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Optical absorption is calculated for asymmetric double quantum wells in intense terahertz �THz� fields
applied parallel to the growth direction z. Owing to the lack of inversion symmetry, strong Coulombic coupling
�CC� occurs between excitons. The effects of CC and various Stark effects due to the THz field-exciton
interactions on the excitonic absorption are systematically studied. The absorption spectra show a rich variety
of behaviors, including excitonic sidebands and replicas as well as peak splittings. Due to the optical Stark
effect �OSE�, Autler-Townes �AT� splittings occur in resonant THz fields whose frequency is near the transition
frequency connecting two exciton energy levels, with the absorption of each exciton splitting into a double
peak. Taking CC into account causes a pronounced asymmetry in the AT doublets as the oscillator strength is
transferred from the higher-energy exciton to the lower of the pair. In a low-frequency driving THz field,
multiple features emerge in the vicinity of the strong exciton peak, being separated from it by multiples of the
THz-photon energy, n�� �n= �1, �2, �3, . . .�. The multiple features are the THz-photon sidebands and
replicas of the exciton and arise from different band-to-band transitions. The occurrence of the sidebands and
replicas is proved to be due to the second-order Stark effect �SOSE�. Including CC, the excitonic absorption
connected with weak band-to-band transitions can occur with a great strength, and the overall absorption is
significantly enhanced for a wide range of THz frequencies. The features of the AT splittings, the excitonic
sidebands and replicas, and their variation with the THz field are well explained in terms of the CC and the
Stark effects �OSE and SOSE�.
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I. INTRODUCTION

The interband optical properties of quantum wells �QWs�
are affected by electric fields. A dc electric field applied
along the QW growth direction modulates the interband ab-
sorption by the quantum-confined Stark effect �QCSE�. Since
the experimental observation of the QCSE �Ref. 1� the
electro-optical absorption for dc biased QWs has been the
subject of intense research. An ac electric field applied nor-
mal to QWs also modulates the interband absorption, and in
particular the electro-optic �EO� modulation by a terahertz
�THz� electric field is of great interest. The THz EO modu-
lation requires the intersubband transitions in the conduction
band and/or valence band to fall in the THz range. Coupled
double QWs �CDQWs� are suitable structures as the inter-
subband transitions in both conduction and valence bands
can be tuned to the THz frequencies by band-structure engi-
neering �e.g., by adjusting the CDQW geometry�. Particu-
larly interesting are asymmetric double QWs �ADQWs�,
which consist of two QWs of different widths coupled
through a thin middle barrier. By using ADQWs, mixing of a
weak near-infrared �NIR� beam and a strong THz beam al-
lows the generation of THz-optical sidebands of all orders,
and efficient first- and second-order processes have been ob-
served in early experiment.2 Such THz EO effects have po-
tential applications in nonlinear spectroscopy3 as well as in
ultrafast all-optical switching. Indeed, by means of the THz
EO modulation,2 wavelength conversion in GaAs/AlGaAs
ADQWs has been experimentally demonstrated4–6 with a
conversion efficiency of 0.2% achieved.5 Asymmetric QWs
are attractive structures also for generation of broadband
THz emission7–10 by femtosecond interband photoexcitation

�or optical rectification3�. From the viewpoint of basic re-
search, the ADQW structure is also a quantum-mechanical
model system for the study of optical coherence effects un-
der the influence of an intense slowly varying field.

In an atom, an oscillating electric field couples two atomic
levels via the dipole interaction, and when the field is intense
it mixes with the two atomic states forming renormalized
states �the atom is then called a dressed atom11�. In general,
the energy spectrum of the renormalized states is quite com-
plicated and is dependent on the field frequency and the di-
pole interaction strength. However, two limiting cases are of
great interest in which approximate analytical solutions exist
for the renormalized states yielding the Stark effects.12 The
first is the resonant field case: when the field frequency is
near to the transition frequency that connects the two energy
levels, each level splits into two sublevels corresponding to a
pair of renormalized states, with an energy separation given
by the Rabi energy.11 Each pair of such renormalized states
contain similar components from their common unperturbed
atomic state. This is the optical Stark effect �OSE�. The split-
ting of an atomic level in strong resonant fields yields split-
ting in absorption lines connected to the level, namely, the
Autler-Townes �AT� splitting.12 The second case is for low-
frequency fields, in which the first-order Stark effect �FOSE�
or the second-order Stark effect �SOSE� may occur, depend-
ing on the field intensity, when the line broadening is small.
In the FOSE each atomic level breaks up into a number of
components spaced by one-photon energy, with intensities
depending on the field strength. For the SOSE each energy
level breaks up into components with intervals of two-photon
energy, with the principal component being shifted from the
unperturbed atomic level. This energy shift and the intensi-
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ties of all the components depend on the square of the field
strength. The SOSE on absorption lines was first observed
experimentally by Townes and Merritt.13 For a semiconduc-
tor under weak photoexcitation, the interband absorption is
determined by exciton absorption. When a strong THz field
is applied additionally, it may couple exciton states, leading
to optical Stark effects as in the atomic system. Then the
interband absorption is determined by the renormalized ex-
citon states �of dressed excitons� due to the THz field-exciton
interaction. However, caution should be taken in studying the
Stark effects in the excitonic absorption of QWs because
QWs have very intricate exciton states �distinct from true
atomic states�, which dictate the THz field-exciton interac-
tion. Due to quantum confinement in the growth direction,
electron and hole subbands are formed. Conventionally a
QW exciton can be associated with a certain pair of electron-
hole �e-h� subbands14,15 or the band-to-band transitions be-
tween the pair �for example, exciton Xe1h1 is associated with
electron subband e1 and hole subband h1 or the h1-e1 band-
to-band transitions�. As the THz field induces intersubband
transitions by interacting with an electron or a hole, it inter-
acts with excitons via the induced dipole moments. Thus,
two such exciton states that may couple via the dipole inter-
action should be connected with one common electron or
hole subband �for example, both exciton states of Xe1h1 and
Xe1h2 are connected to electron subband e1�. This is a general
selection rule that governs the THz-field-induced transitions
between exciton states, but further selection rules may apply
when the electronic system has certain symmetry. More in-
tricacies however arise owing to Coulombic coupling �CC�
of QW exciton states. The CC occurs as quantum mechani-
cally the electron �hole� in an e-h pair is scattered between
different electron �hole� subbands due to the e-h Coulomb
interaction. As a result, the exciton state of Xe1h1, for in-
stance, whose main component is due to the e-h subband pair
�e1,h1�, may also contain components from other subband
pairs, e.g., from pair �e1,h2�, when there is CC between
excitons Xe1h1 and Xe1h2, which are associated with the two
subband pairs.16 Such CC between different excitons has a
major influence on the interband absorption of coupled
QWs.17 The CC should not be confused with the Coulomb
interaction within the same pair of e-h subbands. We need to
clarify four points regarding the Coulombic coupling. First,
in a symmetric QW, an electronic state is a symmetric or an
antisymmetric state in the growth direction, with the conse-
quence that there may be no CC between certain two exci-
tons associated with two different subband pairs. In an asym-
metric QW, in principle CC occurs between any exciton
states due to symmetry breaking. Second, in symmetric
QWs, while two exciton states are coupled by the dipole
interaction arising from the THz electric field, no CC occurs
between the two states. This can be proved from the expres-
sion for the Coulomb matrix elements �Sec. II below� by
using the symmetry properties of the electronic states. In an
asymmetric QW, two exciton states can be coupled by the
CC and the dipole interaction simultaneously. We shall see
below that these exciton states are indeed crucial to the
evaluation of the interband absorption in THz-field-driven
ADQWs. Third, the CC may be strong in ADQWs where
electron or hole subbands are closely spaced. Fourth, without

a THz field, CC occurs between excitons in ADQWs. In the
presence of an intense THz field, CC then will occur between
the dressed excitons; that is, there is mixing between the
renormalized exciton states due to the Coulomb interaction.

There have been theoretical studies of the optical absorp-
tion in QWs under intense THz irradiation. In the studies of
the dynamical Franz-Keldysh effect �DFKE� of the exciton
absorption,18,19 the THz wave oscillates in the QW layer
plane, inducing transitions between the two-dimensional
�2D� exciton states. To induce intersubband transitions, the
THz field needs to be applied along the QW growth direc-
tion. Early absorption studies in such THz-field-driven QWs
were focused on single QWs. Liu and Ning20 calculated in-
terband absorption for a symmetric QW populated by carri-
ers and considered the case that a strong far-infrared field
couples with the intersubband transitions between two con-
duction subbands only. Maslov and Citrin21 calculated linear
optical absorption for an infinitely deep QW, where only the
valence subbands are coupled by the applied THz field. Both
studies found Autler-Townes splittings in the excitonic ab-
sorption lines when two conduction20 or valence21 subbands
are coupled by a near-resonant field. These excitonic AT
splittings show similar behavior to the AT splitting in atoms,
as there is no Coulombic coupling between the exciton states
involved.20,21 In a further study,22 Maslov and Citrin calcu-
lated interband absorption for a THz field with low frequency
compared with the subband energy spacing. Specifically they
investigated what happens when the low-frequency field
couples the exciton states of Xe1h1 and Xe1h2. They found that
two replicas appear about the absorption of each exciton. The
two replicas around the Xe1h1 peak are separated from Xe1h1
by two THz-photon energy, whereas the two replicas about
exciton Xe1h2 are located one THz-photon energy from Xe1h2
while the Xe1h2 peak itself is absent. Interestingly, when a
strong dc bias is applied in addition to the THz field, multiple
replicas emerge on both sides of each excitonic absorption
peak: the replicas around the exciton peak are separated from
it by an integer number of the THz-photon energy. However,
the mechanisms behind the occurrence of the replicas are
unclear and the bias dependence of the exciton peaks and
replicas remains unresolved.

