaV (x)/(2D)

]
(A.11)× exp[−λit],

with the real eigenvaluesλi = λ′
i/τa in the timescale

of t andλ′
i derived from Eq.(A.9).
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