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Rolle’s Theorem Fails in /,

Jesas Ferrer

In [1, Theorems 1 and 2] two multidimensional versions of Rolle’s theorem are
given which have the classical one-dimensional result as a particular case. Simplify-
ing their statements and notation, let B, U and S denote the closed unit ball, open
unit ball and unit sphere, respectively, of R". We reproduce the results before
mentioned.

Theorem 1. Let f: B = R” be a continuous function differentiable in U. Assume
there is a vector v € R? such that v, f(x)) = 0, for every x € S. Then there is a
vector x, € U such that (v, f'(xu) = 0, for all u € R".

Theorem 2. Let f be as before. Let v € R? and z € U be such that v, f(x) — f(2))
does not charge sign in S. Then there is a vector x, € U such that {v, f'(xo)u) = 0,
forallu € R™

The paper ends with the conjecture that both theorems should not hold for
infinite-dimensional domains. We prove the conjecture to be correct by means of
an example of a real valued function f defined in the Hilbert space [/, of
square-summable real sequences such that it is continuous and differentiable in
every point of [, fis = 0 but f'(x) # 0 for every x € U. Clearly, from now on B,
U and § will refer to the closed unit ball, open unit ball and unit sphere,
respectively, of /,. We use (-, ) to denote the usual inner product of I,.

The Example. Let L and R denote the continuous linear operators in /, given by,
if x=(x;,x,,%5,...),
Lx = (xz,X3,X4,.. .),
Rx = (0,xy, x5, %3,...).
Let T be the map (clearly motivated by [1, Example 1]) T': /, — [, defined as
T(x) = (1/2 = lIx1*)e; + Rx.
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Finally, consider the function f: [, = R such that

fly =
lx = T()I*

Since the map T has no fixed points, it follows that f is continuous in /, and
f(x) = 0 for every x € S. We show next that f is differentiable in every point of /,.

Identifying in the usual fashion [/, with its dual, we know that the Fréchet
derivative of |lx||* is given by 2x. So, we have that the mapping T is differentiable
at x and, for each u € /,,

T'(x)u= —2{x,u)e; + Ru.
Hence, we have that the derivative of |lx — T(x)||* is given by the functional
u->Ax—T(x),u—T(x)u.

Now since |lx — T(x)|I* never vanishes, the derivative of a quotient tells us that f
is Fréchet differentiable at every x € [, and, for each u € [,, we have

PO =TT

X[—2||x - T(x) [P (x,u) = 2(1 = IxI*X x = T(x),u — T’(x)u)].

But, since (T(x), ;) = 1/2 — [|xI* and noticing that {x, Ru) = {Lx,u), LT(x)
= x, it follows that

(x=T(x),u—T(x)w
=(x = T(x),u) + 2(x,ux; — 2{x,u)(1/2 = |xl*) = (x = T(x), Ru)
=<x - T(x) +2xx — (1 = 2[x*)x = L(x - T(x)),u>
= ((1 + 2%, + 2lxl*)x — T(x) — Lx,u).
Therefore, the value of f'(x)u is given by the expression
-2
Ix =TI
x{(Ilx - TP+ (@ = 21?1 + 2x; + 2lxl1%))x = (1 = IxI®)(Lx + T(x)), u).
That is,

NPT
x[(Ix = TP + (1 = Ix®)(1 + 25, + 20xl%))x = (1 = ldl®)(Lx + T(x))].

We show that the equation f'(x) =0 has no solution in U. Assume that
f'(x) =0, llx]l < 1. Then, if we call

ENEEE O

Tt 1+ 2x, + 2llxl?, (1)
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it follows that
Lx + T(x) = sx,
and
L*x —sLx +x = 0.

That is, x € Ker(L* — sL + I) is a recurrent sequence of order two in I,. The
associated characteristic equation for this type of sequence is

t2—st+1=0,
which gives us three different alternatives according to the sign of its discriminant.

Case 1. |s| = 2. Then we know that the sequences

u=(1,5/2,(s/2)"(s/2%...); v=1(0,5/2,2(5/2)*,3(s/2)’,...)

are basic elements of Ker(L? — sL + I). Thus, x = Au + Bv, for some real num-
bers A, B. So, for each n > 1,

x,=A(s/2)""" + B(n = 1)(s/2)"",

and, since lim, x, = 0, we have that 4 = B = (, i.e., x = 0. But this cannot be so,
since

£(0) = 16e,.