The interband absorption in THz-field-driven ADQWs
can be measured using pump-probe reflection or transmis-
sion experiments. In this paper we model such a setup based
on a cw-THz pump beam and a tunable cw-NIR probe beam
being used. The absorption of the probe beam in the presence
of the pump is then explored as a function of the NIR photon
energy, the frequency, and the intensity of the THz field. This
study is based on a numerical calculation of the ADQW in-
terband polarization, taking into account the conduction sub-
bands that may couple by the THz field as well as the va-
lence subbands. Particular attention is paid to the excitonic
levels that are coupled simultaneously by the Coulombic in-
teraction and the THz field. We study the THz-field depen-
dence of the interband excitonic absorption in terms of the
spectral shift, splitting, and intensity variation. The main is-
sue we address is how the CC and Stark effects affect the
excitonic absorption. For this purpose, we compare the ab-
sorption spectra calculated with and without CC, focusing on
how the spectra vary with the intensity and frequency of the
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THz field. We found that, when the CC is excluded, the shifts
and splittings in the absorption spectra comply with the Stark
effects as in the atomic system. On the other hand, including
CC can change significantly the absorption spectra in both
the near-resonant and low-frequency THz-field cases. We
also investigate how the various replicas occur around the
absorption positions of excitons in low-frequency THz fields,
producing a comprehensive study of THz induced effects in
QWs to explain fully observed behavior.

This paper is organized as follows. In Sec. II, a model for
the calculation of the interband polarization and absorption,
including excitonic effects, Coulombic coupling, and THz-
field-induced coupling between exciton states in THz-field-
driven QWs is presented. The derivation of the interband
polarization equation is outlined, and an effective method of
solving it is described, in terms of handling the Coulomb
singularity, for the calculation of the absorption in accor-
dance with the pump-probe setup mentioned above. In Sec.
III, we present results of the interband absorption for a three-
subband electronic system, which involves two exciton states
associated with two different subband pairs. Particular atten-
tion is paid to the absorption when �i� a near-resonance and
�ii� a low-frequency THz field are applied. This allows us to
check our numerical results against the analytical expres-
sions that can be sought, for the case where the CC is ex-
cluded, and then further explore what happens when the CC
is taken into account. A detailed discussion is made to the
case of low-frequency THz fields, regarding the excitonic
sidebands and replicas obtained. Further we present absorp-
tion results obtained by including more subbands, for THz
fields at a number of THz frequencies and intensities. The
CC and Stark effects on the absorption and the spectral varia-
tion with the THz frequency are discussed in detail. Finally,
Sec. IV summarizes the main results obtained. In the Appen-
dix, using a three-level model �two excitonic levels plus the
semiconductor ground state� for the electronic system that
interacts with two light fields, a density-matrix derivation of
the optical susceptibility is outlined, yielding the AT splitting
for the near-resonant THz field and the SOSE and FOSE for
the low-frequency THz field. Transparent expressions for the
susceptibility are obtained and are used to interpret spectral
features obtained from the numerical calculation.

II. MODEL

The QW structure which we consider is an asymmetric
coupled quantum well, which consists of two quantum wells
with different well widths. The electron and hole states are
calculated using the effective-mass approximation. The
single-particle Hamiltonian can be written as

H0�r� = −
�2

2m�
�� �2

�2x
+

�2

�2y
� −

�2

2

�

�z

1

m�
� �z�

�

�z
+ V�z� , �1�

where m�
� �z� is used to distinguish the electron �or hole�

effective mass for motion in the growth direction in the wells
from that in the barriers, and m�

� is the effective mass for
motion in the QW layer plane. V�z� is the ADQW potential,
which is determined by the band offsets of the conduction �or

valence� bands in the different well and barrier regions. To
solve the eigenequation of H0, the envelope function of the
subband state is expanded in terms of the bulk plane waves.
By imposing the periodic boundary condition, the eigenequa-
tion is then transformed into a set of secular equations, which
are solved using standard numerical diagonalization tech-
nique. Thus, we obtain the electron envelope function
�nk

e �r�= 1
�A

fn�z�eik·� and eigenenergy Enk
e =�n

e +�2k2 / �2me�
� �,

where n is the electron subband index, k is the 2D wave
vector in the QW layer plane, and fn�z� is the confinement
envelope function in the z direction corresponding to energy
�n

e. �= �x ,y� is the 2D in-plane position vector, A is the
sample area parallel to the QW plane, and me�

� the electron
effective mass for motion in the QW layer plane. Similarly
we find the hole envelope function �lk

h �r�= 1
�A

gl�z�eik·� and
eigenenergy Elk

h =�l
h+�2k2 / �2mh�

� �, where l indexes the hole
subband and mh�

� is the hole effective mass for motion in the
layer plane. We use en and hl to denote the electron subband
of index n and the hole subband of index l, respectively.

In second quantization the Hamiltonian for the QW sys-
tem in the presence of an optical field and THz radiation
simultaneously can be written as

H = �
k
��

n

�Enk
e + Eg�ank

† ank + �
l

Elk
h bl−k

† bl−k	
− �

n�,n,l�,l

�
k,k�,q

an�k+q
† blk�−q

† bl�k�ankVn�nl�l�q�

− �
n,l,k

��nlkank
† bl−k

† + �nlk
� bl−kank�E�

− � �
n�nk

�n�nan�k
† ank − �

l�lk

	ll�bl�−k
† bl−k�E�, �2�

where ank
† ,ank are the creation and annihilation operators for

the electron in state 
nk� and blk
† ,blk are the creation and

annihilation operators for the hole in state 
lk�. The first term
of H is the free-carrier energy where Eg is the band gap of
the well material, and the second term describes the e-h Cou-
lomb interaction. The third term is the dipole interaction be-
tween the optical electric field E� and the induced interband
polarization, and the fourth term describes the interaction of
the z-polarized THz field E� �E�=ET cos �t� with the in-
duced intersubband transitions in the conduction and valence
bands. Note that, for clearness, in Eq. �2� the index for spin
has been absorbed into k. �nlk is the interband dipole matrix
element for the transition between the electron state 
nk� and
hole state 
lk�, �nlk=�0��nk

e 
�lk
h �, where �0= �uc
ēr ·ε
uv� is

the optical dipole matrix element between the bulk Bloch
states of the conduction and valence bands, 
uc� and 
uv�.
Here, ē=−e is the free-electron charge and ε is the unit
vector of the electric field E�, which lays in the QW plane
for the transverse electric �TE� polarization or is in the
growth direction z for the transverse magnetic polarization.
�n�n= �fn�
ēz
fn� �	ll�= �gl
ēz
gl��� is the intersubband dipole
matrix element for the transitions between a pair of conduc-
tion subbands n ,n� �valence subbands l , l��. The Coulomb
matrix elements in Eq. �2� are given by23,24
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Vn�nl�l�q� =
2
e2

A�bq
Fn�nl�l�q� , �3�

where �b is the background dielectric constant, q is the
modulus of the 2D transfer wave vector q, and the form
factor

Fn�nl�l�q� = dze dzh fn�
� �ze�fn�ze�e−q
ze−zh
gl�

� �zh�gl�zh�

�4�

averages over the electron and hole distributions in the
ADQW. The subband indices n and l denote the initial sub-
bands occupied by the interacting electron and hole, respec-
tively, and the indices n� and l� denote the final subbands
after the e-h scattering. In a symmetric quantum well, any
electron �hole� envelope function in the z direction has a
definite even or odd parity. Therefore, there are possible non-
zero Coulomb matrix elements Vn�nl�l�q� only when �i� the
confinement envelope functions of the initial and final elec-
tron subbands, fn�ze� and fn��ze�, are of the same parity,
while for the hole subband states, the envelope functions
gl�zh� and gl��zh� have the same parity; or �ii� fn�ze� and
fn��ze� have different parities while gl�zh� and gl��zh� have
different parities. In an asymmetric quantum well however
nonzero Coulomb matrix elements Vn�nl�l�q� may exist for
any two subband pairs, �n , l� and �n� , l��, as neither the elec-
tron nor hole states have inversion symmetry.

Optical absorption occurs due to the macroscopic inter-
band polarization P�t� induced by the NIR probe in the THz-
field-driven ADQW. Quantum mechanically P�t� is con-
nected to the microscopic interband coherence, which is
defined as25 plnk=bl−kank. Using the Heisenberg equation,
the equation of motion for plnk can be obtained from the
Hamiltonian H as follows:

�plnk

�t
= −

i

�
�Enk

e + Elk
h + Eg�plnk +

i

�
�nlkE�

+
i

�
�

l�,n�,k�

Vnn�l�l�
k − k�
�pl�n�k�

+
i

�
E���

n�

�nn�pln�k − �
l�

	l�lpl�nk� +� �plnk

�t
�

col

.

�5�

The terms containing the Hartree-Fock contributions25 are
written explicitly, while the corrections from higher-order
correlations �collision terms� are incorporated into
��plnk /�t� 
col. In the dephasing time approximation,25

��plnk /�t� 
col=−�pplnk, where �p is the polarization dephas-
ing rate from carrier-phonon scattering. The polarization
components plnk are associated with an e-h pair created by
optical excitation. If the electron is in subband en and the
hole in subband hl, then the pair will be bound by the attrac-
tive e-h Coulomb interaction, forming an exciton that is re-
ferred to as the hl-en exciton, Xenhl. In this exciton the bind-
ing of the e-h pair results from the coupling of the
polarization components, plnk and plnk�, at different wave

vectors but with the same electron and hole subbands, via the
Coulomb matrix elements Vnnll�
k−k�
�. What happens in ac-
tual QWs is not so simple, as the electron �hole� can also be
in different subbands from en �hl�, forming excitons such as
Xen�hl. Then excitons Xen�hl and Xenhl will couple if nonzero
Coulomb matrix elements Vnn�ll�q� and Vn�nll�q� exist. It is
the coupling of the polarization components plnk and pln�k�
via these Coulomb matrix elements that causes the Coulom-
bic coupling between the two excitons. In fact in ADQWs
there is really no such thing as a pure exciton state of Xenhl or
Xen�hl but a mixed �Xenhl ,Xen�hl� state due to the excitonic
mixing. The CC occurs between the two excitons and, when
the THz field is strong, it occurs between the dressed exci-
tons. Equation �5� also indicates that different interband po-
larization components at the same wave vector, for example,
plnk and pln�k couple due to the dipole interaction of the THz
field with the induced intersubband polarization. Therefore,
the interband polarization induced by the NIR probe field is
affected by the excitonic mixing �the third term� and modu-
lated by the THz field �the fourth term�. THz-optical mixing
occurs in the ADQW as the THz field causes the various
frequency components of the optical polarization to couple.
We note that for weak NIR fields the dynamics of the inter-
subband polarization and the carrier population have been
neglected.

To find solutions plnk�t� the coupled polarization equa-
tions �Eq. �5�� are numerically solved in wave-vector space
and time domain using a fourth-order Runge-Kutta method.
We assume that plnk depends on the magnitude of the 2D k
only, as the interband polarization here is mainly contributed
from the s states of the QW excitons. In the time domain, the
continuous-wave NIR field in experiments2,4–6 is approached
by using an optical pulse E��t�=E0�cos�t�e−t2/2

with a very
narrow spectrum �spectral width of �0.4 meV�, where the
duration  relates to the full width at half maximum
�FWHM� in irradiance, �2 ln 2 , of the pulse. The rotating-
wave approximation26 is used such that the fast-varying part
of the time-dependent polarization components plnk�t� is ap-
proached by e−i�t. Accurate evaluation of the Coulomb term
in the polarization equation �Eq. �5�� is important in obtain-
ing the correct solutions of plnk�t� and then the macroscopic
polarization. On the other hand, the calculation should be
efficient especially when the time domain is large �such as in
long-duration pulses for the probe� and/or several electron
and hole subbands are involved. Therefore, the singularity of
the Coulomb potential needs to be properly treated. Here, we
adopt the modified quadrature technique proposed by
Chuang et al.23 First we need to separate the Coulomb term
into two parts: one part containing singularity and the other
not. To do this, we replace �k� by �k�dk�d� and make a
transformation to the Coulomb matrix elements �Eqs. �3� and
�4��, such that the singularity in the Coulomb term is trans-
ferred into the integral,

v�k,k�� =
e2

2
�b


0

2
 d�

�k2 + �k��2 − 2kk� cos ��1/2 , �6�

where � is the angle between the two wave vectors k and k�.
The contribution of v�k ,k�� to the Coulomb term in Eq. �5� is
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given by the integral Qk=�0
�v�k ,k��plnk�k�dk�. The rest of the

Coulomb term is due to the overlap integral23 of the confine-
ment envelope functions and a function of 
ze−zh
,

Fq�
ze − zh
� =
e2

2
�b


0

2
 1

q
�e−q
ze−zh
 − 1�d� . �7�

The function Fq�
ze−zh
� contains no singularity because its
integrand is finite in the limit of q= 
k−k�
→0. To handle
the part with singularity, we rewrite the integral of Qk as


0

�

v�k,k��plnk�k�dk� = 
0

�

v�k,k���plnk� − ��k,k��plnk�k�dk�

+ plnk
0

�

v�k,k����k,k��k�dk�. �8�

The function ��k ,k�� is chosen such that
limk�→k�plnk�−��k ,k��plnk�=0, which cancels out the loga-
rithmic singularity of v�k ,k��, while the last term in Eq. �8�
can be integrated analytically. In our calculation we choose
��k ,k��=2k2 / �k2+ �k��2�.23 Introducing the normalized wave

vector k̃=kaB �where aB=�2�b / �e2mr
�� is the exciton Bohr

radius and mr
� is the reduced e-h mass, 1 /mr

�=1 /me
�+1 /mh

��,
and letting k̃=tan�
x /2�, the numerical integration over the
wave vector is then transformed to the x space, which we
calculate by using the Gauss-Legendre quadrature method.
Here, 0�x�xcut, where the cutoff xcut �the cutoff kcut ac-
cordingly� is set to restrict the discrete k points to the Bril-
louin zone. In the actual calculation however smaller cutoff
values can be used to save computing time.

Having obtained plnk�t�, the interband polarization P�t� is
then calculated from p�t�= 1

V�n,l,kplnk�nlk
� +c.c., where V is

the volume of the QW. Fourier transformation of P�t� gives
the spectrum of the interband polarization P��� and the op-
tical susceptibility ���� is then obtained, ����= P��� /E���.
The optical absorption coefficient relates to the susceptibility
���� �Ref. 25� via ����=4
� Im ��1� / �cnb�, where nb is the
background refractive index and c is the speed of light in
vacuum.

The investigated ADQW structure consists of undoped 75
and 85 Å GaAs wells separated by a 23 Å Al0.3Ga0.7As
middle barrier while embedded in two outer Al0.3Ga0.7As
barriers and corresponds to the practical structure used in the
measurements reported in Ref. 2. Only the heavy-hole sub-
bands are considered, as in the THz-optical mixing
experiments2,4–6,27,28 the NIR field is TE-polarized allowing
the light-hole contribution to the interband polarization to be
neglected. The material parameters for the band-structure
calculation are taken from Ref. 29, and the alloy
composition-dependent parameters are used where their
bowing parameters are available. The parameters used for
GaAs at low temperatures are me�

� =me�
� =0.067m0,

mh�
� =0.112m0, mh�

� =0.377m0 �m0 is the free-electron mass�,
and Eg=1.519 eV; the parameters for Al0.3Ga0.7As are
me�

� =0.092m0, mh�
� =0.401m0, and Eg=1.937 eV. The

conduction- and valence-band offsets for GaAs /Al0.3Ga0.7As
are 253 and 165 meV, respectively. For the TE polarization,
assuming ε �x the optical matrix element �0 is then

�0= �uc
ēx
uv�=e���Ep /4m0� /Eg �Ref. 30�; for GaAs the en-
ergy parameter Ep is 28.8 eV �Ref. 29� thus yielding
�0=4.87 eÅ. The background dielectric constant is
�b=12.4. The dephasing rate we used is �p=1.52 THz, cor-
responding to the energy broadening of 2 meV.2 In solving
Eq. �5� and numerical integration, kcut=15�1 /aB� �this kcut is
about 10% the Brillouin-zone dimension�, 150 quadrature
points are used and good convergence is obtained. For the
time domain, the FWHM in irradiance of the NIR pulse is 8
ps, and the number of time points used is 40 000.

III. RESULTS AND DISCUSSIONS

As mentioned in the above section, the interband absorp-
tion coefficient is proportional to the imaginary part of the
first-order susceptibility. We start with a simpler case which
involves two electron subbands e1,e2 and only one hole
subband h1. We further ignore the Coulombic coupling be-
tween the Xe1h1 and Xe2h1 excitons, by setting the Coulomb
matrix elements V1211�q�=V2111�q�=0. Figure 1�a� �left-hand
column of graphs� shows the calculated absorption coeffi-
cient in the ADQW driven by a THz field of intensity
IT=0.5 MW /cm2 with frequencies from 2.5 to 5.5 THz as
indicated. For comparison, the absorption coefficient for the
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FIG. 1. �Color online� Interband absorption coefficients vs near-
infrared �NIR� photon energy from f =2.5 to 5.5 THz at a THz field
intensity of 0.5 MW /cm2 in the GaAs/AlGaAs ADQW with
Coulombic coupling �CC� excluded �left column� and included
�right column�. The bottom two graphs show interband absorption
with no THz field �left: without CC; right: including CC�. Three
subbands are used in the calculation: the first and second electron
subbands and the first hole subband.
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ADQW with no THz field is also shown �bottom panel�. The
intensity of the THz wave refers to the intensity of the inci-
dent THz radiation in the air.2 The THz field however enter-
ing the polarization equation �Eq. �5�� should be the field
which is transmitted into the quantum well medium. For ex-
ample, IT=0.5 MW /cm2 corresponds to the transmitted field
strength of 8.5 kV/cm in the QW.31 Without THz field the
absorption spectrum features the two exciton peaks, Xe1h1
and Xe2h1, and the continuum. The absorption of exciton
Xe2h1 is weak because of its small oscillator strength. The
clear exciton peaks are present as the motions of the two
excitons are separated in the decoupling approximation.
There is no mixing between the exciton wave functions,
which can be simplified and written as �=�����fn�ze�gl�zh�,
where � indexes for the ideal 2D exciton states25 �� is the s
states here� and n=1 �2� and l=1 are the electron and hole
subband indices for exciton Xe1h1 �Xe2h1�. When the THz
field is turned on, at a THz frequency of f =2.5 THz the
Xe1h1 peak shifts to the red while the Xe2h1 absorption shifts
to the blue. Two other features of absorption emerge. One
feature, at the photon energy 1.5614 eV, is located at exactly
one THz-photon energy ���=10.34 meV� below the Xe2h1
peak. It results from the h1-e1 transitions but is very weak
compared to the exciton Xe1h1 peak. This feature appears at
such an energy position because an Xe2h1 exciton can be
created by simultaneous absorption of one NIR photon and
one THz photon. Thus, it is referred to as a single THz-
photon replica of Xe2h1 and denoted as Te2h1. Similarly, the
other feature at the photon energy 1.5660 eV, which is lo-
cated one THz-photon energy above the Xe1h1 peak, is a
single THz-photon replica of Xe1h1 and denoted as Te1h1. In
previous DFKE calculations,18,19 the THz field oscillating in
the QW plane induces transitions between 2D exciton states
1s and 2p; the single THz-photon replica of the 2p exciton
was demonstrated, whose occurrence is similar to that of
Xe2h1’s replica shown here. As the THz frequency increases
the single photon replicas, Te2h1 and Te1h1, shift toward the
excitonic peaks Xe1h1 and Xe2h1, respectively, and strengthen
while the magnitude of the excitonic peaks decreases. When
the THz field is near resonance with the two excitons, i.e.,
the THz frequency is close to the transition frequency con-
necting to the two excitonic levels, 3.6 THz, each sideband
obtains similar strength to its main peak. In other words,
each exciton peak of Xe1h1 and Xe2h1 at zero THz field now
splits into two smaller doublets, and therefore there are four
peaks. This is the Autler-Townes splitting,12 the manifesta-
tion of the OSE in the linear absorption spectrum. As given
in Appendix, Sec. 1, the energy splitting value is simply
�= ��2+4��2+�R

2��1/2, where � is the detuning of the THz
field from the resonance frequency. �R is the Rabi frequency
for the THz wave and characterizes the THz field-exciton
interaction, �R= 1

2 
�
ET /� �� the dipole matrix element con-
necting the two exciton states�. Thus, we see from Fig. 1�a�
that, in the on-resonance spectrum �f =3.6 THz� the absorp-
tion doublets of each exciton are approximately symmetric
and equally strong. As f exceeds the resonant frequency of
3.6 THz, the excitonic splitting increases with the absorption
doublets becoming asymmetric again. Now, as the THz fre-
quency further increases the weaker doublet of Xe1h1 contin-
ues to redshift, while the weaker doublet of Xe2h1 continues

to blueshift, with both strengths becoming weaker and
weaker �see the two panels for 4.5 and 5.5 THz in Fig. 1�a��.
At sufficiently high THz frequencies the exciton states are
unperturbed by the THz field, and a simple two exciton peak
�Xe1h1 and Xe2h1� absorption spectrum is restored. For ex-
ample, the spectrum at f =9.5 THz �not shown� is more or
less the same as that without THz field. The spectral AT
splitting is due to the energy-level splitting of the OSE.
Equations �A12� and �A15� of the density-matrix derivation
show that, of the two exciton levels coupled by the THz
field, each splits into two sublevels to give a total of four
levels. From the calculated AT splitting values �Fig. 1�a�� we
estimate the absolute value of the dipole matrix element �
associated with the Xe1h1 and Xe2h1 exciton states to be
33.2 eÅ. In single QWs �Ref. 21� only one double absorp-
tion peak was found �see Figs. 2 and 3 in Ref. 21 where the
THz field resonantly couples with Xe1h1 and Xe1h2�, which is
due to the Xe1h1 level splitting, while there is no absorption
doublet from the Xe1h2 level splitting simply because the
Xe1h2 absorption is optically forbidden for �symmetric� single
QWs �i.e., Eq. �A13� gives �X�G

�1� ���=0, with X�=Xe1h2�, al-
though the Xe1h2 level does split �according to Eq. �A15��.