Case 2. |s| < 2. Then the characteristic equation has two complex roots given by
a=cosf+isinf, B=cosf—isinf, sinf+0.
Then, we know that there are complex constants A4, B for which
x, = A(cos § +isin §)" "' + B(cos § + isin )", n=>1,

and, for suitable real constants C, D

x,=Ccos(n—1)6 + Dsin(n — 1)6, n=>1.
But sin 8 # 0 implies that the former sequence has no limit, unless C = D = 0,
i.e., x = 0, again a contradiction.

Case 3. |s| > 2. We then have two real roots

s+ Vst—4 s—Vs2—4

2

Clearly, one of these roots has absolute value greater than one and the other less
than one. Assume that

lal > 1, |BI<1.
Since
x,=Aa""' +BB" !, n>1,
it follows that 4 = 0 and

Xn =X Bn_l’ nzl
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Thus, x is the geometric progression

(xlaxlﬁ’xlﬁz’xlﬁ3a"~)’

2 2 2 2
2 %1 _ 2 X1 _l x(1-B)
B S EEE U P 2) +
From sx = T(x) + Lx, we have
1-— B2 1
5+~ - 5 (1= %) =0, @)
and
2
x1(1 - B)
x—T(x)|} = SH—%.
I =TI = G275
Hence, substituting in (1),
1 xi(1-B) 1-p? x
[3+—B——s— 32(1+[3).1-—[32"‘X12+1+2x1+21"32,
which yields
(1-8%)(1-8)

1=(B-2x)|1+ (3)

232(1 —x}- Bz) )
From (2), we consider two subcases:

—1+82-y1-p*

(3.1) X, = 28

From (3), since [|lx|| < 1 implies x + B? < 1, we have that 0 < 8 — 2x, < 1.
Therefore, 0 < (1 + /1 — B*)/B < 1. A contradiction, since | 8| < 1.

C1+pra TR
2B

(3.2) X =

Noticing that
1
L=xf = f7= 5o(1- )8+ 2x),
it follows after (3) that

R ey ) il

2B2—-1+y1-p*"
B(28? =1+ y1-p%) = (1- V1~ p%)(28> - B+ V1~ §*)
28 = (1- V1= 8%)(28% + V1 - B*)
21+ v1-8%) = p(287 + V1 - B°)
2(1- %) =(B-2)Y1-pB*.

This last expression is a contradiction.
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We have heard much about the poetry of mathematics, but very
little of it has as yet been sung. The ancients had a juster notion of
their poetic value than we. The most distinct and beautiful
statements of any truth must take at last the mathematical form.
We might so simplify the rules of moral philosophy, as well as of
arithmetic, that one formula would express them both.

—H. D. Thoreau

1996] NOTES 165



	Article Contents
	p. 161
	p. 162
	p. 163
	p. 164
	p. 165

	Issue Table of Contents
	The American Mathematical Monthly, Vol. 103, No. 2 (Feb., 1996), pp. 105-195
	Front Matter
	Yueh-Gin Gung and Dr. Charles Y. Hu Award for Distinguished Service to Andrew Gleason [pp. 105-106]
	Using Self-Similarity to Find Length, Area, and Dimension [pp. 107-120]
	The Euler Characteristic and Pólya's Dream [pp. 121-131]
	A Roman Icosahedron Discovered [pp. 132-133]
	A Fable of Reform [pp. 134-142]
	Picture Puzzle [pp. 142+148]
	Is Optimal Pricing a Myth From Business Calculus? Is Business Calculus an Oxymoron? [pp. 143-148]
	Free Elastic Parallels in a Surface of Revolution [pp. 149-156]
	Notes
	A Simple Proof of the Jordan Decomposition Theorem for Matrices [pp. 157-159]
	A Concise Proof of Hilbert's Basis Theorem [pp. 160-161]
	Rolle's Theorem Fails in l [pp. 161-165]

	Unsolved Problems
	Self-Reading Sequences [pp. 166-168]

	The Authors [pp. 169-170]
	Problems and Solutions
	Problems:10501-10507 [pp. 171-172]
	Notes
	(10506) [p. 173]
	(10507) [p. 173]

	Solutions
	6675 [pp. 173-174]
	10226 [pp. 175-177]
	10255 [pp. 177-181]
	10281 [pp. 181-183]
	10301 [pp. 183-184]


	Reviews
	Review: untitled [pp. 185-186]
	Review: untitled [pp. 186-189]

	Telegraphic Reviews [pp. 190-195]
	Back Matter