In single QWs,21 no Coulombic coupling occurs between
excitons Xe1h1 and Xe1h2, as the Coulomb matrix elements
�given by Eq. �3�� associated with the e-h subband pairs,
�e1,h1� and �e1,h2�, are zero, i.e., V1121�q�=V1112�q�=0.
Similarly, there is no CC between excitons Xe1h1 and Xe2h1.
In the ADQW considered here CC occurs between Xe1h1 and
Xe2h1 due to the nonzero Coulomb matrix elements, V1211�q�
and V2111�q�, associated with the two e-h subband pairs,
�e1,h1� and �e2,h1�. This means that not only is the motion
of each exciton in the QW growth direction and in the layer
plane inseparable, but also the two exciton states of Xe1h1 and
Xe2h1 couple. That is, the two simplified exciton wave func-
tions, �’s, mix to form two new wave functions correspond-
ing to two coupled-exciton states. This coupling is indeed
contained in the polarization equation �Eq. �5�� where inter-
band polarization components associated with different e-h
subband pairs couple through the Coulomb interaction. Be-
low, when CC is taken into account, the symbol Xenhl is then
interpreted as the coupled exciton the major component of
which is associated with the e-h subband pair �en ,hl�. The
calculated absorption coefficient when the CC is included is
shown in Fig. 1�b� �right-hand column of graphs�. Without a
THz field �bottom panel�, taking into account the CC slightly
redshifts the dominant absorption at the Xe1h1 energy �by
about 0.6 meV�, which is considerably enhanced in magni-
tude, whereas the absorption at Xe2h1 is weakened and disap-
pears in the broad continuum. This is in agreement with the
result of previous calculations that the presence of higher-
energy transitions enhances the absorption of lower-energy
excitons due to CC.32 The exciton absorption is determined
by its oscillator strength which, for ideal 2D excitons, is
proportional to 
�s��=0�
2.25 Hence, our result implies that
the CC has caused a transfer of oscillator strength from the
higher-energy coupled exciton, Xe2h1, to the lower-energy
coupled exciton, Xe1h1. The Xe2h1 absorption can be ascer-
tained by removing the strong h1-e1 transitions in the calcu-
lation, and the dashed line �in the right bottom figure� shows
the result after enlarging by six times. In addition to the Xe2h1
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peak, there emerges a lower-energy peak at the energy posi-
tion of Xe1h1, which is denoted as Ce1h1. The occurrence of
Ce1h1 reflects the CC between excitons Xe1h1 and Xe2h1. It
arises due to the h1-e2 transitions but is located at the Xe1h1
energy. For simplicity Ce1h1 is referred to as the Coulombic
replica of exciton Xe1h1. However, the Coulombic replica of
exciton Xe2h1 is found to be an absorption dip rather than a
peak at the position of Xe2h1 when only the h1-e1 absorption
is calculated �not shown�. For the coupled exciton at the
lower energy, Xe1h1, a small portion of its oscillator strength
is due to Xe2h1. That is, due to CC a small amount of oscil-
lator strength is shifted from the energetically higher transi-
tions to the low-energy side, thus causing the transfer of
oscillator strength to the lower-energy coupled exciton. In
addition, comparing the two figures on the bottom panels, it
is clear that the overall absorption is enhanced when the CC
is taken into account. Similar results have been obtained
from excitonic Green’s-function calculations for CDQWs
�Ref. 17� and shallow single QWs,33 yielding good agree-
ment with measurement.17,33 Further, the effects of CC on the
exciton energies and oscillator strengths have been studied
recently for ADQWs.16 It was found that excluding CC leads
to the underestimation of the oscillator strength. The results
reported here agree with this finding. As the energy positions
of excitons Xe1h1 and Xe2h1 have slightly shifted from their
positions in the Coulomb decoupling case, now the THz
fields resonant with the exciton energy levels occur at the
frequency of f =3.8 THz. Thus, absorption spectra for
f =3.6, 3.8, 4.0 THz are shown to correspond with the
f =3.4, 3.6, 3.8 THz spectra in the Coulomb decoupling
case. Clearly the AT splitting of exciton Xe1h1 survives the
Coulombic coupling. The on-resonance spectrum shows
symmetric Xe1h1 doublets, but the splitting is slightly nar-
rowed �by 0.35 meV� compared to the Coulomb decoupling
case. The splitting of Xe2h1 is not apparent and is only visible
after the Xe1h1 absorption is removed, as shown by the
dashed line. Comparing the two columns of figures �Figs.
1�a� and 1�b�� for the various THz frequencies, we find that
the effect of the CC is similar to the zero THz-field case: the
overall absorption is enhanced, and in particular the enhance-
ment at the lower-energy exciton Xe1h1 is pronounced. This is
again because �i� when the CC is taken into account, the
excitonic oscillator strengths are accurately calculated and
increased, and �ii� the CC leads to a shift of oscillator
strength to the lower-energy exciton.

The question of what happens to the linear absorption if
the THz frequency is low compared to the frequency separa-
tion of excitons Xe1h1 and Xe2h1 is considered next. To look
into this, we calculated the interband absorption spectra in
the presence of low-frequency THz fields. Calculations were
performed excluding and including the CC, and the results
for f =1 THz �THz-photon energy ��=4.136 meV� are
shown in Figs. 2�a� and 2�b�, respectively. Absorption at two
high THz intensities of 3 and 6 MW /cm2 �corresponding to
the THz-field strengths of 21 and 29.7 kV/cm in the ADQW�
is plotted together with the absorption without THz field. In
both figures the Xe1h1 peak is increasingly redshifted and
decreases in magnitude with increasing THz-field strength
while Xe2h1 is blueshifted. Clearly features emerge about the
dominant Xe1h1 peak as well as the Xe2h1 peak. To find out

where these features come from, we need to separate and
check contributions to the absorption from the h1-e1 and the
h1-e2 transitions respectively. For example, by setting zero
to the dipole matrix elements for the h1-e2 transitions, we
then obtain absorption in the presence of the THz fields due
to the h1-e1 transitions only. Note that the Xe2h1 exciton state
remains but the transition to it from the ground state is in-
tentionally set to be optically forbidden �i.e., Xe2h1 is turned
into a dark exciton�. In Figs. 3�a� and 3�b� we show the
results of the h1-e1 �dashed line� and the h1-e2 �dotted line�
absorption in the more intense THz field, IT=6 MW /cm2,
without and with CC included, respectively. The down �up�
arrows are added pointing to the energies where the
features emerge in the h1-e1 �h1-e2� absorption apart from
the main exciton peak. For comparison the total absorption
when both h1-e1 and h1-e2 transitions are taken into ac-
count �solid line� are also shown in the same figures. The
h1-e2 absorption is weak so it is enlarged by ten times for
clarity.

We first examine the case without Coulombic coupling.
Comparing the h1-e1 absorption with the total absorption
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spectrum, we see that the two clear features around the Xe1h1
exciton result from the band-to-band transitions, h1-e1. They
are located at two THz-photon energy, �2��, from the main
Xe1h1 peak and are very weak in magnitude compared with
the main peak. The two features are identified as the two
two-THz-photon sidebands of the Xe1h1 absorption due to the
second-order Stark effect and occur in the interband absorp-
tion at low-frequency driving fields. They correspond to the
absorption of the two excitonic components of Xe1h1, which
are energetically nearest to its principal component �yielding
the Xe1h1 peak�. This assignment is based on the proof given
in Appendix, Sec. 2 and the following numerical verification.
The energy separation ��X�X between the exciton energy lev-
els of Xe1h1 and Xe2h1 is about 14.5 meV. Using the dipole
matrix element value 
�
=33.2 eÅ inferred above, we find
the Rabi energy ��R=4.9 meV for the higher THz-field in-
tensity of 6 MW /cm2. Therefore, the requisite condition for
the SOSE, i.e., �R��X�X is satisfied. With no CC, Xe1h1 and
Xe2h1 are well-defined excitons �i.e., no mixing occurs be-
tween them�. Then the two exciton states plus the ground-
state form a three-level system, which facilitates the check of
our calculated spectral features against those expected from
the SOSE. In SOSE the redshift in energy of the lower-
energy main resonance, i.e., the Xe1h1 energy level, is given
by 2��R

2 /�X�X, which gives 1.6 and 3.3 meV for THz-field
intensities of 3 and 6 MW /cm2, respectively. Figure 2�a�
shows that the energy redshifts are 1.9 and 3.6 meV for the
two THz intensities, in agreement with the theoretical values.
Besides, the redshift of Xe1h1 and blueshift of Xe2h1 have
almost the same magnitude, for instance, each excitonic peak
being shifted by about 2 meV at a THz-field intensity of
3 MW /cm2 with respect to the zero THz-field case
�Fig. 2�a��. We also verified numerically that the redshift
values given above, 1.6 and 3.3 meV, are roughly half the dc
Stark shifts in the dc fields of the same THz-field intensities
of 3 and 6 MW /cm2. For simplicity the SOSE sidebands of
the Xe1h1 exciton are denoted as Se1h1. We see from Fig. 3�a�
that clearly the two features around the Xe2h1 exciton arise
from the h1-e1 transitions �as the Xe1h1 peak does�. They are
located at plus or minus one THz-photon energy ��� from
Xe2h1. As proved in the Appendix, they occur also due to the
SOSE: the two resonances correspond to the two energy lev-
els associated with the Xe1h1 exciton but are formed near the
Xe2h1 level �located at ��� from Xe2h1� due to the THz field.
Therefore, these two features are simply the two single THz-
photon replicas of Xe2h1, i.e., Te2h1. We note that the lower-
energy Te2h1 replica survives higher THz frequencies but
shifts to the red and, as the THz frequency approaches the
resonance frequency, it evolves into the higher-energy AT
doublet of Xe1h1 �as shown in Fig. 1�a��. The two Te2h1 rep-
licas �Fig. 3�a�� are offset from Xe2h1 by one THz-photon
energy. Further increasing the THz-field intensity �to
12 MW /cm2, for instance�, two more Te2h1 replicas emerge
on the h1-e1 absorption curve offset from Xe2h1 by three
THz-photon energy, i.e., �3��. The excitonic sidebands of
Xe1h1 and the replicas of Xe2h1 are two manifestations of the
SOSE on the h1-e1 absorption. According to the Appendix,
sidebands of Xe2h1 and replicas of Xe1h1 should occur as well
due to the SOSE. This is indeed true, as we see from Fig.
3�a� that the features labeled with Se2h1 and Te1h1 appear on

the dotted curve. However, these SOSE sidebands are very
small in magnitude, as compared to the replicas of Xe2h1 in
the same energy region, thus making the latter dominant in
the spectrum �Fig. 2�a��. In the spectral region about the
Xe1h1 peak, the two replicas of Xe1h1 are also weak so the
SOSE sidebands of Xe1h1 dominate the total absorption spec-
trum there. The h1-e1 transitions dominate the total absorp-
tion because they have much larger optical dipole matrix
elements than the h1-e2 transitions �
�11k
�3
�21k
�. In
near-resonance THz fields the higher-energy Te1h1 replica
turns into the lower-energy AT doublet of Xe2h1 �as shown in
Fig. 1�a��.

We now proceed to analyzing the results in Fig. 2�b� for
the case of including CC, by examining the respective con-
tributions to the absorption from the h1-e1 and the h1-e2
transitions, which are shown in Fig. 3�b�. Clearly there are
features around each exciton peak at energies which are one
and two THz-photon energy from the exciton energy, in the
h1-e1 absorption spectrum �dashed line� as well as the h1-e2
absorption spectrum �dotted line�. These features are located
with respect to the exciton peak in the manner of sidebands
due to the first-order Stark effect. However, the exciton
peaks are significantly shifted in the THz fields: the Xe1h1
absorption still shifts to the red while the Xe2h1 absorption
shifts to the blue, and the magnitudes of the shifts are similar
to those in the Coulomb decoupling case �comparing Figs.
2�a� and 2�b��. The shifts in these main absorption peaks in
the presence of the THz fields do not arise from the FOSE
�see the last paragraph of the Appendix�. Therefore, we rule
out FOSE as being responsible for the features in Fig. 2�b�.
As has been verified above, the redshift and blueshift are in
good agreement with those expected from the SOSE. On this
basis the absorption still derives from the SOSE. Now the
question is how does the SOSE occur with adjacent side-
bands separated from each other by one rather than two THz-
photon energy? The key to resolving this is the Coulombic
coupling. Owing to CC, mixing occurs between the simpli-
fied wave functions �’s of the two excitons, Xe1h1 and Xe2h1,
resulting in a Coulombic replica of exciton Xe1h1, namely,
Ce1h1 in the zero THz-field spectrum �the bottom graph of
Fig. 1�b�, dashed line�. When the THz field is turned on, this
Ce1h1 peak remains and shifts together with Xe1h1 to the red,
as can be seen from Fig. 3�b� �dotted line�. The CC between
the two excitons manifests itself in that the h1-e1 and h1-e2
polarization components, p11k and p12k�, couple via the
Coulomb matrix elements, V1211�
k−k�
� and V2111�
k−k�
�
�Eq. �5��. The p12k� components giving rise to the two repli-
cas, Te1h1 �around Ce1h1�, on the h1-e2 absorption curve are
connected to the p11k components. As a result, at almost the
same energies of the Te1h1 replicas two features about the
Xe1h1 peak arise on the h1-e1 absorption curve, labeled C
due to the CC. They are not the FOSE sidebands of Xe1h1
despite both features being just ��� from Xe1h1. On the
other hand, the SOSE sidebands of Xe1h1 result from the
h1-e1 polarization components p11k, which are connected to
the h1-e2 polarization components p12k� through the CC. We
see then Coulombic features emerge in the h1-e2 absorption
as well, at similar energies to the Se1h1 sidebands, e.g., the
one at 1.56 eV �labeled C�. Therefore, the complex absorp-
tion around the Xe1h1 peak in Fig. 2�b� consists of the SOSE
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sidebands and the THz-photon replicas of Xe1h1, as well as
the Coulombic features derived from them. In fact at similar
energy positions to these sidebands and replicas, absorption
occurs also in the Coulomb decoupling case �compare Figs.
3�a� and 3�b��. The difference is that without CC the two
replicas, Te1h1, are too weak to emerge from the total absorp-
tion. In other words, due to the CC the total absorption at the
Te1h1 energy positions, in particular the absorption below
Xe1h1, is significantly enhanced. A similar CC effect also oc-
curs on the high-energy region around Xe2h1. The total ab-
sorption at the energies of Te2h1 is significantly enhanced,
making the absorption at 1.57 eV even stronger than the
Xe2h1 peak.

Previous work has shown that excitonic absorption with
“replicas”34 occurs when a THz field drives a single QW.22

Under additional dc bias, the QW is turned into an asymmet-
ric QW. Just like the excitonic system considered above, a
low-frequency THz field couples two exciton states of Xe1h1
and Xe1h2. It is now clear, after the discussion in the preced-
ing paragraphs, that the results of Ref. 22 can be well ex-
plained and all the replicas reported in that work can be
explained in terms of CC and the SOSE without invoking the
FOSE. The mechanism presented here not only explains the
spectral positions of all the replicas and their bias depen-
dence but can also describe their evolution with the fre-
quency and intensity of the THz radiation. Furthermore, it is
unifying and can explain the effects of THz fields on the
interband absorption spectrum of any QW structure, symmet-
ric or asymmetric. The subsequent discussion of the number
of subbands contributing to the CC supports this assertion.

Having investigated the interband absorption in the
ADQW involving three subbands �two electron subbands
and one hole subband�, we now proceed to exploring absorp-
tion involving more subbands. Experimentally the excitonic
absorption without THz field can be obtained from the pho-
toluminescence excitation �PLE� spectrum2 or the reflectivity
measurement.6,27 The near band-edge PLE spectrum of the
ADQW considered has been measured using a tunable cw-
NIR probe.2 Numerical calculation indicates that the third
electron subband e3 is 110 meV higher than the second elec-
tron subband e2 and contributes to the interband absorption
only at high photon energies ��1.7 eV�. Therefore in this
study we only need to consider the absorption to the lowest
two electron subbands. The second hole subband h2 is sepa-
rated from the first hole subband h1 by about 2 meV, while
the third hole subband h3 is about 35 meV higher than sub-
band h2. Thus, subbands h2 and h3 need to be considered. In
the ADQW then there are six optically active excitons: Xe1h1,
Xe1h2, Xe2h1, Xe2h2, Xe1h3, and Xe2h3. The calculated interband
absorption without THz field is shown in the bottom two
graphs in Fig. 4. The absorption peaks of the three excitons,
Xe1h1, Xe1h2, and Xe2h2, are clearly seen at the photon energies
of 1.5555, 1.5613, and 1.5695 eV, respectively, whereas the
Xe2h1 absorption is weak and peaks at 1.5712 eV. These en-
ergies can be interpreted as the energies of the four coupled
excitons. Then the binding energy of exciton Xenhl can be
given as the energy difference between the band-to-band
transition energy, �n

e +�l
h+Eg, and the energy of exciton Xenhl.

The calculated binding energies of these four excitons are 10,
6, 9, and 5 meV, respectively. Xe1h1 and Xe2h2 have large

binding energies, compared with Xe1h2 and Xe2h1, as the Cou-
lomb matrix elements �proportional to the form factors, Eq.
�3�� V1111�q� and V2222�q� are much larger than V1122�q� and
V2211�q� �see Fig. 5�a��. Xe2h2 has a larger binding energy
than Xe2h1, making Xe2h2 appear energetically lower than
Xe2h1. Excitons Xe1h3 and Xe2h3 are located at even higher
energies �1.589 and 1.604 eV, respectively�, both being con-
nected to hole subband h3. Both these excitons have too
small oscillator strengths �which are only �1% of the Xe1h2’s
oscillator strength� to give rise to appreciable absorption.
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Overall, the calculated absorption spectrum has clearly re-
produced all the exciton absorption features of the PLE spec-
trum �compared to Fig. 1�b� of Ref. 2�. In what follows we
confine ourselves to the four low-energy excitons that domi-
nate the absorption and study the influence of THz fields on
the excitonic absorption for the NIR photon energies as in
the PLE spectrum.2 Now, the electronic system we consider
essentially consists of five energy states, namely, the four
exciton states Xe1h1, Xe1h2, Xe2h2, and Xe2h1 plus the ground
state. Owing to inversion asymmetry, complications arise
from the CC between any two of the four excitons. The
excitonic Coulombic coupling can be categorized into three
types according to the electron and hole subbands involved.
The first type of CC occurs between two excitons which are
associated with the different electron subbands, namely, e1
and e2 but the same hole subband, h1 or h2. That is, Xe1h1
and Xe2h1 couple, and Xe1h2 and Xe2h2 couple. In the left
bottom graph of Fig. 4, we also plot the absorption spectra
due to the h1-e2 transitions only �dashed line, enlarged by
five times� and the h2-e2 transitions only �dotted line�. The
presence of the Coulombic replicas, Ce1h1 and Ce1h2, is evi-
dence of the CC between the two excitons, Xe1h1 and Xe2h1,
and between Xe1h2 and Xe2h2. The CC between the former
pair of excitons is due to the two nonzero Coulomb matrix
elements V1211�q� and V2111�q� �Eqs. �3� and �4��, whereas
the CC between the latter pair is due to the nonzero V1222�q�
and V2122�q�. The Ce1h2 peak is 22 times higher than the
Ce1h1 peak, not just because the CC is stronger between ex-
citons Xe1h2 and Xe2h2 than between Xe1h1 and Xe2h1, but also
because the h2-e2 transitions have three times as large inter-
band dipole matrix elements as the h1-e2 transitions. In the
h1-e1 �h2-e1� absorption spectrum �not shown� the Coulom-
bic replica of exciton Xe2h1 �Xe2h2� appears to be an absorp-
tion dip at the energy position of Xe2h1 �Xe2h2�. The second
type of CC exists between two excitons which connect with
interband transitions from different hole subbands to the
same electron subband, namely, between Xe1h1 and Xe1h2, and
between Xe2h1 and Xe2h2. The coupling is however very weak
compared to the first type of CC. This is because the Cou-
lomb matrix elements that are responsible, V1112�q�, V1121�q�,
V2212�q�, and V2221�q�, are very small compared to the four
Coulomb matrix elements in the first type of CC, as can be
seen from the following proof. Of the eight Coulomb matrix
elements, according to Eqs. �3� and �4�, only four are inde-
pendent because of the complex conjugate relations, namely,
V2111�q�=V1211

� �q�, V2122�q�=V1222
� �q�, V1121�q�=V1112

� �q�,
and V2221�q�=V2212

� �q�. To compare the magnitudes of these
Coulomb matrix elements, therefore, we only need to plot
the absolute values of four form factors, for example,

F2111�q�
, 
F2122�q�
, 
F1121�q�
, and 
F2221�q�
, as functions
of the transfer wave vector q, as shown in Fig. 5�b�. Clearly
we see that 
F1121�q�
 and 
F2221�q�
 are much smaller than

F2111�q�
 and 
F2122�q�
, with 
F2122�q�
 being larger than the
rest. Both 
F1121�q�
 and 
F2221�q�
 are small because the hole
envelope functions g1�zh� and g2�zh� in the integrand of the
form factors �Eq. �4�� have small overlap. In both types I and
II CC, when a THz field is applied a dipole moment can be
induced between a pair of Coulomb-coupled excitons via the
interaction with the THz field. The third type of CC occurs
between two excitons which are connected to the different

electron subbands, e1 and e2, and different hole subbands,
h1 and h2. That is, there is CC between excitons Xe1h1 and
Xe2h2, and between excitons Xe1h2 and Xe2h1, due to the non-
zero Coulomb matrix elements, V1212�q�, V2121�q�, V1221�q�,
and V2112�q� �only two matrix elements are independent as
the first �last� two are complex-conjugate related�. However,
these Coulomb matrix elements are very small �similar to the
second type of CC�, as can be seen from the form factors

F1212�q�
 and 
F1221�q�
 in Fig. 5�b�. The result that types II
and III CC are weak allows only type I CC to be considered
when analyzing the intricate effects of THz fields on absorp-
tion.

Unlike the three-level system, seeking analytical solutions
for absorption resonances in the five-level system is a formi-
dable task. Therefore, we calculated interband absorption co-
efficient for THz fields at a number of THz frequencies to
reveal the details as the absorption evolves with the THz
frequency. The results are shown in Figs. 4�a� and 4�b� for
two THz-field intensities of 1 and 2 MW /cm2, respectively,
at several THz frequencies as indicated �up to 3.8 THz�. The
intensity of 2 MW /cm2 �corresponding to the THz electric-
field strength of 17 kV/cm in the ADQW� is approximately
the highest intensity of tunable THz radiation from free-
electron lasers �full THz power is about 2 kW�.2 The identi-
fication of the excitonic features is based on the numerical
calculations and is labeled using the same notation as above
for the three-level system. There are Coulombic replicas at
photon energies where the exciton absorption occurs. Simi-
larly Coulombic features occur as well at energies of the
strong excitonic sidebands and THz-photon replicas. These
Coulombic replicas and features are not labeled for clear-
ness. The intersubband dipole matrix element associated with
h1 and h2, 	12, is small being only one fifth of �12, the dipole
matrix element associated with the e1 and e2 subbands.
Therefore, the THz-field-induced intersubband transitions
between the electron subbands dominate over those between
the hole subbands. At the low frequency f =1 THz, the Xe1h1
and Xe1h2 energies shift to the red while the two higher-
energy excitons Xe2h2 and Xe2h1 shift to the blue. This is due
to the low-frequency Stark effect �Appendix�. As the inter-
subband transitions between the electron subbands are domi-
nant, the THz field interacts strongly with excitons Xe1h2 and
Xe2h2, as well as excitons Xe1h1 and Xe2h1, the energy levels
of each pair having a large interval compared to the THz-
photon energy. Apart from the exciton peaks, four other fea-
tures are visible due to the THz field-exciton interaction. The
two features—labeled Se1h1 and Te1h1—are, respectively, the
SOSE sideband and replica of exciton Xe1h1 and are not new
having featured in the three-level system �Fig. 3�a��. The
other two features at photon energies of about 1.564 and
1.567 eV, Te1h2 and Te2h2, are the THz-photon replicas of
excitons Xe1h2 and Xe2h2, respectively. They arise due to the
dipole interaction between the THz field and the excitons and
are, respectively, located at one THz-photon energy higher
than Xe1h2 and lower than Xe2h2. Interestingly the Te2h2 fea-
ture is comparable in magnitude to the Xe2h2 peak. The fact
that these sidebands and replicas feature in the absorption
spectrum is also a consequence of the great strength of the
electron intersubband transitions compared to the hole inter-
subband transitions. However, these are not the only features
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that occur. There are also others which can be seen more
clearly in the individual hole subband to electron subband
absorption. As a typical illustration, Figs. 6�a� and 6�b� show
the absorption due to the h2-e1 and h2-e2 transitions, and
the absorption due to the h1-e1 and h1-e2 transitions, re-
spectively, with the CC included for the THz field intensity
of 2 MW /cm2. The h2-e1 and h1-e2 absorption is small and
enlarged by ten times. Besides the exciton peaks and SOSE
replicas, the SOSE sidebands, Se1h1 and Se1h2, the Coulombic
replicas, Ce1h1 and Ce1h2, and the Coulombic features �la-
beled C� derived from the SOSE sidebands and replicas are
also present. In both figures the features from Coulombic
coupling occur at the photon energies where the SOSE side-
bands or replicas are strong. For example, in Fig. 6�a� a
strong Coulombic feature emerges at 1.5680 eV on the h2-e2
absorption curve, coincident with a strong Te2h2 replica in the
h2-e1 absorption. The Coulombic features are stronger in
Fig. 6�a� than Fig. 6�b�, since 
V2122�q�
� 
V2111�q�
 �refer to
Fig. 5�b� above�. The Ce1h2 peak is 18 times higher than the
Ce1h1 peak, similar to the case of no THz field �refer to Fig.
4�a�, left bottom panel�.

The f =1.4 THz fields are resonant with the two excitons,
Xe1h1 and Xe1h2. However, no splitting is found for either
exciton peak for two reasons. First, the THz-field-induced
transition between the two exciton states is determined by
the intersubband transition between the two hole subbands
h1 and h2, which is not favored compared to the electron
intersubband transitions between e1 and e2. The Te1h2 replica
results from the dipole interaction between the THz field and
the excitons Xe1h2 and Xe2h2. The presence of the strong Te1h2
replicas in the figure implies that the e1-e2 transitions are
still dominant, even when the THz field is resonant with the
h1-h2 intersubband transitions. Second, the splitting is esti-
mated to be 0.9 meV in the high intensity THz field of
2 MW /cm2. As this value is smaller than the homogeneous
linewidth, 2��p=2 meV, due to dephasing, no splittings
emerge. The f =2 THz fields are resonant with excitons
Xe1h2 and Xe2h2. Now we find that both exciton peaks each
have split into two AT doublets. For example, there two
peaks of the exciton Xe2h2 are clearly resolved but are very
asymmetric in magnitude. Three clear absorption peaks are
developed on the ITHz=2 MW /cm2 graph, where the middle

peak consists of three features which roughly coincide,
namely, the upper AT doublet of Xe1h2, the lower AT doublet
of Xe2h2, and the THz-photon replica of Xe2h1, i.e., Te2h1. To
investigate the CC effects on the absorption, Fig. 7�b� shows
the absorption in the THz field of intensity 1 MW /cm2 due
to the respective h2-e1 and h2-e2 transitions, calculated with
the CC included, compared with the absorption without the
CC in Fig. 7�a�. In both figures h2-e1 absorption is enlarged
by ten times. With no CC there is a clear double peak with
close magnitudes in each of the h2-e1 and h2-e2 absorption
spectra. When the CC is taken into account, however each
pair of doublets become highly asymmetric in strength with
the energy splittings slightly narrowed. The strength of the
Xe2h2 doublets is significantly weakened, while two Coulom-
bic sidebands of Xe1h2 emerge at the energies of the Xe1h2
doublets. This indicates that, due to the CC, some of the
oscillator strength of the higher-energy exciton Xe2h2 is trans-
ferred to the lower-energy coupled exciton Xe1h2. It is then
not surprising that in h2-e1 absorption, when the CC is in-
cluded, the absorption of the lower-energy doublet of Xe1h2 is
significantly enhanced as the oscillator strength of Xe1h2 is
increased. Therefore, in Fig. 4 the absorption doublets of
each exciton are in essence still Autler-Townes doublets but
now they have very distinct strengths.

This high asymmetry of the AT doublets is quite different
from the Xe1h1-Xe2h1 excitonic mixing case, where the on-
resonance spectrum shows nearly symmetric doublets �see
Fig. 1�b��. To explain this we first compare the absorption of
the two “single” excitons Xe1h2 and Xe2h2, i.e., ignoring the
excitonic mixing. The absorption of the Xe2h2 doublets is
more than one order of magnitude stronger than the absorp-
tion of the Xe1h2 doublets �Fig. 7�a�� since �i� the interband
dipole matrix elements 
�22k
�3
�12k
 and �ii� the Coulomb
matrix elements 
V2222�q�
� 
V1122�q�
. This means that the
Xe2h2 doublets have very large oscillator strength compared
to the lower-energy Xe1h2 doublets. Including CC then causes
a significant transfer of oscillator strength to increase signifi-
cantly the absorption at the lower energies. Indeed, it is the
Coulombic replicas Ce1h2 �Fig. 7�b�, dashed line� that dictate
the total absorption at the lower energies in Fig. 4. The ab-
sorption in the higher-energy region is of course determined
by the Xe2h2 doublets. As a result, each pair of AT doublets is
highly asymmetric. In contrast, in the Xe1h1-Xe2h1 coupling
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case, the oscillator strength of the higher-energy exciton
Xe2h1 is very small compared to the lower-energy exciton
Xe1h1. Thus, the effect of CC on the absorption of both exci-
tons is weak, making the AT doublets highly symmetric. We
notice that, in the h2-e2 absorption �Figs. 7�a� and 7�b��, a
pair of weak replicas, Te1h2, appears in the low-energy region
at positions one THz-photon energy lower than the Xe1h2
doublets, respectively. Similarly in the h2-e1 absorption a
pair of Te2h2 replicas emerges on the high-energy side and is
located at one THz-photon energy higher than the Xe2h2 dou-
blets. These double replicas arise irrespective of CC. They
occur because of the strong resonant interaction of the THz
field with excitons Xe1h2 and Xe2h2, similar to that in
atoms.11,12 However, they are too weak compared with the
other exciton features to emerge from the total absorption in
Fig. 4.

The THz fields with the frequency of 3 THz are 4.14 meV
off resonance with the two excitons, Xe1h2 and Xe2h2. We see
from Fig. 4 that one doublet of Xe2h2 is converted back to the
THz-photon replica Te1h2, but it now appears on the
high-energy side of Xe2h2 compared to the low side at
f =1.4 THz. This replica-to-doublet and then doublet-to-
replica conversion is similar to that which occurs to the
three-level system as in Fig. 1�a�. On the other hand, the
f =3 THz fields are 3.3 meV below resonance with the ex-
citons Xe1h1 and Xe2h1. Therefore, as can be seen from both
the ITHz=1 and 2 MW /cm2 figures, the absorption of the
THz-photon replica Te2h1 starts to strengthen and, with in-
creasing THz frequency, evolves into the higher-energy AT
doublet of Xe1h1. Finally, at f =3.8 THz the excitons, Xe1h1
and Xe2h1, are exactly at resonance with the THz fields. We
see both excitons split into the AT doublets. In fact the lower-
energy doublet of Xe2h1 has very similar strength to its
higher-energy partner but is coincident in energy with the
strong Xe2h2 absorption. The Xe1h1 doublets have similar
strengths as well, and the small difference is due to the CC
between excitons Xe1h1 and Xe2h1, and absorption due to the
other two excitons. The double peak of Xe1h1 is very pro-
nounced compared to the absorption doublets of Xe1h2 or
Xe2h2 at f =2 THz. The reason for this has been pointed out
above. The higher-energy exciton Xe2h1 has very small oscil-
lator strength compared with its lower-energy counterpart,
Xe1h1. Thus, the transfer of oscillator strength from Xe2h1
does not affect much the absorption of the Xe1h1 AT doublets.

So far, we have paid no attention to the interaction of the
THz fields with excitons Xe1h1 and Xe2h2, and the interaction
with Xe1h2 and Xe2h1. In fact, these interactions are very weak
even when taking CC into account because there have very
small dipole matrix elements for the �THz-field-induced�
transitions between each of the two pairs of exciton states
�e.g., the matrix elements �Xe1h1
ēze�ezh�
Xe2h2� are for the
transitions between the Xe1h1 and Xe2h2 states�. Moreover,
when the THz-field frequency is further increased to
�8 THz, excitons Xe1h3 and Xe2h3 are involved in the THz
field-exciton interaction. The Xe1h3 state is then coupled with
the Xe1h1 state by the high-frequency THz field. Since the
high-energy exciton, Xe1h3, has very small oscillator strength
��0.1% of the Xe1h1’s oscillator strength�, it hardly affects
the Xe1h1 absorption at the lower energies by transfer of its
oscillator strength.

We now look again at the absorption spectra in Fig. 4 as a
whole to see the spectral evolution with THz frequency. Ba-
sically the absorption of the Xe1h1 and Xe2h2 excitons and the
THz-photon replicas of Xe1h2 and Xe2h1 dominate the absorp-
tion spectra because of the large oscillator strengths of the
h1-e1 and h2-e2 transitions. However, the absorption of the
Xe1h2 exciton and the Te2h2 replica are also significant due to
CC, although both are associated with h2-e1 transitions
which are much weaker compared to the h1-e1 or h2-e2
transitions. In fact, we have tested for a range of THz fre-
quencies that the inclusion of CC causes significant enhance-
ment of the overall absorption, in particular the absorption
on the low-energy side. The SOSE sidebands appear only at
very low THz frequencies, but are very weak compared to
the other features. The resonant frequency connecting to the
two excitons, Xe1h2 and Xe2h2, is 2 THz. Since the THz fre-
quencies considered are around this resonance frequency, it
is reasonable to find that two clear features connected with
exciton Xe2h2, namely, the Xe2h2 and Te1h2 peaks, are always
present. The main Xe2h2 absorption basically blueshifts at
low THz frequencies and then shifts to the red with increas-
ing the THz frequency. The Xe1h1 absorption shifts to the red
with the increase in the THz frequency until it splits at
f =3.8 THz. As the THz frequency increases, clearly the ab-
sorption spectrum broadens with more peaks turning up.

IV. CONCLUSIONS

In conclusion, optical absorption in ADQWs in the pres-
ence of an intense THz field applied parallel to the growth
direction has been studied by solving interband polarization
equation numerically. It is shown that the influence of the
THz field on the interband absorption is only accurately de-
scribed when CC is taken into account. This is because CC
occurs between excitons in ADQW structures, owing to the
lack of inversion symmetry, in addition to the strong dipole
interaction arising from the THz field. A rich variety of be-
haviors, including excitonic sidebands and replicas as well as
peak splittings, is revealed in the absorption spectra. The
behavior of the excitonic peak splittings and complexes and
their variation with the THz field are well explained in terms
of the CC and the Stark effects �OSE and SOSE� due to the
THz field-exciton interaction. While the OSE and SOSE
cause the excitonic peak splittings and breakups, the CC can
significantly alter the intensities of the spectral components,
and excitonic absorption connected with weak band-to-band
transitions can occur with a great strength. When the THz
field is near resonant with the energy levels of two excitons,
AT splittings occur with the absorption of each exciton split-
ting into two peaks. This is due to the OSE: the resonant THz
field-exciton interaction causes each excitonic level to split
into two doublets. Due to Coulombic coupling, however,
some of the oscillator strength of the higher-energy exciton is
transferred to the doublets of the coupled lower-energy exci-
ton. It is found that the large transfer of oscillator strength
causes a pronounced asymmetry to each pair of AT absorp-
tion peaks. In a low-frequency driving THz field �i.e., the
THz-photon energy is very small compared with the energy
difference between the two excitonic levels�, excitonic THz-
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photon sidebands and replicas occur to each exciton and
arise from different band-to-band transitions. The occurrence
of the sidebands and replicas is proved to be due to the
SOSE. These sidebands and replicas form multiple features,
which are separated from the excitonic peak by both odd and
even integer multiples of the THz-photon energy n��
�n= �1, �2, �3, . . .�. Taking into account CC, the overall
absorption, in particular the absorption on the low-energy
side, is significantly enhanced for a wide range of THz fre-
quencies.

ACKNOWLEDGMENT

The authors wish to thank the Engineering and Physical
Sciences Research Council, U.K. for funding under Grant
No. EP/D502241/1 “PORTRAIT.”

APPENDIX: EXCITONIC ABSORPTION IN THZ-FIELD-
DRIVEN QWS—A DENSITY-MATRIX DERIVATION

In order to analyze the numerical results we adopt a sim-
plified model such that the density-matrix formalism can be
applied to give analytical solutions of the optical susceptibil-
ity. The Hamiltonian is H=H0+H�+H�, where H0 is the
Hamiltonian of the unperturbed QW and H� �H�� is the in-
teraction of the QW with the NIR �THz� field
E�=E0 cos �t �E�=ET cos �t�. We confine ourselves to
three energy levels: the ground state 
G� and two exciton
states 
X� , 
X�� �let ��X=EX−EG, ��X�=EX�−EG, and
��X�X=EX�−EX�0�. They constitute the simplest
model system interacting with the two light fields.
�X
H�
G�=−�XE�, �X�
H�
G�=−�X�E�, where �X ��X��
is the dipole matrix element of exciton X �X��.
�X�
H�
X�=−�X�XE�, where �X�X is the dipole matrix ele-
ment connecting the two exciton states via the dipole inter-
action of the electron with the THz field. Note that �X is not
to be confused with �nlk �Sec. II�: if 
X� is expanded into the
noninteracting e-h pair states 
nk , lk� �k=−k is the 2D wave
vector of the hole� as23,24 
X�=�nlkFnlk

X 
nk , lk�, �X is related

to �nlk via23,35 �X=�nlkFnlk
X�

�nlk. Similarly �X�X is related to

�n�n via �X�X=�n�nlkFn�lk
X��

Fnlk
X �n�n.

Using Liouville’s equation,11 the equation of motion for
the density matrix � is obtained. For weak NIR probe, we
neglect the dynamics of �’s diagonal elements �GG, �XX, and
�X�X�, as well as that of the off-diagonal elements connecting
the two exciton states �XX� and �X�X. Considering �GX=�XG

� ,
and �GX�=�X�G

� , we are left with two equations to describe
the excitonic dynamics,

i��̇XG = ��X�XG − �XE���GG − �XX� − �XX�E��X�G − i���XG,

�A1�

i��̇X�G = ��X��X�G − �X�E���GG − �X�X�� − �X�XE��XG

− i���X�G, �A2�

where �̇= ��
�t and � is the dephasing rate. Using Floquet’s

theorem,18,36 and in the rotating-wave approximation26 with
respect to the NIR probe, it is found that �XG and �X�G, the

solution of Eqs. �A1� and �A2�, have the form

�XG�t� = e−i�t �
n=−�

+�

Ane−in�t, �X�G�t� = e−i�t �
n=−�

+�

Bne−in�t.

�A3�

Following conventional notations,11 we use a bracketed cir-
cular frequency to label the Fourier component of a light
field �e.g., E����e−i�t� as well as that of an element of �
�e.g., �XG

�
n
+1���+n���e−i��+n��t�. Only zero-order compo-
nents are retained for �’s diagonal elements �e.g., �XX

�0��. In-
serting Eq. �A3� into Eqs. �A1� and �A2� and using the or-
thogonality of the series, we find

�� + n� − �X + i��An +
1

2�
�XX�ET�Bn−1 + Bn+1�

= −
1

2�
�XE0��GG

�0� − �XX
�0���n,0, �A4�

�� + n� − �X� + i��Bn +
1

2�
�X�XET�An−1 + An+1�

= −
1

2�
�X�E0��GG

�0� − �X�X�
�0� ��n,0. �A5�

This set of equations can be separated into two independent
sets �below let k be any even integer and l any odd integer�
as follows:

�� + k� − �X + i��Ak +
1

2�
�XX�ET�Bk−1 + Bk+1�

= −
1

2�
�XE0��GG

�0� − �XX
�0���k,0, �A6�

�� + l� − �X� + i��Bl +
1

2�
�X�XET�Al−1 + Al+1� = 0,

�A7�

for even A’s and odd B’s, and

�� + l� − �X + i��Al +
1

2�
�XX�ET�Bl−1 + Bl+1� = 0,

�A8�

�� + k� − �X� + i��Bk +
1

2�
�X�XET�Ak−1 + Ak+1�

= −
1

2�
�X�E0��GG

�0� − �X�X�
�0� ��k,0, �A9�

for odd A’s and even B’s. These two sets of equations are
general expressions and will be used below to deduce linear
absorption in QWs driven by near-resonance or low-
frequency THz fields.
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1. Absorption in near-resonance THz fields:
OSE and AT splitting

When a THz field is near resonance with levels EX and
EX�, its detuning �=�−�X�X is very small compared to �X�X,
i.e., 
�
��X�X. To calculate first-order susceptibility one
needs to solve for �XG

�1� ���=A0e−i�t and �X�G
�1� ���=B0e−i�t.

Take k=0 in Eq. �A6�. As 
B−1
� 
B1
, we neglect the term
�B−1. Then setting l=1 in Eq. �A7� and discarding the term
�A2 �
A2
� 
A0
�, one expresses B1 in terms of A0. Substitut-
ing this expression into the former equation yields A0. Thus,
one obtains �XG

�1� ���, which contributes to the first-order sus-
ceptibility via �X

�1����= 2
V�X

��XG
�1� ��� /E���,

�X
�1���� = −

2

V

1

DX

1

�

�X
2��GG

�0� − �XX
�0���� + � − �X� + i�� ,

�A10�

where

DX = �� − �X + i���� + � − �X� + i�� − �R
2 . �A11�

Here, �R= 1
2 
�X�X
ET /� is the Rabi frequency11 for the THz

field. The resonances of the absorption spectrum, ����
� Im ��1����, are thus determined by Re DX=0,

� = �X + 1
2 �− � � �� , �A12�

where �= ��2+4��2+�R
2��1/2 is the THz-field-induced EX

level splitting. Equations �A10�–�A12� show that the original
exciton absorption at �X �Ref. 23� now splits into two lines
in the presence of a resonant THz field, at the two frequen-
cies given by Eq. �A12�. This is the AT splitting,12 which was
studied by solving the time-dependent wave equation for
two-level atoms.

Similarly, by solving Eqs. �A8� and �A9� one finds B0 and
then obtains the susceptibility,

�X�
�1���� = −

2

V

1

DX�

1

�

�X�


2��GG
�0� − �X�X�

�0� ��� − � − �X + i�� ,

�A13�

where

DX� = �� − �X� + i���� − � − �X + i�� − �R
2 . �A14�

Then we find the resonances of �X�
�1���� by requiring

Re DX�=0,

� = �X� + 1
2 �� � �� . �A15�

Equations �A10� and �A13� differ from the usual linear sus-
ceptibility in that the THz-field effect is included. Without
THz field they simply reduce to the linear susceptibility23 for
exciton absorption in QWs, with resonances occurring at the
exciton energies ��X and ��X�.

2. Absorption in low-frequency THz fields: SOSE and FOSE

As we tackle the spectrum and frequency shift due to
low-frequency THz fields �e−i�t�1�, we start with the dc
field case and then modify the result to account for slowly

varying field effects. This approach is similar to that adopted
by Autler and Townes.12 In the following deduction is made
for the X excitonic absorption but solutions to the X� absorp-
tion can be sought similarly. For �=0 �i.e., in dc field ET�
Eqs. �A1� and �A2� reduce to the equations of motion for
�XG

�1� ��� and �X�G
�1� ���, respectively �i.e., only the A0 ,B0 coef-

ficients in Eq. �A3� are nonzero�. Solving the equations
yields

�XG
�1� ��� = −

1

D0

1

�
�X��GG

�0� − �XX
�0���� − �X� + i��E��� ,

�A16�

where the term ���GG
�0� −�X�X�

�0� � has been neglected, and

D0 = �� − �X + i���� − �X� + i�� − 4�R
2 . �A17�

Thus, one finds two resonances at

�� = �X + 1
2 ��X�X � ��X�X

2 + 4��2 + 4�R
2��1/2� . �A18�

Equation �A18� applies to any dc field strength. The lower-
energy exciton level is redshifted while the higher-energy
exciton level is blueshifted, both shifting by the same energy.
Two limiting cases are of interest. �i� �R��X�X �weak THz
field�: the resonances reduce to �−=�X− ��2+4�R

2� /�X�X

and �+=�X�+ ��2+4�R
2� /�X�X. This is the second-order ef-

fect. �ii� �R��X�X �extremely strong THz field�: the reso-
nances become �−=�X− ��2+4�R

2�1/2 and �+=�X�+ ��2

+4�R
2�1/2. This is the first-order effect. In the following we

deduce result for low-� THz fields. For simplicity we ne-
glect polarization dephasing.

�i� SOSE: when the NIR frequency � varies about �X, Eq.
�A16� can be transformed as

�
�

�t
��XG

�1� ���ei�−t� = i�X��GG
�0� − �XX

�0��
� − �X�

� − �+
E���ei�−t.

�A19�

As �R�ET, we replace the dc Stark shift 4�R
2 /�X�X with

�4�R
2 /�X�X�cos2 �t�. The frequency shift in the resonance

�− at time instant t is the averaged value of
�4�R

2 /�X�X�cos2 �t� over the period from t�=0 to t�= t,12

i.e., �2�R
2 /�X�X��1+ �sin 2�t /2�t��. The t�-dependent shift

in �+ is averaged over a THz-field period T. Substituting the
two averages for the shifts in �� and upgrading �XG

�1� ��� to
�XG�t�, Eq. �A19� becomes

�
�

�t
��XG�t�ei��X−�2�R

2 /�X�X��t�

= i�X��GG
�0� − �XX

�0��
� − �X�

� − �+
E���

�ei��X−�2�R
2 /�X�X��te−i��R

2 /�X�X��sin 2�t, �A20�

where �+=�X�+ �2�R
2 /�X�X�.

When ET→0, Eqs. �A6� and �A7� show that only the A0
component is finite, making �X the resonance of �XG�t�. In
the presence of a weak THz field, then even A’s
�odd B’s� satisfying Eqs. �A6� and �A7� determine the
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solution of �XG�t� ��X�G�t�� for � near �X. Thus,
�XG�t�=e−i�t�kAke

−ik�t. Multiplying on both sides by

�ei��X−�2�R
2 /�X�X��t and differentiating with respect to t, we find

�
�

�t
��XG�t�ei��X−�2�R

2 /�X�X��t�

= − i�ei��X−�2�R
2 /�X�X��t

�e−i�t�
k
�� − �X +

2�R
2

�X�X
+ k��Ake

−ik�t.

�A21�

Now equating the right-hand side terms of Eqs. �A20� and
�A21� and using series orthogonality, we obtain the expan-
sion coefficients Ak �k=0, �2, �4, �6, . . .� and then �XG�t�.
It follows that the first-order susceptibility can be given by

�X��� = −
1

V

�X
2

1

�
��GG

�0� − �XX
�0��

� − �X�

� − �+

� �
n=−�

+�
1

� − �X +
2�R

2

�X�X
+ 2n� + i��

Jn� �R
2

��X�X
� ,

�A22�

where Jn�x� is the Bessel function of the first kind and i��
accounts for the line broadening. Equation �A22� shows that
a series of resonances occur near �X in the X excitonic ab-
sorption spectrum; the main absorption is redshifted to
�X− �2�R

2 /�X�X� �by half the dc Stark shift� while the side-

bands are separated by 2� and fall off as 
Jn��R
2 /��X�X�
.

For the X� excitonic absorption near �X�, one finds similar
resonances but the main absorption is blueshifted to
�X�+ �2�R

2 /�X�X�.
The X absorption of course occurs near �X� as well �cor-

responding to �+ in the dc case�. One then needs to trans-
form Eq. �A16� into the expression for �

�
�t ��XG�t�ei�+t�. As

odd A’s are strongly coupled with even B’s �including B0,
B0� ��−�X�+ i��−1� via Eqs. �A8� and �A9�, they determine
the solution of �XG�t� for ���X�: �XG�t�=e−i�t�lAle

−il�t.
Repeating the process as before, one finds that resonances
occur at �=�X�+ �2�R

2 /�X�X�− l� �l= �1, �3, �5, . . .�.
The X absorption at these resonances is located at l� from
the blueshifted X� exciton peak and has magnitude
�
Il��R

2 /��X�X�
, where Il�x�= 1

�0


cos�l�+x sin 2��d�.
These resonances correspond to energy levels associated
with the X exciton but are formed around �X�, and they and
the resonances given by Eq. �A22� together correspond to the
components into which the X exciton energy level breaks up
due to the THz field. Similarly there are resonances around
�X for the X� absorption.

�ii� FOSE: replacing the dc Stark shift by
2�R cos �t�. Note however that the average of �+ over the
THz-wave period T reduces to �X�, causing the factor
��−�X�� / ��−�+� to be removed from Eq. �A16�.
Proceeding as in case �i� but expanding �XG�t� as Eq. �A3�,
one finds that resonances occur at �=�X−n�
�n=0, �1, �2, �3, . . .�; the main X absorption is unshifted
while the sidebands are separated by � instead of 2� with
magnitude �
Jn�2�R /��
. Similar result can be obtained for
the X� absorption.
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